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The Type Il Generalized Topp-Leone Burr Type llI

Distribution: Properties and Estimation
Omnia A. Abd-Elrahim, Saida M. Saleh and Nahed M. Helmy
Department of Statistics, Faculty of Commerce, AL-Azhar University Girls'
Branch, Egypt

Abstract
In this paper, a proposed distribution called the Type Il generalized Topp-
Leone Burr Type lll is introduced. This four-parameter distribution is
obtained using Type Il generalized Topp-Leone family as a generator and
Burr Type lIl as a baseline distribution. The plots of hazard rate function
of this distribution have various shapes where it can be unimodal,
bimodal, decreasing or right-skewed. The main statistical properties are
derived which is the reliability function, hazard rate function, reversed
hazard function, cumulative hazard rate function, quantile function,
median, central and non-central moments, moment generating function,
order statistics and record values. The mode is obtained numerically with
various parameters values. Maximum likelihood estimation for the
parameters, rf and hrf of the TIGTL-BIIl distribution based on Type Il
censoring samples is presented. A simulation study is carried out to
assess the precision of the estimators. Through an application on COVID-
19 data in Canada, the superiority of the Type Il generalized Topp-Leone
Burr Type lll distribution over some distributions is proved.
Keywords: Topp-Leone distribution, Type Il generalized Topp-Leone
family, Burr Type Il distribution, Type |l generalized Topp-Leone Burr
Type Il distribution, moments, order statistics, record values, maximum
likelihood estimation, simulation study.
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1. Introduction
The Topp-Leone (TL) distribution was introduced by Topp and Leone
(1955) as an alternative model failure data. It is a continuous unimodal
distribution with a shape parameter § as well as a bounded support (0 <
x < 1). Also, it is attractive as a generator. The probability density
function (pdf) of TL is J-shaped and the hazard rate function (hrf) is
bathtub-shaped for all values of § € [0, 1]. These unusual characteristics
are especially important in reliability applications in many fields such as
economics, biology, ecology, etc., it also attracted various researchers as
an alternative to beta distribution. Where in contrast to beta distribution,
the TL distribution provides closed forms of the cumulative distribution
function (cdf).
A random variable X is distributed as the TL with parameter § denoted
by X~TL (6) if its cdf and pdf are given, respectively, by
Fro(8)=x%2—-x)%, 0<x<1; 6>0, €))
fro(8) =26x%"11-x)2-x)%1 0<x<1;6> (2)
where § is a shape parameter.
Generated families of continuous distributions are a new development
for extending the classical distributions by adding new parameter(s) to a
baseline distribution in order to enhance the goodness-of-fit of the
distributions, and also for determining skewness and tail properties.
Some of well-known families are the Marshall-Olkin generated (MO-G)
family by Marshall and Olkin (1997), Weibull-G by Bourguignon et al.
(2014), Lomax-G by Cordeiro et al. (2014), Topp-Leone-G family by Al-
Shomrani et al. (2016), Lindley-G by Cakmakyapan and Ozel (2017),
among others.
TL family of distributions has received the attention of many researchers
to generate new distributions and families. For instance, Helmy (2019)
introduced Topp—Leone Pareto Type | distribution, Oguntunde et al.
(2019) derived the Topp—Leone Lomax (TLLo) distribution, Rasheed
(2020) provided Topp-Leone Dagum distribution, Chipepa et al. (2021)
obtained the Burr llI-Topp-Leone-G family, Oluyede et al. (2022)
proposed the Topp-Leone Gompertz-G family, Watthanawisut et al.
(2022) introduced the Beta Topp-Leone generated family, and
Nyamajiwa et al. (2024) proposed the Gamma Type Il Half Logistic Topp-
Leone generated (GTIIHLTL-G) family of distributions.
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Moreover, some researchers proposed different forms of generalizations
of TL-G family which depend on TL distribution as a generator such as
Elgarhy et al. (2018) derived the Type Il Topp-Leone generated (TIITL-G)
family, Hassan et al. (2019) suggested Type Il Generalized Topp-Leone-G
(TNGTL-G) family, Bantan et al. (2020) presented Type Il Power Topp-
Leone generated family, and Hassan et al. (2021) introduced New Topp
Leone-G family.

In this research, TIGTL-G family is used to generate a new distribution
called the Type Il generalized Topp-Leone Burr Type Il (TIIGTL-BIII)
distribution.

Risti¢ and Balakrishnan (2012) suggested a gamma-G family using the

gamma distribution. The cdf of this generator is defined by
1 -logG(x;y)

Feamma-c(x 0,7) =1 ~ o x®le™*dx, x €R; w>0. (3)
Where I'(w) = fooox‘s‘le‘xdx is the gamma function, w is a shape
parameter, and G(x;y) is the cdf of any continuous distribution which
depends on a parameter vector y.
Hassan et al. (2019) introduced a new generated family of continuous
distributions with two shape parameters called Type Il generalized Topp-
Leone-G (TIIGTL-G) family, using the cdf of gamma generator that is
obtained in Equation (3) with taking TL distribution as a generator and
the upper bound of integration to be 1 — [G (x;¥)]?.
Thus, the cdf and pdf of TIIGTL-G family are given, respectively, by:
Frigri-¢(x6,8,y) =1 - fol_[G(x;y)]B 26x°71(1 = x)(2 —x)° tdx
=1-(1-[6x?)’, xeR; 6>0, ()
frieri-¢(x;6,B,v) = 26Bg(x; Y)[G(X;V)]Zﬁ_l (1 —[G(x; )’)]23)5_1,
x€ER; §B>0. (5
Where 6 and 3 are two shape parameters and G (x; y) is a baseline cdf.
The TIIGTL-G family can fit different data with various shapes where its
density and hazard rate function accommodate different shapes which
make it more flexible
Burr (1942) proposed twelve distributions as Burr family based on the
Pearson differential equations for fitting cumulative frequency functions
on frequency data. Its pdf has many shapes that make them applicable
to a lot of applications. From the Burr family, the Burr Il (Blll) distribution
is widely used, where it has many applications in survival analysis,
financial studies, reliability, and statistical quality control, among others.
The BIIl distribution is the inverse model of Burr XlI distribution. A
generalization of Blll model, named Dagum distribution Dagum (1977).
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A random variable X has BIIl distribution if its cdf and pdf are as follows:
Fo(v,2) = (1 +x7v)™4, x>0; v,1>0, (6)
farn(ev,2) = vAx V1A +xV)™A, x>0, v,A>0.  (7)

Where v and A are the shape parameters of the distribution.

This paper is organized as follows: in Section 2, The TIGTL-BIII

distribution is derived. The graphical description of the pdf and hrf of the

THGTL-BIII distribution is presented in Section 3. The expansion of pdf of

THGTL-BIII distribution is given in Section 4. In Section 5, the properties

of the TIIGTL-BIII are obtained. In Section 6, MLEs of the parameters, rf

and hrf of the TIIGTL-BIIlI distribution are derived based on Type Il

censoring samples. In section 7, a simulation study is conducted. Finally,

an application on COVID-19 data in Canada is obtained in section 8.

2. The Type Il Generalized Topp-Leone Burr Type lll Distribution
In this section, a new distribution called TIIGTL-BIII distribution with the
parameter vector 8 = (6, 5, v, 1) is generated using TIGTL-G family. The
cdf of THGTL-BIII distribution can be derived by substituting Equation (6)
into Equation (4), then it will be as follows:
Fx;0)=1-[1-(1+x")24’, x>0;0>0. (8)

And by substituting Equations (6) and (7) into Equation (5), the pdf of the
THGTL-BIII distribution is given as:
f(x;0) =26fvAx™V " (1 +x7V) A1 - (1 + x“’)‘zfg’l](‘;_1 ,
x>0;6>0. (9)
where @ are shape parameters of the distribution.

The corresponding rf and hrf of the TIGTL-BIII distribution,
respectively, are:

R(x;8) =[1— (1 +x)2]°, x>0; 0 >0. (10)
h(x;0) = 26BvAx~071(1 + x“’)‘zm‘l[l -1+ x“’)‘zm]_l,
x>0; 8>0. (11)

3. Graphical Description

In this section, the graphical description of pdf and hrf are presented
which show the flexibility of the proposed model due to the different
shapes of them which make this distribution fit different sets of data.
The plots of the pdf and hrf of the TIIGTL-BIII distribution are showed in
Figures (1) and (2), respectively, as:
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Figure (1) Plots of the pdf of TIIGTL-BIII distribution at different values
of the parameters.

Figure (1) shows shapes of the pdf of TIGTL-BIII distribution for some

values of the parameters. It can be unimodal, decreasing or right

(positively) skewed.

h ) e e e ey
X [ bef of e THGTL-BII distrdumon
— =)l P08 v=1 =0
e Fa0S Pe0ly=] A=05
.

wow faj p=Sy=3i=2

Figure (2) Plots of the hrf of TIIGTL-BIII distribution at different
values of the parameters.

Figure (2) displays the hrf of THGTL-BIII distribution. It shows that the

hrf has many shapes which are decreasing, unimodal, bimodal and right-
skewed. Thus, THGTL-BIII distribution is flexible to use in several fields.
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4. The Expansion of Probability Density Function
By using the binomial expansion (1 —y)% = Y2 ,(—1) ( )y then

substituting into (9). The pdf can be obtained as follows:
f(x:8) = ZiZomix ™71 (1 + x7V) 2RI (12)
where n; = 26BvA(=1)! (6 : 1).
5. Statistical Properties
5.1 The Reversed Hazard Rate Function
The reversed hazard rate function (rhrf) of the TIIGTL-BIII distribution is
obtained as follows:
f(x0) 26[31//1;»6“"1(1+;»c“’)‘2/““1[1—(1+x‘1’)‘21m]8_1
F(x:0) 1-[1-(1+x~v)~262]° '
5.2 The Cumulative Hazard Rate Function:
The cumulative hazard rate function (chrf) of the TIGTL-BIII distribution
is given as:

H(x;0) = —InR(x;8) = —61n[1 — (1 + x7V)72A1]. (14)
5.3 The Quantile Function
The quantile function of TIIGTL-BIIl distribution is derived through
inverting the cdf of the TIIGTL-BIII distribution as follows:

F(x;0) =q,

hence, the quantile function of the TIIGTL-BIII distribution is:

- [(1 —[1-gqJ5 )2_“11 _ 1]7, 0<q<1. (15)

The first quartile x5, the median x( 5 and the third quartile x, 5 are
given by putting g = 0.25, g = 0.5 and g = 0.75, respectively, into (15)
as follows:

rh(x;0) = (13)

-1

X025 = [(1 —0.75z )2_‘; 1] 9, (16)
Xos5 = [(1 — 0.5« )z_ﬁll 1]7, (17)
and  xgy5 = [(1 —0. zsa)z_‘;* - 1] g (18)

Further, semi-interquartile range (quartile deviation) is calculated as:
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-1 ] -1 ]
1\2B71 1\zp2
1-0.25« -1 —|{ 1-0.75a -1
X —X
Q.D — 0.75 0.25 —

2 2

(19)

5.4 The Mode
The mode of TIIGTL-BIII distribution is given by differentiating the pdf in
(9) with respect to x and equating it to zero as follows:
f(x:8) =0.

Then,
f(3;0) = 26BvAx"2"2(1 + x ™) ~4PA2[1 — (1 + x7)2P2] " x
AL+ DA +x)2P 1 - QA +x7") 2P —(v+ DxV(1 +

x7V)2BA[] — (1 4+ x7V) "2 = 2Bv(5 — 1)}, (20)
Equation (20) is solved numerically using R program (version 4.1.1). The
numerical values of the mode will be as in Table (1).

Table (1) The mode of TIIGTL-BIII for different parameter values.

6 B v A Mode
5 1.5 3 0.5 0.6330
2 3 4 1 1.2930
3 3 5 3 1.5275

5.5 The Moments
5.5.1 The Moments about Origin (Non-Central Moments)
The " moment about origin of TIIGTL-BIII distribution is given by:

fe =BG = [ 27 f(xi0)ax
Qx

= 77 28BvAX VI + x7Y) A1 - (14 1Y) 2R
By using integration by substitution, hence

=5 f [ 2“—1] [1 - yl51dy,

Using the negative binomial expansion: (1 —q)™" = Z?:o(r+;_1)qx'
Thus:
k-1
0 = 8(=1)% zk0(+ ) (1—ﬁ6),r=123 21)
Where B(., . ) is the beta function and 0 < ﬁ <1.
Then, by substitutingr=1, 2, 3, 4 into (21), the first four moments about
origin can be obtained as follows:
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0= 8(-1)7 0( st 1) (1-359) (22)
iy = 8(-1)v I 0( stk 1)3(1 25%) (23)
iy = 8(=1) B 0(*" DB(1-55), (24)
fy = 8(=1)v X 0( e 1)3(1—%,5). (25)

5.5.2 The Moments about Mean (Central Moments)
The " moment about mean of TIIGTL-BIII distribution is obtained by:

P =EQG— 7,
by substituting r = 2, the variance of TIIGTL-BIII distribution V' (x) is:

V) = = B =07 = b - i = -1V 32 (B (1 -
)2 ()8 (1 ) o

The third central moment is:
k—
M3 =ty — 3phpply + 240;° = 8(— 1) Zk 0( +k 1>B(1_m 5)_

3[5(-1)72;;0 (s+’;‘1)3(1—— )] [5( DV R 0( 5+ 1) (1-2, 5)]

2 [5(—1)_71 Yieo @*‘;‘1) B(1- ﬁ 8)]3 (27)
And the fourth central moment is:
Ha = Uy — 4#3#1"‘6#2#1 _3,“1 =0 XYk- 0( 5 1) ( _% 5
e ()0 ] i s (-]
6[5(_1)‘722,:0 o(§*§‘1)3(1 — e 8)| x [se- mi ( )B
o ] [5( DR 0( i 1) (1_271'6)]4’ 28
The skewness coefficient (SC) is given as follows:

as =55, (29)

M2

by substituting (26) and (27) into (29), The SC of TIIGTL-BIII distribution
is:

pig =44 e +64ip iy * =34 * (30)

-2 2 4 -1 Lk
(5(_1)72,?20(“,'2 1>B(1‘m5) sy Zf=°<v”'§ 1)B(1_%'6)>

The kurtosis coefficient (KC) is given as:

Ay = %, (31)

a3=
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by substituting (26) and (28) into (31), The KC of TIIGTL-BIII distribution
is:

At L 60 1 2 =3t
™~ Ha—%U3 iy #2#1_1 H1 T 5. (32)
<( i 0( )3(1—m5) a(—l)Tziio(” K )B(l—m‘s))

5.6 The Moment Generating Function

The moment generating function of THGTL-BIIl distribution M, (t) is
obtained by:

M, (t) = E(e™)

a4=

0
using integration by substitution, hence:

-1
-1

2B2_q

1 v
M, (t) = 6f e ) (1—-y)°~tdy,

By using the power series for the exponential function and the negative
binomial expansion, thus

M(t)—azro VSR (M) (1-0). 6Y)
Where 0 < ZT/‘L < 1, and as noted in Equation (33) M,.(t) = Z?’zo% Uy

5.7 The Order Statistics

Let xq,X3 ..., Xy, ..., X, are independent identical distributed (i.i.d.)
random variables from TIGTL-BIII distribution and the x(;) < x(z) ... <
Xy < - < X(n) Is the corresponding order statistics, hence the pdf of
the rth order statistic is obtained by:

fra®) = G PCON L = PP = s |1-
(1— [+ 172 (1 @ 4228 25Bvax (1
XYY 211 — (1 4+ )22 iy > 0. (34)

When r = 1, the smallest order statistics is:
fin() =n[1—F)I" 1 f(x) = 2nfvaAx V11 + x7V) 2P 11 - (1 +
x )28 x>0, (35)
When r = n, the largest order statistics is:
fan () = n[F)]" (%)
= 2n8pvAx V(1 + x7V) A1 - (1 + x‘")_zﬁ’l]a_1

Y n-1
x [(1 —[1— (1 +x™)]28%) ] . X > 0. (36)
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5.8 The Record Values

Consider sequence of i.i.d. random variables from TIIGTL-BIII distribution,
where Xy = max{xy, X3 ..., Xy, ..., Xp} is an upper record value and
Xp(n) = Min{xy, Xz ..., X, ..., Xp} is a lower record value.

The pdf of the n*" upper record value is obtained as follows:

fumy(x) = %(—ln[l —FOD™1f(x) = F_ln [_1n ([1 —a+
x-V)-ZIM]‘S)]n_1 26BvAX VT (1 4+ x7V) A X [1 - (1 +

5—
x~V)"2R] ' x>0 (37)
The pdf of lower record value is given as:

fum () = - [— InFEI ) = Z[-m(1-[1-+
x~V)"284] )] ) .26[)’v/1x_"_1(1 + x‘")_zﬁ’l_1 x[1-(1+
x“’)‘zm]g_l, x>0 (38)

6. Maximum Likelihood Estimation

Assuming that x(;) < x(;) < :** < X(; is a censored sample of size r from
THGTL-BIII distribution with parameter vector 8 = (8, 3, v, 4), then the
likelihood function of Type Il censored sample is given as follows:

L(8;x) = =2 [Tiea £ (e )] [R (e )" =
_ o\ (—2BA+1)
= T)‘(zaﬂvz)r[ r 1x(1()v+1)][ (14 x5") ]x [Hf=1(1 _

282 (n-r)é
[1+ x5 “1—(1+ ) I

Since this likelihood function becomes the likelihood function in case of
complete sample when r = n.

Then, the natural logarithm of the likelihood function is obtained as
follows:

28 ’1 (39)

=InL(6;x) =ln T In(xg)
—(2B1+1) Zr ln[l + x(l)] +(6-1) Z In 1 —(1+ X 2ﬁ/1]
+(n—7)dln [1 = (143 W] : (40)

For a random variable x has TIGTL-BIIl distribution subject to the
regularity conditions (where x does not depend on 8), the point
estimators of 8 of TIIGTL-BIII distribution can be derived by obtaining the
differentiation of £ in (40) with respect to 8 as follows:

2 ey [1- (L) 4 - [1 - (143 ] e
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~2h4 ln(l + x(_lg’

( +x(l)
6/3 ﬁ 2)[21n(1+x(1))+2/1(5—1)z

—2B1
— (1 +x3
284
-v | -v
+262(n - ry L) () (42)
1-(1+x3Y)
Xy In(x
C ST In(xg) + (2BA+ 1) X, D) g
2pA-1 -281-1
xG2 () (145 x5S9I (een ) (1+25Y
DI~ <_v & (n-ry2opa B (_v G BPeY
1-(1+x3}) 1-(1+x3Y)
And
_\—2BA —y
ot (1 +x(3’) In(1+ x))
=z 2ﬁ21n(1+x(1))+2[3(8—1)z ‘ e
— (1 +x3
(1+‘)ZBI(1+‘)
X n X
+2B6(n — 1) @ @ (44)

1—(1+x(‘r‘)’)_2m

The ML estimator of the parameter § can be obtained by equating
Equation (41) to zero and solving, then it will be as follows:

N T

0= lr=1ln[l—(1+xa;’)_2m]+(n—r) ln[l—(1+x(_r‘)’)_2m] . (45)

The ML estimates of 8 are given by equating Equations (41) — (44) to
zero and solving numerically.

Based on invariance property of the ML estimators (MLEs), The MLEs of
R (x; Q) and h (x; Q) can be obtained, respectively, by:

=13
R(0) =[1-(+x) ] x>0, (46)

23 |
x;8) = 26poAx~ 1 (1 + x77) [1_(1+x—v)‘2“] , x> 0(47)

7. Simulation Study

In this section, a simulation study is conducted to evaluate the performance of

the ML estimators of the parameters, rf and hrf for TIGTL-BIII distribution based

on Type Il censoring scheme using Mathematica 12 by the following steps:

1- Generating random samples of sizes (n = 30, 60, 100) based on two levels
of censoring [0% (complete sample) and 60%] from the TIIGTL-BIII
distribution using the transformation between the uniform and TIIGTL-BIII
distributions (the inverse function) which is as follows:

-1

%

= (1—[1—u])2m—1 , o<u<l,

-1
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With assuming that the population parameter values are:
(6=1,=05,v=2,1=1.5).
The ML estimates of the parameters are given by equating Equations (41) —
(44) to zero and solving numerically by using initial values of the parameters
(6 =13, =1,v =17, 1 = 1.2) then substituting these estimates into
Equations (45) and (46) to obtain the ML estimates of the rf and hrf at time
xo = 0.5.
Repeating this process m = 1000 times.
The ML estimates are calculated by averaging over the m repetitions.
The mean square error (MSE), bias, variance, lower limit (LL) and upper limit
(UL) for 95% confidence intervals (Cls) for the parameters, rf and hrf are
computed according to the following equations:
Zﬁl(estimated valuey — true value)2

MSE = )
m

Bias = E(estimator) - true value,
var = MSE — (Bias)?,
LL = estimate — Zl_g\/ var(estimator),
2

UL = estimate + zl_%\/ var(estimator),

And Length = UL - LL.
Then, the numerical results are obtained in the Tables (2) - (5).

Table (2) The ML estimates, MSE, variance, bias and 95% confidence

intervals of parameters of the TIIGTL-BIII distribution for different

sample sizes in case of complete sample (0% censoring) and m = 1000.
(6=13,=1,v=1.7,4A=1.2)

n r 0 MLE MSE Variance Bias a Length
- UL LL
6 | 1.3562 | 0.1710 0.0441 0.3562 | 1.7678 | 0.9447 | 0.8231
p | 0.8866 | 0.1592 0.0097 0.3866 | 1.0801 | 0.6931 | 0.3870
3030 v | 1.7507 | 0.1099 0.0477 -0.2493 | 2.1787 | 1.3226 | 0.8561
A | 1.0639 | 0.2042 0.0140 -0.4361 | 1.2961 | 0.8317 | 0.4643
6 | 1.3516 | 0.1490 0.0253 0.3516 | 1.6637 | 1.0396 | 0.6240
60 | 60 p | 0.8789 | 0.1481 0.0045 0.3789 | 1.0107 | 0.7471 | 0.2636
v | 1.7286 | 0.0992 0.0255 -0.2714 | 2.0416 | 1.4156 | 0.6260
A | 1.0546 | 0.2048 0.0065 -0.4453 | 1.2128 | 0.8965 | 0.3163
6 | 1.3463 | 0.1403 0.0204 0.3463 | 1.6262 | 1.0664 | 0.5598
100 | 100 B | 0.8754 | 0.1439 0.0030 0.3754 | 0.9827 | 0.7682 | 0.2145
v | 1.7069 | 0.1063 0.0204 -0.2931 | 1.9867 | 1.4271 | 0.5597
A | 1.0505 | 0.2046 0.0043 -0.4495 | 1.1792 | 0.9218 | 0.2574

81




Journal of Statistical Sciences

Edition No.:24, September 2024

Table (3) The ML estimates, MSE, variance, bias and 95% confidence
intervals of the parameters of the TIIGTL-BIII distribution for different
sample sizes in the case of 60% censoring and m = 1000.
(6=13,=1,v=17,1=1.2)

. . Cl Length
n r 2 MLE MSE | Variance Bias UL m

d | 1.4107 | 0.3359 0.1672 0.4107 2.2123 | 0.6092 | 1.6031

B | 0.9016 | 0.1936 0.0322 0.4016 1.2536 | 0.5497 | 0.7039

30 12 v 1.8221 | 0.7064 0.6748 -0.1779 | 3.4321 | 0.2121 | 3.2200
A 1.0820 | 0.2212 0.0464 -0.4180 | 1.5043 | 0.6596 | 0.8447

d | 1.3775 | 0.2320 0.0895 0.3775 1.9639 | 0.7910 | 1.1728

60 | 24 p | 0.8730 | 0.1581 0.0189 0.3730 1.1428 | 0.6033 | 0.5395
v | 1.8871 | 0.3591 0.3464 -0.1128 | 3.0407 | 0.7336 | 2.3070

A | 1.0476 | 0.2319 0.0273 -0.4524 | 1.3713 | 0.7239 | 0.6474

é | 1.3703 | 0.1757 0.0386 0.3703 1.7553 | 0.9854 | 0.7700

100 | 40 p | 0.8605 | 0.1414 0.0115 0.3605 1.0704 | 0.6506 | 0.4198
v | 1.8805 | 0.2134 0.1991 -0.1195 | 2.7550 | 1.0060 | 1.7490

A | 1.0326 | 0.2350 0.0165 -0.4674 | 1.2845 | 0.7807 | 0.5038

Concluding remarks:
Tables (2) and (3) show that:
As the sample size increases, the ML estimates of the TIIGTL-BIII
distribution become close to the population parameter values
which are (§ =1, 8 =0.5,v =2, 1 =1.5) in most cases.
The MSE, variance and length of Cl decrease, the bias approaches
to zero and the Cls become narrower, in most cases, as the

The ML estimates for rf and hrf are contained in Tables (4) and (5):

sample size n increases.

As the level of censoring decreases, the ML estimates become
close to the population parameter values, in most cases.
The MSE, variance and length of Cl decrease and the bias
approaches to zero, in most cases, as the level of censoring
decreases [see Ashour et al. (2022)].
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Table (4) The ML estimates, MSE, variance, bias and 95% confidence
intervals of the rf and the hrf of the TIIGTL-BIII distribution for
different sample sizes in the case of complete sample (0% censoring)

and m =1000.
(60=13,=1,v=17,A=1.2and x, = 0.5)
al
n r rf and hrf MLE MSE Variance Bias Length
uL LL
R (x0;0) | 0.9073 | 0.0024 | 0.0024 | -0.0033 | 1.0037 | 0.8108 | 0.1929
30 | 30
h(x0;8) | 0.4708 | 0.0355 | 0.0355 | -0.0007 | 0.8400 | 0.1016 | 0.7385
R (x0;0) | 0.9066 | 0.0012 | 0.0012 | -0.0039 | 0.9733 | 0.8400 | 0.1333
60 | 60
h(xp;8) | 0.4790 | 0.0157 | 0.0157 | 0.0075 | 0.7245 | 0.2334 | 0.4910
R (x0;0) | 0.9046 | 0.0008 | 0.0008 | -0.0059 | 0.9591 | 0.8501 | 0.1090
100 | 100
h(xo;8) | 0.4852 | 0.0105 | 0.0103 | 0.0137 | 0.6845 | 0.2859 | 0.3985

Table (5) The ML estimates, MSE, variance, bias and 95% confidence
intervals of the rf and the hrf of the TIIGTL-BIII distribution for
different sample sizes in the case of 60% censoring and m = 1000.

(6=13,B=1,v=17,1=1.2and x, = 0.5)

Cl
r rf and hrf MLE MSE | Variance Bias m m Length

R(xO;Q) 0.9043 | 0.0085 | 0.0084 -0.0062 | 1.0843 | 0.7244 | 0.3599

30 | 12
h(xo;6) | 0.2649 | 2.4704 | 2.4278 | -0.2066 | 3.3189 | -2.789 | 6.1079
0 | 24 R (x0;8) | 0.9068 | 0.0044 | 0.0044 | -0.0037 | 1.0372 | 0.7765 | 0.2606
h(xo;8) | 0.3889 | 2.1577 | 2.1509 | -0.0826 | 3.2635 | -2.4856 | 5.7490
100 | 40 R (x0;8) | 0.9046 | 0.0020 | 0.0020 | -0.0060 | 0.9916 | 0.8176 | 0.1741

h(xO;Q) 0.4822 | 0.2908 | 0.2908 0.0107 1.5391 | -0.5747 | 2.1138

Concluding remarks:
From Tables (4) and (5), it is concluded that:

As the sample size n increases, the MSE, variance and length of rf
and hrf decrease, the bias approaches zero and the Cls become
narrower, in most cases.

As the level of censoring decreases, the MSE, variance and length
of rf and hrf decrease and the bias approaches zero in most cases.
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8. Application
In this section, an application on COVID-19 in Canada is performed to
demonstrate the flexibility and applicability of the TIIGTL-BIII distribution.
The THGTL-BIII distribution is compared with the Topp Leone-Burr Il (TL-
Bll) and Burr Il (BIll) distributions. The data set is obtained from
Almetwally et al. (2021) and fitted using the three models. The pdfs of
the TL-BIII and BIII distributions are as follows, respectively,
fripm (s 8,v, ) = 26vAx VM1 +x ) A1 - 1+ x™) 72
X [1 -(1-M1+ x‘”]"l)z]s_l, x>0; 88,v,1>0.
fon (v, ) = vax V11 4+ x7v) A1, x>0; v,A>0.
The descriptive statistics of the data set are obtained using SPSS 26.
Kolmogorov-Smirnov (K-S) statistic and its p-value are calculated by R
program (version 4.1.1). The ML estimates for the parameters, rf and the
hrf and the goodness-of-fit statistics including the -2loglikelihood (-2L),
Akaike information criterion (AIC), corrected Akaike information criterion
(CAIC) and Bayesian information criterion (BIC) are computed using
Mathematica 12.
The lower values of K-S, -2.L, AIC, CAIC and BIC, and the highest p-value
of the K-S statistic is an indicator to the better model.
The AIC, BIC and CAIC are calculated according to the following
equations:

AIC =2k — 2L,
BIC = klIn(n) — 2L,
and
CAIC = AIC 2k(k +1) 2L 2kn
B +n—k—1_ +n—k—1'
Where

k is the number of the parameters,

L is the natural logarithm of the likelihood function value substituted by

ML estimates, and n is the sample size.

This real data set represents a COVID-19 drought mortality rate from 10

April to 15 May 2020 of 36 days belong to Canada and it is as follows:
Table (6) Data of COVID-19 in Canada.

3.1091 | 3.3825 | 3.1444 | 3.2135 | 2.4946 | 3.5146

COVID-19 "4 9274 | 3.3769 | 6.8686 | 3.0914 | 4.9378 | 3.1091
beldoar: . |3:2823 | 3.8504 | 4.0480 | 4.1685 | 3.6426 | 3.2110
Canada 28636 | 3.2218 | 2.9078 | 3.6346 | 2.7957 | 4.2781
of 36 days |-%2202 | 15157 | 2.6029 | 33592 | 28349 | 3.1348
2.5261 | 1.5806 | 2.7704 | 2.1901 | 2.4141 | 1.9048
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The descriptive statistics of these data are obtained in the following
table:
Table (7) the descriptive statistics of COVID-19 data in Canada.

N Min. Max. Range | Mean Star!da.rd Mode | Skewness | Kurtosis
Deviation
36 1.5157 | 6.8686 | 5.3529 | 3.2816 | 0.9985 3.1091 | 1.267 3.825

This table shows that the skewness measure is positive, which indicating
that the distribution of the data is skewed to the right. Also, the kurtosis
measure value is more than 3 therefore, the distribution of the data is
leptokurtic (peaked).

Buoxplal

Histogram
Freguinry

—— | —

Figure (3) Boxplot and histogram for the data of COVID-19 in Canada.

In Figure (3), the boxplot indicates that the data are right-skewed and the
histogram implies that they are unimodal.

: P-P plot - Q-Q plat

Fial
o Qe tites

Iheecmest Quesales

I;vn\a\o'lir,\ %)
Figure (4) P-P plot and Q-Q plot for the for the TIIGTL-BIII distribution
for COVID-19 data of Canada.

Figure (4) displays that the TIIGTL-BIII distribution fit the data.
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Table (8) Goodness-of-fit statistics of the fitted distributions for the
data of COVID-19 in Canada.

Model K-S p-Value -2L AIC BIC CAIC

TILGI;II-L- 0.2500 0.2106 104.2602 | 112.2602 | 118.5943 | 113.5505

TL-BlII 0.3056 0.0694 126.8713 | 132.8713 | 137.6219 | 133.6213
BIII 0.3611 0.0183 164.4387 | 168.4387 | 171.6058 | 168.8024

From Table (8), since the level of significance @ = 0.01 is less than the p-
value for the three models, then they fit the data. The model with the
smallest values of the goodness-of-fit statistics and a highest p-value of
K-S statistic is the TIGTL-BIII distribution. This indicates that the TIGTL-
Blll distribution fits this data set better than the TL-Blll and BIlI
distributions.
Table (9) MLE estimates of the fitted TIIGTL-BIII distribution for the
data of COVID-19 in Canada.

0, rf and hrf MLE
5 6.9360
B 2.8851
v 1.2270
A 1.9234
R (x0;0) 0.9999
h (x0;8) 0.00003

In Table (9), the MLEs of the parameters are quite close to the initial
values of the parameters whichare (6§ = 3.15,8 = 1.8,v = 0.8,1 = 1.2).
From this application, we can conclude that the THGTL-BIII distribution
has flexibility in modelling the data over the TL-BIlIl and BIll
distributions.

Conclusion

In this paper, the new distribution called TIIGTL-BIII is proposed. The
plots of pdf and hrf and the main statistical properties including the
reliability function, hazard rate function, reversed hazard function,
cumulative hazard rate function, quantile function, median, central and
non-central moments, moment generating function, order statistics, and
record values are derived. The mode of the TIIGTL-BIII distribution is
derived numerically with different parameter values. Estimating the
parameters, rf and hrf of the TIHGTL-BIII distribution using the ML
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method of estimation based on Type Il censoring samples is performed to
evaluate the precision of the estimators. Moreover, an application for real
data set of COVID-19 drought mortality rate in Canada is performed. This
application proves the efficiency and flexibility of the proposed
distribution in modelling the data rather than TL-BIIl and BIII
distributions.
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