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 في مجلة العلوم الإحصائية شروط النشر
 

ي المج  الات اعحص  ائية والمعلوماتي  ة الم ت    ة  – 1
 
تنشر   المجل  ة البح  ور والدراس  ات العلمي  ة ف

ية  البح   المد دم للنشر  ق د نشر  او ق دم  لا ي  ونع ل أن والفرنسية باللغة العر ية والانكلب  
ي مجلات او دوريات أخرى او قدم ونشر 

 
ي دوريات لمؤتمرات أو ندوات. للنشر ف

 
  ف

ترس     ل البح     ور والدراس     ات ال أم     ي   التحري     ر ع     ل أن تت      من اس     م الباح       او الب     احثي    – 2
ي        د  وألد        ابهم العلمي        ة وأم        اكن عمله        م م        ا ذك        ر عن        وان المراس        لة وأرق         ام الهوات          ف والب 

 . ي
ون  وني  وان يرس ل الالك بو ي   ق رص)ع  ل  ا البح    الم راد نشر  ه الكبو ي د او بالب 

ون  وف  ق  الالك بو
 أدناه: المواصفات 

 عل ورق حجم  –أ 
ً
ويس تخدم للغ ة  عل شكل عم ود واح د وان ي ون  A4أن ي ون مطبوعا

ي   ة  Times New Roman  و)(Simplified Arabicالعر ي  ة ن      ح  ر    للإنجلب  
وع   ل وج   ه واح   د  Microsoft Wordو اس   تخدام   . 12و حج   م خ     )والفرنس   ية 

 للورقة. 
 الورقة. لجميا جوانب سم  2.5مسافة مش الها –ب 
 عن بحثه  –ج 

ً
ية يرفق الباح  ملخصا يزيد عن  بما لا والفرنسية باللغتي   العر ية والانجلب  

 صفحة واحدة. 
ي نهايت   ه  م   ا مراع   اة أن لا  -د 

ي م   يو  البح     وف 
ت    من يي   تم اعش   ارة ال المص   ادر العلمي   ة ف 

ي ذل   سوى المصادبح  ال
ي الم يو  ووف ق الأص وت المعتم دة ف 

ي ت م اعش ارة يليه ا ف 
ر البو

 البلد .  النشر  دار  المصدر ان )اس م المؤلف  سنة النشر  عنو 
ي  –ه

كم      ا توث      ق   البح        ت      رقم الج      داوت والرس      وم التوض      يحية وغب        ا حس      ب ورود       ا ف 
 المستعارة منها بالمصادر الأصلية. 

  صفحة.   25لدراسة عن )عدد صفحات البح  اوا لا يزيد  أن –و
 م    ن ت    اري      اس    تلامعم    ل  ي    ومي   ي    تم يش    عار الباح      باس    تلام بحث    ه خ    لات م    دة لا تتج    اوز  – 3

 . البح 
تخ ا كافة البحور المرسلة ال المجلة للتدييم العلمي الموضوعي ويبلغ الباح  بالتدييم  – 4

حة ين وجدت خلات مدة لا تتجاوز   . البح استلام   من تاري     اسبوعانوالتعديلات المدبو
ي يج راء أي تع ديل او يع ادة  – 5

ي قب وت او رف ا البح   وله ا الح ق ف 
لهيئة تحرير المجلة الحق ف 

ي النشر     ل    ديها بع    د 
صياغ     ة جزئي    ة للم    واد المددم    ة للنشر     بم    ا يتم    الر والنس    ق المعتم    د ف 

 موافدة الباح . 
ي أ – 6

ه ف   للمجلة ولا يجوز يعادة نشر
ً
 ماكن أخرى. يصبح البح  المنشور ملكا

ولا تع   س وجه  ة نل  ر المجل  ة او المعه  د  أص  حابها تع  ب  الم  واد المنش  ورة بالمجل  ة ع  ن  راء  – 7
ي للتدريب والبحور اعحصائية.   العرن 

ي  عل العنوان البحورترسل  – 8
ون   : للمجلةالالكبو

 journal@aitrs.org / Info@aitrs.org  
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Topp-Leone Discrete Burr Type 𝐈𝐈 Distribution: Properties 
and Applications 

Nahed M. Helmy, and Amel T. Alghnam  
Department of Statistics, Faculty of Commerce,  

AL-Azhar University Girls' Branch, Egypt 
 Magda M.  Ismail and Asmaa M. Abdallah 

Department of Statistics, Faculty of Commerce,  
AL-Azhar University (Girls’ Branch), Tafahna Al-Ashraf, Egypt 

Abstract 
In recent years, researchers focused on introducing many known 
methods to construct new models. Among these methods, Topp-Leone 
distributions are useful in fitting data generated by a complex process. 
This paper is concerned with introducing the Topp Leone discrete Burr 
Type II distribution (𝑇𝐿𝑑𝐵 − 𝐼𝐼) distribution. The statistical properties of 
this distribution including the non-central moments, central moments, 
the skewness and the kurtosis measures are obtained. Reliability 
function, hazard function, reversed hazard function, quantile, and 
median are derived. Distribution of the smallest and the largest order 
statistics are obtained. The lower record and the upper record values are 
obtained. Parameters estimation using maximum likelihood method is 
obtained. A simulation study carried to compare the performance of 
different estimators finally, the performance of the new distribution is 
compared with some existing distributions using three real data sets to 
illustrate the suitability and flexibility of the proposed model. 
Keywords: discrete distribution, Burr Type II distribution, discrete Burr 
Type II distribution, Topp Leone distribution, Topp Leone discrete Burr 
Type II distribution, Order Statistics, Maximum likelihood estimation. 

 المستخلص
ة، على إدخال العدركز الباحثون  ي السنوات الأخير
 
الأساليب المعروفة لبناء الطرق و   يد منف

ي ملاءمة البيانات الناتجة عن عملية  TL نماذج جديدة. من بير  هذه الطرق توزي    ع
 
مفيدة ف

 Topp-Leone TL)) Topp Leone discrete Burr معقدة. تهتم هذه الورقة بإدخال توزي    ع
Type II (TLdB—II)  ويكون النموذج الجديدdiscrete Burr —II  

ي ذلك العزوم اللامركزية والمركزية يت
 
م الحصول على الخصائص الإحصائية لهذا التوزي    ع بما ف

وكل من مقياس الالتواء والتفرطح وكذلك تم اشتقاق دالة البقاء ودالة الفشل لهذا التوزي    ع 
وأيضا تم اشتقاق الوسيط والمنوال. وتم اشتقاق التوزي    ع الاحتمالي لكل من اصغر قيمة واكير 

من الإحصاءات المرتبة وتم تقدير معلمة التوزي    ع باستخدام طريقة الإمكان الأكير تم إجراء  قيمة
ا ، تمت مقارنة أداء التوزيعات الجديدة  ً دراسة محاكاة لمقارنة أداء المقدرات المختلفة أخير
ببعض التوزيعات الحالية باستخدام ثلاث مجموعات بيانات حقيقية لتوضيح مدى ملاءمة 

ح                                  ومرونة                              النموذج المقير



Journal of Statistical Sciences                                        Edition No.:22, March 2024 

43 
 

1. Introduction 
Burr distribution has numerous applications. For example, in problems 
related to hypothesis testing, lifetime data, statistical quality control, in 
survival and reliability studies. In addition, it is employ in financial studies, 
economics, and income and wage distribution as well as in environmental 
studies. Discrete Burr–II (𝑑𝐵 − 𝐼𝐼) distribution is first introduce by 
Helmy in (2018).  
The Topp-Leone distribution (TL) proposed by Topp and Leone (1955) has 
been very attractive as a generator due to its desirable properties, and 
this has been applied in many fields. The distribution did not get much 
attention initially though, this was because; the important statistical 
properties were not studied by the initial authors. By means of 
improvement, some of the properties like the moment function, central 
moments and the characteristic function were developed by Nadarajah 
and Kotz (2003). 
Further to that, a number of researchers became motivated to do further 
studies on the TL. Ghitany et al. (2005) provided the reliability measures. 
Kurtosis were studied and reported by Kotz et al. (2007), a two-sided 
generalized TL distribution by Vicaria et al. (2008), goodness-of-fit by Al-
Zahrani (2012). The various studies presented TL distribution more 
appropriate for lifetime data analysis.  
More recently, Sangsanit and Bodhisuwan (2016) studied the TL 
distribution and came up with a generator known as Topp-Leone G family 
of distributions The TL-G family, proposed by Sanganit and Bodhisuwan 
(2016) has given birth to many distributions, for example the TL 
generalized exponential (TLGE), TL Lomax (TLLx) in Sangsanit et al. (2016), 
TL Weibull Lomax (TLWLx) in Farrukh et al. (2019), TL-generalized 
inverted Kumaraswamy (TLIK) in Reyad et al. (2019), TL discrete Laplace 
(TL−DL) in Akkanphudit, et al. (2020), a discrete inverted Topp-Leone 
(DITL) in  Eldeeb et al. (2021), modified Kies inverted Topp-Leone (MKITL) 
in Almetwally, Ehab M., et al (2021). Topp-Leone Weibull Generated 
Family (TLWG) in Elbatal et al. (2022),  New Power Topp-Leone 
Generated (NPTL-G) in Atchade, Mintode Nicodeme, et al.(2023). 
A new model called Topp-Leone discrete Burr–II (𝑇𝐿 𝑑𝐵 − 𝐼𝐼) 
distribution has been introduced, where the discrete Burr–II distribution 
is extended by using the Topp-Leone generated family. The 
generalization of new model and some of its properties are discuss in 
Section (2). In Section (3) some statistical properties as quantile, 
moments derived. Maximum likelihood estimation for the parameters is 
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derive in Section (4). A simulation study and real data set are introduce 
in Section (5) to show the flexibility of the new model. 

2. Topp-Leone discrete Burr–𝐈𝐈 distribution 
A random variable X is said to have a discrete Burr–II distribution if its 

probability density function pmf, cumulative distribution function cdf 
and survival function are defined respectively as 

𝑓(𝑥) = 𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥), 𝑥 = −∞,… ,0,1,2, … , 0 < 𝜃 < 1         (1)                                        
𝐹(𝑥) = 𝜃𝑙𝑜𝑔 (1+𝑒−𝑥), 𝑥 = −∞,… ,0,1,2,…  , 0 < 𝜃 < 1                                       (2)                

And 

𝑠(𝑥) = 1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)                                                                                             (3)                                                                                                                      

Using the cdf of TL distribution Al-Shomrani et al. (2016) proposed a new 
family of distribution. The cdf and pdf of new generalized model given by 
Al-Shomrani et al. are 

𝐹𝑇𝐿𝐺(𝑥) = (𝐹(𝑥))
𝛼
(2 − 𝐹(𝑥))

𝛼
 , 𝑥 ∈ 𝑅, 𝛼 > 0                                            (4)                                                                                

With density 

𝑓𝑇𝐿𝐺(𝑥) = 2𝛼𝑓(𝑥)𝑆(𝑥)(𝑆(𝑥))
𝛼−1

(2 − 𝐹(𝑥))
𝛼−1

                                        (5)                                                                           

Where 𝑓(𝑥) is the pdf of baseline distribution, 𝐹(𝑥) is cdf of the 
distribution and 𝑆(𝑥) is survival function of the distribution. 
More reduced form of (4) is 

𝐹𝑇𝐿𝐺(𝑥) = [1 − (𝑆(𝑥))
2
]
𝛼
                                                                             (6)                                                                                                                                                                                                                 

Moreover, modified form of (5) is  

𝑓𝑇𝐿𝐺(𝑥) = 2𝛼𝑓(𝑥)𝑆(𝑥) (1 − (𝑆(𝑥))
2
)
𝛼−1

                                                   (7)                                                                                   

This paper is concerned with introducing a new model called Topp-Leone 
discrete Burr–II distribution (𝑇𝐿𝑑𝐵 − 𝐼𝐼). For this purpose, 𝑆(𝑥) of (3) is 
inserted in (6), that is the cdf of (𝑇𝐿𝑑𝐵 − 𝐼𝐼) distribution is as               

𝐹𝑇𝐿𝑑𝐵𝐼𝐼(𝑥) = [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼

;   𝛼 > 0, 0 < 𝜃 < 1, 𝑥 = −∞,… ,0,1,2, …  (8)                       

Similarly, density of (8) can be obtained by inserting 𝑆(𝑥) of (3) and 𝑓(𝑥) 
of (1) in (7) 

𝑓𝑇𝐿𝑑𝐵𝐼𝐼(𝑥) = 2𝛼 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) 

− 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

 

; 𝛼 > 0, 0 < 𝜃 < 1, 𝑥 = −∞,… ,0,1,2,…                                                             (9)     

The corresponding survival function 𝑆(𝑥), hazard rate function ℎ(𝑥), 
reverse hazard rate function 𝑟(𝑥) and cumulative hazard rate function 
𝐻(𝑥) are respectively given by 

𝑆𝑇𝐿𝑑𝐵𝐼𝐼(𝑥) = 1 − 𝐹𝑇𝐿𝑑𝐵𝐼𝐼(𝑥) = 1 − [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼

; 𝛼 >

0, 𝑥 = −∞,… ,0,1,2, …     (10)         
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ℎ𝑇𝐿𝑑𝐵𝐼𝐼(𝑥) =
𝑓𝑇𝐿𝑑𝐵𝐼𝐼(𝑥)

1−𝐹𝑇𝐿𝑑𝐵𝐼𝐼(𝑥)
=

2𝛼[𝜃
𝑙𝑜𝑔(1+𝑒−(𝑥+1)) 

−𝜃𝑙𝑜𝑔(1+𝑒−𝑥)][1−𝜃𝑙𝑜𝑔(1+𝑒−𝑥)][1−(1−𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

[1−[1−(1−𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼
]

      (11)                                                                                          

𝑟𝑇𝐿𝑑𝐵𝐼𝐼(𝑥) =
𝑓𝑇𝐿𝑑𝐵𝐼𝐼(𝑥)

𝐹𝑇𝐿𝑑𝐵𝐼𝐼(𝑥)
=

2𝛼[𝜃
𝑙𝑜𝑔(1+𝑒−(𝑥+1)) 

−𝜃𝑙𝑜𝑔(1+𝑒−𝑥)][1−𝜃𝑙𝑜𝑔(1+𝑒−𝑥)][1−(1−𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

[1−(1−𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼    (12)     

And           

𝐻𝑇𝐿𝑑𝐵𝐼𝐼(𝑥) = −𝑙𝑛 𝑆𝑇𝐿𝑑𝐵𝐼𝐼(𝑥) = −𝑙𝑛 [1 − [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼

]                            (13)  
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The plots of PMF and HRF of 𝑇𝐿𝑑𝐵 − 𝐼𝐼 distribution given in Fig. 1 and 2 

  

 
 

  

Fig.1. Different plots of PMF of the 𝑇𝐿𝑑𝐵 − 𝐼𝐼 distribution. 
Fig. 1 is a graphical representation for various shapes of the PMF of the 
𝑻𝑳𝒅𝑩 –II distribution. These figures show that the PMF of the 𝑻𝑳𝒅𝑩 –
II distribution can be left-skewed, symmetric, or decreasing curves. 
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Fig. 2. Different plots of HRF of the 𝑻𝑳𝒅𝑩 –𝐈𝐈 distribution. 
There are some important shapes of the HR of the 𝑻𝑳𝒅𝑩 –II distribution 
in Figs. 2. The HR of the 𝑻𝑳𝒅𝑩 –II distribution has some important 
shapes, containing decreasing, and left-skewed curve, which are 
appealing features for various models. 
 

3. Some Properties of the Topp-Leone discrete Burr-II (𝑻𝑳𝒅𝑩 –𝐈𝐈) 
distribution: 
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3.1 Moments: 

 The 𝑟𝑡ℎ non-centrally moment of 𝑻𝑳𝒅𝑩 –𝐈𝐈 is given by: 

𝜇𝑟
′ = 𝐸(𝑋𝑟) = ∑ 𝑋𝑟𝑝(𝑥)

∞

𝑥=−∞
 

= ∑ 𝑋𝑟[∞
𝑥=−∞ 2𝛼 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)]                                                                                                                                                   

[1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

                                                                          (14) 

i. At 𝑟 = 1, the mean of lifetime 𝜇 of 𝑻𝑳𝒅𝑩 –𝐈𝐈 is given by 
𝜇1

′ = 𝜇 = 𝐸(𝑥) 

= ∑ 2𝛼𝑋[[𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)]∞
𝑥=−∞                                                                                                                                                       

[1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

                                                                         (15) 

ii. At 𝑟 = 2  at (14), the second moment is as  

𝜇2
′ = ∑ 2𝛼𝑋2[[𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 −∞

𝑥=−∞

(1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]                                                                                (16)  

iii.  At 𝑟 = 3, the 3𝑟𝑑 non-centrally moment is given by: 

𝜇3
′ = ∑ 2𝛼𝑋3 [[𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 −∞

𝑥=−∞

(1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]                                                                  (17) 

iv. At 𝑟 = 4, the 4 𝑡ℎ non-centrally moment is given by: 

𝜇4
′ = ∑ 2𝛼𝑋4[[𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)]

∞

𝑥=−∞
 

[1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]                                                                       (18) 

 

 The central moments of (𝑻𝑳𝒅𝑩 –𝐈𝐈) are given by:  

i.The variance 𝑉(𝑥)of 𝑻𝑳𝒅𝑩 –𝐈𝐈 can be obtained by using 𝐸𝑞𝑠. (15) and 
(16) as follows: 

𝜇2 = 𝑉(𝜃) = 𝜇2
′ − 𝜇2      

= [∑ 2𝛼𝑋2[
∞

𝑥=−∞
[𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) 

− 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]] 

−[∑ 2𝛼𝑋 [[𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 −∞
𝑥=−∞

𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]]

2

                                                                                  (19) 

The 3𝑟𝑑 centrally moment is given by 
𝜇3 = 𝜇3

′ − 3𝜇2
′ 𝜇 + 2𝜇3 

 =  ∑ 2𝛼𝑥3

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1
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 −3 [ ∑ 2𝛼𝑥2

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 

[ ∑ 2𝛼𝑥

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 

+3 [ ∑ 2𝛼𝑥

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]

3

 

= ∑ 2𝛼𝑥3

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

 

+ [ ∑ 2𝛼𝑥

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 

  {−3 [ ∑ 2𝛼𝑥2

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 

+2 [∑ 2𝛼𝑥∞
𝑥=−∞  [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 −

𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]
2

}                                                                                     (20) 

 The 4 𝑡ℎ centrally moment is given by: 
𝜇4 = 𝜇4

′ − 4𝜇3
′ 𝜇 + 6𝜇2

′ 𝜇2 − 3𝜇4 

= ∑ 2𝛼𝑥4

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

 

−4 [ ∑ 2𝛼𝑥3

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 

       [ ∑ 2𝛼𝑥

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 

+6 [ ∑ 2𝛼𝑥2

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 

       [ ∑ 2𝛼𝑥

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]

2

 

−3 [ ∑ 2𝛼𝑥

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]

4

 

 = ∑ 2𝛼𝑥4

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

 

+  [ ∑ 2𝛼𝑥

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 

{−4 [ ∑ 2𝛼𝑥3

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 

+6 [ ∑ 2𝛼𝑥2

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 

       [ ∑ 2𝛼𝑥

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 
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−3 [∑ 2𝛼𝑥∞
𝑥=−∞  [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 −

𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]
3

}                                                                     (21) 

The skewness measure 𝛼3 of 𝑻𝑳𝒅𝑩 –II can be obtained by using 𝐸𝑞𝑠. 
(19) and (20) as follows: 

𝛼3 =
𝜇3

′ − 3𝜇2
′ 𝜇 + 2𝜇3

(𝜇2
′ − 𝜇2)

3
2⁄

=
𝜇3

(𝑉(𝑥))
3

2⁄
 

    = ∑ 2𝛼𝑥3

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

 

  + [ ∑ 2𝛼𝑥

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 

{−3 [ ∑ 2𝛼𝑥2

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 

+2 [ ∑ 2𝛼𝑥

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]

2

} 

÷ { ∑ 2𝛼𝑥2

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

 

[−∑ 2𝛼𝑥∞
𝑥=−∞  [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 −

𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]
2

}

3
2⁄

                                                                                   (22) 

The kurtosis measure 𝛼4 of 𝑻𝑳𝒅𝑩 –II can be obtained by using 𝐸𝑞𝑠. (19) 
and (21) as follows: 

𝛼4 =
𝜇4

(𝑉(𝑥))
2 = 

 ∑ 2𝛼𝑥4

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

 

+ [ ∑ 2𝛼𝑥

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 

{−4 [ ∑ 2𝛼𝑥3

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) 

− 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]    

+6  [ ∑ 2𝛼𝑥2

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 

         [ ∑ 2𝛼𝑥

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] 

 −3 [ ∑ 2𝛼𝑥

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]

3

} 
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÷ { ∑ 2𝛼𝑥2

∞

𝑥=−∞

 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

 

   [−∑ 2𝛼𝑥∞
𝑥=−∞  [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 −

𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]
2

}

2

                                                                           (23) 

3.2 Quantile and Median 
The quantile function of 𝑻𝑳𝒅𝑩 –II can be written from quantile 
function as 

  𝑄𝑇𝐿𝑑𝐵𝐼𝐼(𝑢) = −𝑙𝑛 [
[1−√1− √𝑢

𝛼
]

log𝜃
− 1]                                               (24)                                                        

The 𝑞𝑡ℎ percentile of the distribution can be obtained using 𝐸𝑞. (24) as:                
At (𝑢 = 0.5) the median of the 𝑇𝐿𝑑𝐵 − 𝐼𝐼 distribution can be defined.  

𝑥𝑚𝑒𝑑𝑖𝑎𝑛 = 𝑄2 = −𝑙𝑛 [
[1−√1− √0.5

𝛼
]

𝑙𝑜𝑔𝜃
− 1]                                      (25)                                                                          

In particular, the first quartile, say𝑄1, the second quartile, say𝑄2, and 
the third quartile, say 𝑄3 obtained by setting 𝑄 =  0.25, 0.5, 0.75, 
respectively, in Equation (24). 

𝑄1 = −𝑙𝑛 [
[1−√1− √0.25

𝛼
]

𝑙𝑜𝑔 𝜃
− 1] , and      𝑄3 = −𝑙𝑛 [

[1−√1− √0.75
𝛼

]

𝑙𝑜𝑔 𝜃
− 1]         (26)                                                                                                                                                                                               

3.3 The order statistic of the Topp-Leone Discrete Burr-II distribution 
Let 𝑋1:𝑛 ≤ 𝑋2:𝑛 ≤ ⋯ ≤ 𝑋𝑛:𝑛 be the order sample for a discrete 
population with 𝑝𝑚𝑓 𝑓(𝑥). The pmf of 𝑋𝑗:𝑛 (i.e., the 𝑗𝑡ℎorder statistics) 

is given by 

𝑓(𝑋𝑗:𝑛) =
𝑛!

(𝑗 − 1)! (𝑗 − 𝑖)!
𝑓(𝑥)[𝐹(𝑥)]𝑗−1[1 − 𝐹(𝑥)]𝑛−𝑗 

𝑓(𝑋𝑗:𝑛) =
𝑛!

(𝑗 − 1)! (𝑛 − 𝑗)!
[2𝛼 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] 

 [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

] [[1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼

]
𝑗−1

[1 − [1 − (1 −

𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼

]
𝑛−𝑗

                                                                                                                           (27) 

So, the distribution of the smallest and largest order statistics of 𝑻𝑳𝒅𝑩 –III 
are given by 
 
Special cases 
Case I: If j = 1, in (27) one can obtain the distribution function of the 
smallest order statistic, as given below 

𝑓(𝑋1:𝑛) = 2𝑛𝛼 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

 

[1 − [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼

]
𝑛−1

                                                                                           (28) 
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Case II: If 𝑖 = n, in (27) the distribution function of the largest order statistic, 
as follows: 

𝑓(𝑋𝑛:𝑛) = 2𝑛𝛼 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

        

[[1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼

]
𝑛−1

                                                                                             (29)    

 The upper record value is: 

𝑓𝑈(𝑛)(𝑥) =
1

Γ(𝑛)
[− log(1 − 𝐹(𝑥))]

𝑛−1
𝑓(𝑥) 

=
1

Γ(𝑛)
[− log (1 − [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))

2
]
𝛼

)]
𝑛−1

 2𝛼 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)]                  

 [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

                                                                   (30)  

The lower record value is: 

𝑓𝐿(𝑛)(𝑥) =
1

Γ(𝑛)
[− log(𝐹(𝑥))]

𝑛−1
𝑓(𝑥) 

=
1

Γ(𝑛)
[− log ([1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))

2
]
𝛼

)]
𝑛−1

[𝛼 [𝜃𝑙𝑜𝑔(1+𝑒−(𝑥+1)) − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] 

[1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥)] [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥))
2
]
𝛼−1

]                                                                 (31)   

4. Estimation of the parameters (𝑻𝑳𝒅𝑩- II) based on the ML method 
In this section, the maximum likelihood method is used to 

estimate the parameters of the (𝑻𝑳𝒅𝑩–𝐈𝐈) distribution. Let 
(𝑥1, 𝑥2, … , 𝑥𝑛) be a random sample from (𝑻𝑳𝒅𝑩–𝐈𝐈) distribution with 
density function as𝑓(𝑥; 𝜃; 𝛼).  

The likelihood function of the (𝑻𝑳𝒅𝑩 –𝐈𝐈) distribution for the 
parameters (𝜃; 𝛼) is given as 

𝐿(𝑥; 𝜃; 𝛼) = ∏ 𝑃(𝑥𝑖; 𝜃; 𝛼)
𝑛

𝑖=1
   

= ∏ 2𝛼 [𝜃
𝑙𝑜𝑔(1+𝑒−(𝑥𝑖+1)) 

− 𝜃𝑙𝑜𝑔(1+𝑒−𝑥𝑖)] [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥𝑖)]
𝑛

𝑖=1
     

[1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥𝑖))
2
]
𝛼−1

                                                                                                 (32) 

= 2𝑛𝛼𝑛 ∏ [𝜃
𝑙𝑜𝑔(1+𝑒−(𝑥𝑖+1)) 

− 𝜃𝑙𝑜𝑔(1+𝑒−𝑥𝑖)]
𝑛

𝑖=1
∏ [1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥𝑖)]

𝑛

𝑖=1
 

∏ [1 − (1 − 𝜃𝑙𝑜𝑔(1+𝑒−𝑥𝑖))
2
]
𝛼−1

𝑛
𝑖=1                                                 

= 2𝑛𝛼𝑛 ∏

[
 
 
 
 

[𝜃log(1+𝑒−𝑥𝑖)] [𝜃
log(

(1+𝑒−(𝑥𝑖+1))

1+𝑒−𝑥𝑖
) 

− 1]

]
 
 
 
 

 𝑛
𝑖=1 ∏ [1 − 𝜃log(1+𝑒−𝑥𝑖)]𝑛

𝑖=1             

∏ [1 − (1 − 𝜃log(1+𝑒−𝑥𝑖))
2
]
𝛼−1

  𝑛
𝑖=1                                                                                        (33)    

Where ∅(𝑥𝑖) = log (
(1+𝑒−(𝑥𝑖+1))

(1+𝑒−𝑥𝑖)
) 

Then, the log likelihood function given by : 

𝑙𝑜𝑔𝐿(𝑥; 𝜃; 𝛼) = 𝑛log2 + 𝑛log 𝛼 + ∑{𝑙𝑜𝑔(1 + 𝑒−𝑥𝑖) 𝑙𝑜𝑔 𝜃 + 𝑙𝑜𝑔[𝜃∅(𝑥𝑖) − 1]}

𝑛

𝑖=1

 

+∑ {log[1 − 𝜃log (1+𝑒−𝑥𝑖)]}𝑛
𝑖=1 + (𝛼 − 1)∑ {log [1 − (1 − 𝜃log(1+𝑒−𝑥𝑖))

2
]} 𝑛

𝑖=1                 (34)   
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Partially differentiating (34) with respect to the parameters 𝜃 and 𝛼 and 
equating them to zero we have the following equations 
∂ log 𝐿

∂θ
= ∑[

log(1 + 𝑒−𝑥𝑖)

𝜃
+

∅(𝑥𝑖)𝜃
∅(𝑥𝑖)−1

𝜃∅(𝑥𝑖) − 1
] − ∑

log(1 + 𝑒−𝑥𝑖) 𝜃𝑙𝑜 𝑔(1+𝑒−𝑥𝑖)−1

[1 − 𝜃𝑙𝑜𝑔 (1+𝑒−𝑥𝑖)]

𝑛

𝑖=1

𝑛

𝑖=1

  

+2(𝛼 − 1)∑
(1−𝜃̂log(1+𝑒−𝑥𝑖))(𝜃̂log(1+𝑒−𝑥𝑖−1))(log(1+𝑒−𝑥𝑖))

([1−(1−𝜃̂log(1+𝑒−𝑥𝑖)
2
)])

𝑛
𝑖=1 = 0                                                (35)                                                            

∂ log 𝐿

∂α
=

𝑛

α̂
+ ∑ {log [1 − (1 − 𝜃log (1+𝑒−𝑥𝑖))

2
]}𝑛

𝑖=1 = 0                                                           (36)                                                   

By using numerical computation, the solution of these normal equations 
will provide the MLE of θ, α. 
5. Simulation study 
In this subsection, a simulation study is presented to illustrate the 
application of the various theoretical results developed in the previous 
section on the basis of generated data from (𝑻𝑳𝒅𝑩 –𝐈𝐈) distribution, for 
different sample sizes (n =40, 80 and120) and using number of 
replications NR=1000. The computations are performed using Mathcad 
15. The numerical procedure is performed according to the following 
algorithm: 
Step 1: Different sample sizes (n =40, 80 and 120) are generated from 
(𝑻𝑳𝒅𝑩 –𝐈𝐈) distribution. 
Step 2: Two different set values of the parameters are selected. 
Step 3: For each model parameters and for each sample size, the ML 
estimators are computed. 
Step 4: Steps from 1 to 3 are repeated 1000 times for each sample size 
and for selected sets of the parameters. The maximum likelihood 
estimates MLE's, mean square error (MSE),the relative mean square 
error (RMSE), the variance, bias2 and the confidence interval for the 
estimated parameters(𝜃, 𝛼)are computed by averaging over the number 
of replications. 

𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 𝑅𝑖𝑠𝑘 (𝐸𝑅) =
∑ 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 𝑣𝑎𝑙𝑢𝑒𝑁𝑅

𝑖=1

𝑁𝑅
. 

𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒 = 𝐸𝑅(𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 𝑣𝑎𝑙𝑢𝑒) − 𝑏𝑖𝑎𝑠2(𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 𝑣𝑎𝑙𝑢𝑒). 

𝑀𝑆𝐸(𝜃) = (𝑏𝑖𝑎𝑠(𝜃))
2

+ 𝑉(𝜃), 𝑀𝑆𝐸(𝛼) = (𝑏𝑖𝑎𝑠(𝛼̂))
2
+ 𝑉(𝛼̂). 

𝑅𝑀𝑆𝐸(𝜃) =
√𝑀𝑆𝐸(𝜃)

𝜃
, 𝑅𝑀𝑆𝐸(𝛼) =

√𝑀𝑆𝐸(𝛼)

𝛼
. 

The computation results are displayed in Tables (1) and (2) 
For the estimated parameters(𝜃, 𝛼) we assume that the actual two sets 
of the population parameter values(𝜃 = 0.4, 𝛼 = 1.2) and (𝜃 =
0.3, 𝛼 = 3).  
5.1 Results:  
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Table (1) and (2): The estimates (MLE), relative mean square error 
(RMSE), variance (Var.), Bias2 and confidence interval for the parameters 
of the distribution at sample size (n =40, 80 and120) 

Table (1) Variances, Bias2, MSE, RMSE of the ML estimates and 95% 
confidence intervals of the parameters 𝜽𝒂𝒏𝒅 𝜶 of (𝑻𝑳𝒅𝑩 –𝐈𝐈) 

(𝑵𝑹 = 𝟏𝟎𝟎, 𝜽 = 𝟎. 𝟒 𝒂𝒏𝒅 𝜶 = 𝟏. 𝟐). 

n paramet
er MLE Variance Bias2 MSE RMSE Upper Lower Lengt

h 

40 
θ 0.341 2.281547×10-3 0.256 5.809×10-3 0.191 0.434 0.247 0.187 
α 1.531 0.065 9.709×10-4 0.066 0.171 2.032 1.031 1.001 

80 
θ 0.341 9.967248×10-4 3.495×10-3 4.492×10-3 0.168 0.403 0.279 0.124 

α 1.516 0.026 2..497×10-4 0.027 0.109 1.835 1.197 0.638 

12
0 

θ 0.34 6.86919×10-4 3.585×10-3 4.272×10-4 0.163 0.391 0.289 0.103 

α 1.516 0.018 2.641×10-4 0.018 0.091 1.781 1.252 0.529 

The results show in table (1) that both MSE and RMSE decrease with 
increasing sample size. 
 

Table (2) Variances, Bias2, MSE, RMSE of the ML estimates and 95% 
confidence intervals of the parameters 𝜽𝒂𝒏𝒅 𝜶 of (𝑻𝑳𝒅𝑩 –𝐈𝐈) 

(𝑵𝑹 = 𝟏𝟎𝟎, 𝜽 = 𝟎. 𝟑 𝒂𝒏𝒅 𝜶 = 𝟑). 

n parame
ter MLE Variance Bias2 MSE RMSE Upper lower Lengt

h 

40 
θ 0.256 1.88919×10-3 0.021 0.023 0.375 0.342 0.171 0.17 
α 2.062 0.117 3.793×10-3 0.121 0.174 2.732 1.391 1.341 

80 
θ 0.259 8.365145×10-4 0.02 0.021 0.36 0.315 0.202 0.113 
α 2.021 0.047 4.439×10-4 0.047 0.109 2.446 1.596 0.85 

120 
θ 0.259 5.981809×10-4 0.019 0.020 0.359 0.306 0.211 0.096 
α 2.022 0.032 4.694×10-4 0.033 0.091 2.374 1.669 0.705 

 
The results in table (2) shows indicate MSE and RMSE to be consistently 
decreasing when sample size is increasing. 
5.2 Applications 
In this section, we demonstrate the applicability and usefulness of the 
(𝑻𝑳𝒅𝑩 –𝐈𝐈) distribution. We apply the model to three real data examples. 
Model performance was assessed using the following goodness of-fit 
statistics: -2loglikelihood (-2 log L), Akaike Information Criterion (AIC), 
consistent Akaike information criterion (CAIC), Bayesian Information 
Criterion (BIC),and one-sample Kolmogorov-Smirnov (KS) goodness of fit 
test for the data set. The better distribution is the one with the smallest 
values of the previous criteria and the highest p-value. 
These criteria are: 
𝐴𝐼𝐶 = 2𝑘 − 2𝑙𝑜𝑔𝐿,    𝐵𝐼𝐶 = 𝑘𝑙𝑜𝑔 (𝑛) − 2𝑙𝑜𝑔𝑙 ,

𝐶𝐴𝐼𝐶 = 𝐴𝐼𝐶 + 2 (
𝑘(𝑘 + 1

𝑛 − 𝑘 − 1
)        
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Where 
𝑘: is the number of the parameters in each distribution, 𝑛: is the sample 
size. 
𝑙𝑜𝑔𝐿: is the log of the likelihood function.  

Detail of these statistics is presented with the help of tables; from 
these results one can easily see that (𝑻𝑳𝒅𝑩 –𝐈𝐈) is best fitted model than 
its other model. 
5.2.1 Application 1 
First data set consists of 20 values which show the ordered failure of 
components. This data also been used by Nigm et al (2003). The data are: 
0.0009, 0.004, 0.0142, 0.0221, 0.0261, 0.0418, 0.0473, 0.0834, 0.1091, 
0.1252, 0.1404, 0.1498, 0.175, 0.2031, 0.2099, 0.2168, 0.2918, 0.3465, 
0.4035 and 0.6143. 
The study applied seven models to fit the first data. MLEs, -2LogL, AIC, 
BIC, k-s and p-values of the maximum first data are showed in Table 3. 

Table 3:   MLEs, -2LogL, AIC, BIC and k-s of the fitted models for the 
first data set. 

Model Estimates AIC CAIC BIC -2log(l) K-S P-value 
Topp-Leone 

discrete Burr II  
(𝑻𝑳𝒅𝑩 –𝐈𝐈) 

𝜃 =0.571 
62.062 62.768 60.664 58.062 0.4 0.810577 

𝛼̂ =11.04 
discrete Burr II 

(𝒅𝑩 –𝐈𝐈) 𝜃 ̂=0.701 92.441 92.219 91.742 90.441 0.5 0.0122986 

Burr II 
(𝑩 –𝐈𝐈) 

𝜃 =0.01 

 
216.707 216.93 216.008 214.707 0.8 0.32597 

Topp-Leone 
Burr XII 
(TLBXII) 

𝜃 =2.094 

74.657 76.157 72.56 68.657 0.65 0.000270497 𝛼̂ =0.307 

𝜆̂ =5.012 

Topp-Leone 
Exponential 

( TL–E) 

𝜃 =65.333 
117.819 117.819 115.715 113.113 0.7 0.0000556906 

𝛼̂ =152.69 

Topp-leone 
Lomax (TL-L) 

𝜃 =3.602 

184.277 185.277 182.18 178.277 0.55 0.00396729 𝛼̂ =138.701 

𝜆̂ =2.224 

Topp-Leone 
compound 

Rayleigh 
(TLCR) 

𝜃 =0.319 

282.957 284.457 280.86 276.957 0.6 0.0011158 𝛼̂ =20.559 

𝜆̂ =4.663 

The results in table (3) shows of 𝑻𝑳𝒅𝑩 –II gives smaller values of:   MLEs, 
-2LogL, AIC, BIC and k-s K-S than 𝒅𝑩 –II, 𝑩 –II, TLBXII, TL–E, TL-L and TLCR. 
The implication is that 𝑻𝑳𝒅𝑩 –II is better in fitting the first data set.  
The histogram plot, P-P plot and Q-Q plot of 𝑻𝑳𝒅𝑩 –II for maximum first 
data are presented in Figure 5.  
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In Figure (5) the histogram plot, P-P plot, Q-Q plot and the fitted pdf also 
demonstrates that the 𝑻𝑳𝒅𝑩 –II provides a better fit to the first data. 
5.2.2 Application 2 

Figure 5: The P-P plot, Q-Q plot, histogram, and the fitted pdf for the 
first data. 

The second data consists of 38 days, provided by Mubarak and 
Almetwally (2021). The data represents COVID-19 data, which belong to 
Japan of 29 September to 12 October 2020. The data formed of drought 

mortality rates. The data are: 
0.1596, 0.2733, 0.1142, 0.0851, 0.1976, 0.2243, 0.1810, 0.0828, 0.1504, 
0.2169, 0.0404, 0.1208, 0.1334, 0.1589, 0.1184, 0.1698, 0.0648, 0.1027, 
0.0511, 0.1019, 0.1520, 0.1006, 0.0624, 0.0372, 0.1112, 0.0859, 0.0854, 
0.0847, 0.1443, 0.0836, 0.0238, 0.0355,0.0353, 0.0937, 0.0349, 0.0924, 
0.0344 and 0.0228.  
The COVID-19 data is applied to TL 𝒅𝑩 –II, the data set is modeled using 
models 𝒅𝑩 –II, 𝑩 –II, TLBXII, TL–E, TL-L and TLCR in table(4). 

  

  



Journal of Statistical Sciences                                        Edition No.:22, March 2024 

57 
 

Table 4:   MLEs, -2LogL, AIC, BIC and k-s of the fitted models for the 
second data set. 

 
In table (4) the results present 𝑻𝑳𝒅𝑩 –𝐈𝐈 to have smaller values for MLEs, 
-2LogL, AIC, BIC and k-s than 𝒅𝑩 –II, 𝑩 –II, TLBXII, TL–E, TL-L and TLCR. 
This means that in the choice of fitting the COVID-19 data, it is more 
appropriate to use 𝑻𝑳𝒅𝑩 –𝐈𝐈 as it is better than the competing models. 
The histogram plot, P-P plot, Q-Q plot and the fitted pdf of 𝑻𝑳𝒅𝑩 –𝐈𝐈 for 
COVID-19 data is presented in Figure 6.  

Model Estimates AIC CAIC BIC -2log(l) K-S P-value 

Topp-Leone 
discrete Burr II  

(𝑻𝑳𝒅𝑩 –𝐈𝐈) 

𝜃 = 0.557 

119.504 119.847 118.664 115.504 0.657895 0.43153 
𝛼̂ = 9.672 

discrete Burr II 
(𝒅𝑩 –𝐈𝐈) 

𝜃 ̂= 0.5 132.728 132.616 132.307 130.728 0.921053 0.3983 

Burr II 
(𝑩 –𝐈𝐈) 

𝜃 ̂= 0.1 391.465 391.576 391.045 389.465 0.973684 0.20526 

Topp-Leone 
Burr XII 
(TLBXII) 

𝜃 = 0.667 

145.381 146.087 144.121 139.381 0.868421 0.36076 
𝛼̂ = 

21.016 

𝜆̂ =1.268 

Topp-Leone 
Exponential 

( TL–E) 

𝜃 =8.896 
182.58 182.923 181.739 178.58 0.815789 0.34357 

𝛼̂ =3.292 

Topp-leone 
Lomax (TL-L) 

𝜃 =7.033 

335.316 336.022 334.056 329.316 0.763158 0.13389 𝛼̂ =6.444 

𝜆̂ =46.024 

Topp-Leone 
compound 

Rayleigh 
(TLCR) 

𝜃 =0.953 

265.304 266.01 264.043 259.304 0.736842 0.76971 𝛼̂ =9.535 

𝜆̂ =0.281 
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Figure 6: The P-P plot, Q-Q plot, histogram, and the fitted pdf for 
the second data. 

The plot shows that the 𝑻𝑳𝒅𝑩 –𝐈𝐈 provides better fit to the COVID-19 
data. 
5.2.3 Application 3 
The third data consists of 63 aircraft represents Failure times of 
Windshield.  The data set obtained from Tahir et al. (2015) the data are:  
0.046, 1.436, 2.592, 0.140, 1.492, 2.600, 0.150, 1.580, 2.670, 0.248, 
1.719, 2.717, 0.280, 1.794, 2.819, 0.313, 1.915, 2.820, 0.389, 1.920, 
2.878, 0.487, 1.963, 2.950, 0.622,1.978, 3.003, 0.900, 2.053, 3.102, 0.952, 
2.065, 3.304, 0.996, 2.117, 3.483, 1.003, 2.137, 3.500,1.010, 2.141, 3.622, 
1.085, 2.163, 3.665, 1.092, 2.183, 3.695, 1.152, 2.240, 4.015,1.183, 2.341, 
4.628, 1.244, 2.435, 4.806, 1.249, 2.464, 4.881, 1.262, 2.543 and  5.140.  
The goodness of fit test in Table 5. shows the MLEs, -2LogL, AIC, BIC and 
k-s results for 𝒅𝑩 –II, 𝑩 –II, TLBXII, TL–E, TL-L and TLCR for third data 
set. 
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Table 5: MLEs, -2LogL, AIC, BIC and k-s of the fitted models for the third 
data set. 

 
In the Goodness-of-fit test results in Table (5), 𝑻𝑳𝒅𝑩 –𝐈𝐈 has smaller 
MLEs, -2LogL, AIC, BIC and k-s than 𝒅𝑩 –II, 𝑩 –II, TLBXII, TL–E, TL-L 
and TLCR. This shows that 𝑻𝑳𝒅𝑩 –𝐈𝐈 is better and more appropriate 
to use in modeling third data set. 
The histogram plot, P-P plot and Q-Q plot of 𝑻𝑳𝒅𝑩 –II for third data 
presented in Figure 7. 
 
 
 

Model Estimates AIC CAIC BIC -2log(l) K-S P-value 

Topp-Leone 
discrete Burr 
II  (𝑻𝑳𝒅𝑩 –

𝐈𝐈) 

𝜃 =0.968 

267 267.844 267.243 263.644 0.396825 0.810364 

𝛼̂ = 1.39×104 

discrete Burr 
II 

(𝒅𝑩 –𝐈𝐈) 
𝜃 ̂= 0.862 397.462 397.397 397.262 395.462 0.460317 0.2407 

Burr II 
(𝑩 –𝐈𝐈) 

𝜃 ̂= 0.1 605.777 605.842 605.576 603.777 0.973684 0.20526 

Topp-Leone 
Burr-XII 
(TLBXII) 

𝜃 = 0.603 

558.81 559.217 558.208 552.81 0.555556 0.73523 
𝛼̂ = 1.988 

𝜆̂ =1.378 

Topp-Leone 
Exponential 

( TL–E) 

𝜃 =0.346 
314.297 314.497 313.896 310.297 0.84127 0.38474 

𝛼̂ =1.898 

Topp-leone 
Lomax (TL-L) 

𝜃 =1.433 

565.39 565.797 564.788 559.39 0.888889 0.79808 𝛼̂ =65.474 

𝜆̂ =38.337 

Topp-Leone 
compound 

Rayleigh 
(TLCR) 

𝜃 =3.198 

926.692 927.098 926.09 920.692 0.698413 0.26908 𝛼̂ =47.385 

𝜆̂ =34.894 
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Figure 7: The P-P plot, Q-Q plot, histogram, and the fitted pdf for the 
third data. 

Figure (7) show the fitted PMF plots, P-P plots and Q-Q plots of the third 
real data which ensure the fitted PMF, P-P and Q-Q plots indicate that 
𝑻𝑳𝒅𝑩 –II distribution fit for the third real data set. 

Concluding remarks: 
 𝑻𝑳𝒅𝑩 –II distribution has the lowest K-S values and the highest p-

values for the three applications. Thus, it provides the best fit for 
these data compared to the other competitors of distributions. 

 Moreover, the 𝑻𝑳𝒅𝑩 –II distribution has the smallest values of 
the −2logL statistic, AIC, BIC and CAIC, which imply that the 
proposed model is the best among the other competitors of 
distributions (𝒅𝑩 –II, 𝑩 –II, TLBXII, TL–E, TL–L and TLCR). 
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