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Abstract
In recent years, researchers focused on introducing many known
methods to construct new models. Among these methods, Topp-Leone
distributions are useful in fitting data generated by a complex process.
This paper is concerned with introducing the Topp Leone discrete Burr
Type Il distribution (TLdB — I1) distribution. The statistical properties of
this distribution including the non-central moments, central moments,
the skewness and the kurtosis measures are obtained. Reliability
function, hazard function, reversed hazard function, quantile, and
median are derived. Distribution of the smallest and the largest order
statistics are obtained. The lower record and the upper record values are
obtained. Parameters estimation using maximum likelihood method is
obtained. A simulation study carried to compare the performance of
different estimators finally, the performance of the new distribution is
compared with some existing distributions using three real data sets to
illustrate the suitability and flexibility of the proposed model.
Keywords: discrete distribution, Burr Type Il distribution, discrete Burr
Type Il distribution, Topp Leone distribution, Topp Leone discrete Burr
Type Il distribution, Order Statistics, Maximum likelihood estimation.
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1. Introduction

Burr distribution has numerous applications. For example, in problems
related to hypothesis testing, lifetime data, statistical quality control, in
survival and reliability studies. In addition, it is employ in financial studies,
economics, and income and wage distribution as well as in environmental
studies. Discrete Burr=II (dB — II) distribution is first introduce by
Helmy in (2018).

The Topp-Leone distribution (TL) proposed by Topp and Leone (1955) has
been very attractive as a generator due to its desirable properties, and
this has been applied in many fields. The distribution did not get much
attention initially though, this was because; the important statistical
properties were not studied by the initial authors. By means of
improvement, some of the properties like the moment function, central
moments and the characteristic function were developed by Nadarajah
and Kotz (2003).

Further to that, a number of researchers became motivated to do further
studies on the TL. Ghitany et al. (2005) provided the reliability measures.
Kurtosis were studied and reported by Kotz et al. (2007), a two-sided
generalized TL distribution by Vicaria et al. (2008), goodness-of-fit by Al-
Zahrani (2012). The various studies presented TL distribution more
appropriate for lifetime data analysis.

More recently, Sangsanit and Bodhisuwan (2016) studied the TL
distribution and came up with a generator known as Topp-Leone G family
of distributions The TL-G family, proposed by Sanganit and Bodhisuwan
(2016) has given birth to many distributions, for example the TL
generalized exponential (TLGE), TL Lomax (TLLx) in Sangsanit et al. (2016),
TL Weibull Lomax (TLWLx) in Farrukh et al. (2019), TL-generalized
inverted Kumaraswamy (TLIK) in Reyad et al. (2019), TL discrete Laplace
(TL-DL) in Akkanphudit, et al. (2020), a discrete inverted Topp-Leone
(DITL) in Eldeeb et al. (2021), modified Kies inverted Topp-Leone (MKITL)
in Almetwally, Ehab M., et al (2021). Topp-Leone Weibull Generated
Family (TLWG) in Elbatal et al. (2022), New Power Topp-Leone
Generated (NPTL-G) in Atchade, Mintode Nicodeme, et a/.(2023).

A new model called Topp-Leone discrete Burr-II (TLdB —1II)
distribution has been introduced, where the discrete Burr—II distribution
is extended by using the Topp-Leone generated family. The
generalization of new model and some of its properties are discuss in
Section (2). In Section (3) some statistical properties as quantile,
moments derived. Maximum likelihood estimation for the parameters is
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derive in Section (4). A simulation study and real data set are introduce
in Section (5) to show the flexibility of the new model.

2. Topp-Leone discrete Burr-II distribution

A random variable X is said to have a discrete Burr—II distribution if its
probability density function pmf, cumulative distribution function cdf
and survival function are defined respectively as

F(x) = log(1+e™® ) _ glogi+e™) = _o5  012,..,0<8<1 (1)

F(x) = 010904¢™) x = —00,..,0,1,2,.. ,0<0<1 (2)
And
s(x) =1— 910g(1+e"‘) (3)

Using the cdf of TL distribution Al-Shomrani et al. (2016) proposed a new
family of distribution. The cdf and pdf of new generalized model given by
Al-Shomrani et al. are

Fric(x) = (F0))“ (2= F(x) ,x €Roa>0 (4)
With density
fric@) = 2af (DS (S))“ (2 - F(x))* (5)

Where f(x)is the pdf of baseline distribution, F(x) is cdf of the
distribution and S(x) is survival function of the distribution.
More reduced form of (4) is

Fric(o) = [1- (S@)*|" (6)
Moreover, modified form of (5) is

a—1
fric() = 2af (0)SG) (1 - (5G0)°) (7)

This paper is concerned with introducing a new model called Topp-Leone
discrete Burr—II distribution (TLdB — II). For this purpose, S(x) of (3) is
inserted in (6), that is the cdf of (TLdB — II) distribution is as

Friapn (@) = [1 -(1- 9109<1+e"‘>)2]a; a>00<6<1 x=-,.,01.2,.. (8)
Similarly, density of (8) can be obtained by inserting S(x) of (3) and f(x)
of (1) in (7)
froapu(x) = 2a [Qlog(He
- — _ 2 a—1
_ elog(1+e ")] [1 _ 910g(1+e x)] [1 _ (1 _ Hlog(1+e x)) ]

;>00<0<1,x=-00,.,012.. 9)
The corresponding survival function S(x), hazard rate function h(x),
reverse hazard rate function r(x) and cumulative hazard rate function
H(x) are respectively given by

—x\\21%
Strapn(x) = 1= Frpgpp(x) =1 - [1 — (1 — glog+e™) ] ;a >
0,x =-,..,01,2,.. (10)

—(x+1))
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= Jreapn@) _
hrrapn(x) = 1-Frrapn(x)

Za[elog(1+e-(x+1))_elog(1+e—x)][1_9109(1+e-x)][1_(1_910g(1+e-x))z]a—1

3 11
[1_[1_(1_910g(1+e_x))2] ] ( )
Trrapn (x) = % =

2 9109(1+e_(x+1))_elog(1+e_x) 1—-glog(1+e™)]|1_(1-glog(1+e™%) 2171
] [ s T

[1_(1_910g(1+e_x)) ]
And

Hrpapn (x) = —In Sppapn(x) = —In [1 - [1 - (1 - glog(1+e_x))2] ] (13)
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The plots of PMF and HRF of TLdB — II distribution given in Fig. 1 and 2

8=05a=2 #=0509
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0.0010 0.00025
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0.0006 0.00015
0.0004 . 000010 .
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1 : J Cy | Cy
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px 0.00012
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0.03-
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0.0002
0.0001 o.01
1 1 "y + 4 4 X 1 & " & = 1
510 15 20 25 0 5 10 15 20

Fig.1. Different plots of PMF of the TLdB — II distribution.
Fig. 1 is a graphical representation for various shapes of the PMF of the
TLdB -1 distribution. These figures show that the PMF of the TLdB —
II distribution can be left-skewed, symmetric, or decreasing curves.
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Fig. 2. Different plots of HRF of the TLdB -II distribution.
There are some important shapes of the HR of the TLdB -II distribution
in Figs. 2. The HR of the TLdB -II distribution has some important
shapes, containing decreasing, and left-skewed curve, which are
appealing features for various models.

3. Some Properties of the Topp-Leone discrete Burr-Il (TLdB -II)
distribution:
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3.1 Moments:
e The rth non-centrally moment of TLdB —II is given by:

B=EQN =)  Xp@

— Z;f:_mxr[ 2a [9!0g(1+e'(x+1)) _ 910g(1+e"‘)] [1 _ elog(1+e'x)]

[1- (1 geoteoy] o
. Atr =1, the mean of lifetime u of TLdB -1l is given by

p=p=EX)
— Z;o:_oo 2aX[[9log(1+e_(x+1)) _ glog(1+e_x)] [1 _ glog(1+e_x)]

—x 2 a-1
[1 — (1 — glog(i+e™) ] (15)
ii. Atr =2 at(14), the second moment is as
s = BF-_ o 2aX2[[l09 (147 ) _ gloglire™)] [1 — gloglire™] 1 —
(1= grootee)* 7 (16)
iii. Atr = 3, the 3rd non-centrally moment is given by:

My = X7 20X [[9“’9(“8_("“)) — gLogti+e™| [1 - glegre™] [1

a-—-1
(1- glog(1+e"‘))2] ] (17)
iv. Atr = 4, the 4 th non-centrally moment is given by:

ﬂz’l — Zoo 2aX4[[910g(1+e_(x+1)) _ Hlog(1+e_x)] [1 _ glog(1+e_x)]
x=—00

) a—1
[1- (1 -grsare™)] ] (18)

e The central moments of (TLdB —II) are given by:

i.The variance V (x)of TLdB -1l can be obtained by using Egs. (15) and
(16) as follows:

ue =V(0) = py —u?
- [Z 2ax?[[pleo(1+e™*D)
i — gloaCi+e™)| [1 — gloat+e™] 1 (1 - glog(1+e—"))2]“_1]]

B [Z;'f:_m 2ax [[9"’9(“9‘("*“) — groaCi+e ™| [1 — groatire™][1 — (1 -

o gqa-1]]?
glog(1+e™)) ] ” (19)
The 3¢ centrally moment is given by
M3 = py = Supp + 207
- - - 2121
— Z 2ax3 [910g(1+e Gy glog(i+e ")] [1 _ glog(i+e ")] [1 _ (1 — glog(i+e ")) ]

xX=—00
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-3 [ Z 2ax? [gloslire ™) — glogre ™ 1 — glogire™] 1 — (1 - e“’g(“e"‘))z]a_l]

xX=—00

> 2ax [gloalire) — glogee™] [1 - glogtire™] [1 - (1 - ewﬂ“”"‘))z]a_l]
x=—00

o 3
43| D 2ax [plos(+e7) _ glogCire™| [1 — glostiee™] [1 - (1 - ewﬂ““"‘))z]a_l]
X=—00
— Z 2ax3 [Blog(1+e‘("+1)) _ 910g(1+e"‘)] [1 _ glog(1+e"‘)] [1 _ (1 _ 910g(1+e"‘))2]a_1
X=—00
2ax [elog(1+e_("+1)) elog(1+e"‘)] [1 _ 9[0g(1+e_")] [1 _ (1 Glog(1+e_x)) ] ]
X=—00

{ [Z 2ax? [gloa(i+e™™™) _ gloglire™)| [1 — glog(i+e™] [1 (1—0’°g<1+e"“))2]a_1]

X=—00

+2 [Zx:—oo 2ax [Glog(1+e‘(x“)) _ elog(1+e"‘)] [1 _ 910g(1+e"‘)] [1 _ (1 _

elog(1+e-">)2]“'1]2} (20)

e The 4 th centrally moment is given by:

Ma = Wy — 4psp + 6upp® — 3u*

— z 2axt [910g(1+e‘("“)) _ 9!0g(1+e"‘)] [1 _ 910y(1+e"‘)] [1 _ (1 _ glog(1+e"‘))2]a_1

X=—00
r [oe]
—4 Z 2ax3 [glog(1+e‘("“)) _ glog(1+e"‘)] [1 _ glog(1+e"‘)] [1 _ (1 _ glog(1+e"‘))2]a_l
Lx=—co |
> 2ax [glooliee) — glestire™] [1 - glogire™] [1 - (1 - 9’09(1”"‘))2]“_1]
SIS e
+6 Z 2ax? [glog(1+e‘("“)) _ glog(1+e"‘)] [1 _ glog(1+e"‘)] [1 _ (1 _ glog(1+e"‘))2]a_l
LX=—00

_ > 2
> 2ax [grosese =) - guosee ] [1 - grostiee ) [1 - (1~ elwe"‘)f]a_l]

L x=—00

-3 - i 2ax [gloy(1+e—<x+1>) _ glog(1+e"‘)] [1 - glogtie™] [1 - glog(1+e—X))2]“—1r

= §:_2ax4 [9109(1+e‘(x+1)) - glog(1+e—x)] [1 = plosti+e™)] [1 (- 910g(1+e‘x))2]a_1

+ x:fi 2ax [elog(1+e—(x+1>) _ elog(1+e—x)] [1 - gloge™)] [1 (- glog(1+e"‘))2]a_1]

{ 4)[_5 2ax? glog(1+e @Dy glog(1+e—x)] [1 - glog+e™)] [1 — (1 - plogi+e™) ] ]

+6 xi_:‘”zaxz [glog(1+e—(x+1>) _ gzog(1+e—x)] [1 - gloatase™)] [1 (- 910g(1+gx))2]a_1]
[ximzax [elog(1+e_(x+1)) - glog(1+e—x)] [1 groati+e™)] [1 _(- 610g(1+e"‘))2]a_1]
x=—oo
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-3 [Z;oz_m 2ax [910g(1+e“"+1)) _ 910g(1+e"‘)] [1 _ glog(1+e"‘)] [1 _ (1 _

porssoy )

The skewness measure a; of TLdB —II can be obtained by using Egs.
(19) and (20) as follows:
Hy =3 +21° g

az = =
’ - @ )
= Z 2ax3 [9109(1"'6_(“1)) - 91".9(14'6_")] [1 _ elog(1+e"‘)] [1 _ (1 _ elog(1+e_"))2]a_1
x=—00
Zax [glog(1+e—(x+1)) Glog(ﬁe_x)] [1 - glog(t+e™)] [1 -(1- glog(1+e"“))2]a_1]
X——OO
{ [ Z 2ax? glog(He ) — 9"’9(1+e_x)] [1— glogCi+e™] [1 (1 —plogire™) ] ]
xX=—00 2
2 Z 2ax [910g(1+e_(x+1)) a elag(1+e_x)] [1— glogl+e™)] [1 -(1- glog(1+e-"))2]a_1] }
xX=—00

[oe]
- { z 2ax? [0log(1+e‘("+1)) _ Glog(1+e"‘)] [1 _ glog(1+e"‘)] [1 _ (1 _ glog(1+e‘x))2]a_1

X=—00

[_ YO . 2ax [910g(1+e'("+1)) _ elog(1+e"‘)] [1 _ eloy(1+e"‘)] [1 _ (1 _

3
_192Y/
poacire '] ]} 2 (22)

The kurtosis measure a, of TLdB —II can be obtained by using Egs. (19)

and (21) as follows:
HUa

"o

z 2axt [910g(1+e‘("“)) _ 910g(1+e"‘)] [1 _ glog(1+e”‘)] [1 _ (1 _ 910g(1+e"‘))2]a_1

X=—00

+ Z 2ax [glog(1+e—(x+1)) _ glog(1+e-x)] [1 _ glog(1+e"‘)] [1 _ (1 B 9109(1+E_x))2]a—1]
X=—00
LxX=—0o
- 9’09(1+e_x)] [1 - 8109(1+e"‘)] [1 _ (1 _ elog(1+e_"))2]a_1]
+6 Z 2ax? [gzog(1+e‘("“)) _ glog(1+e"‘)] [1— glog+e™] [1 ~(1- Hlog(1+e-x))2]a—1]
LX=—00
Z 2ax [9’09(“3’("“)) - 9109(1+e”‘)] [1 - glog(i+e™] [1 -(1- 910g(1+ex))21a—1]
X=—00

o 3
-3 [ z 2ax [elog(1+e_("+1)) _ glog(1+e"‘)] [1— glogG+e™] [1 -(1- 910g(1+e"‘))2]a_1] }

X=—00
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{3 2 [t - gt o] 1. gotre ) 1 - (1 - gy

X=—00

|- 22 20 [gros(4e7™) — grestie™ ) [1 - glosie] [1 - (1 -

elog(1+e-X>)2]“_1]2}2 (23)

3.2 Quantile and Median
The quantile function of TLdB —II can be written from quantile
function as

Qrrapn(w) = —Iln (24)

=

The " percentile of the distribution can be obtained using Eq. (24) as:
At (u = 0.5) the median of the TLdB — II distribution can be defined.

]

log 6 (25)

Xmedian = Q2 = _ln[

In particular, the first quartile, sayQ,, the second quartile, sayQ,, and
the third quartile, say Q5 obtained by setting @ = 0.25,0.5,0.75,
respectively, in Equation (24).

J1-%025 ~J1-%0.75
o =) S | ana o =[] e
3.3 The order statistic of the Topp-Leone Discrete Burr-1l distribution
Let X;., < Xy < -+ < X,,.n be the order sample for a discrete
population with pmf f(x). The pmf of X;.,, (i.e., the jorder statistics)
is given by

f(Xjm) = (1-_+!(j_i)!f(X)[F(x)]"1[1 — F()™/

log 6

f(Xj:n) — (1_1)77211_1)' [20( [elog(1+e‘(x+1)) _ elog(1+e"‘)] [1 _ 910g(1+e"‘)]

[1-(1- elog(1+e-X))2]a_1] [1-(- glog<1+e—><>)2]“]j_1 [1-[1-(1-

glog(1+e"‘))2]a]n_j (27)
So, the distribution of the smallest and largest order statistics of TLdB —III
are given by

Special cases

Case I: If j = 1, in (27) one can obtain the distribution function of the
smallest order statistic, as given below

F(Xyy) = 2na [ong(uf(x“)) _ elog(1+e”‘)] [1— glogi+e™)] [1 -(1- glog(1+e”‘))2]a_1

AT
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Case ll: If i = n, in (27) the distribution function of the largest order statistic,
as follows:

Qo) = 2nc[p1o0C157 ) — glogtire ] [1 — greatise ] [1 - (1 - geatrse )|
[ - (- pmasey 29
The upper record value is:

1 n—-1
fom ) = ol [log(1-=F@)]" f(0) B
= |-t (1-[1-(1- elog<1+e-’<))2]“)] 2a [glos(1+e ) _ glog(i+e™)]
[1 _ elog(1+e"‘)] [1 _ (1 _ 910g(1+e"‘))2]a_1 (30)
The lower record value is:

1 n—
it 0 = e [~ log(F)]™™ G0

a.n—1
= o[t ([1 - (1 gt ] ™ [t g0
[1 _ 910g(1+e"‘)] [1 _ (1 _ elag(1+e_"))z]a_1] (31)
4. Estimation of the parameters (TLdB- 1) based on the ML method
In this section, the maximum likelihood method is used to

estimate the parameters of the (TLdB-II) distribution. Let
(%1, X, ..., X,) be a random sample from (TLdB-II) distribution with
density function asf (x; 8; ).

The likelihood function of the (TLdB -II) distribution for the
parameters (0; ) is given as

n
L(x;6;a) = l—[ P(x; 0; @)
n i=1
— l_[ 2a [elog(1+e‘(xi+1)) _ elog(1+e_xi)] [1 _ glog(1+e"‘i)]
i=1
[1 -(1- elog(1+e-"i))2]“_1 32}
n lo —(x;+1) . n .
= 2ngn 1_[ [9 g(1+e i ) _ elog(1+e xl)] 1_[ [1 _ glog(1+e xl)]
i=1 i=1
ni-(- elog(1+e-xi))2]“‘1

(1+e—(x,-+1))>
-1

= 2ngn H?:l [910g(1+e l)] |:9 1+ l—llrlzl[l _ 910g(1+e 1)]

i1 [1 -(1- 9]0g(1+e—xi))2]a—1 N
(1+e~(xitn))
Where @(x;) = log (W)

Then, the log likelihood function given by:

logL(x; 6; a) = nlog2 + nlog a + Z{log(l + e *)log 6 + log[@w("i) -1]}
i=1

+ 2 {log[1 - Bl°g(1+3_xi)]} +(@—-1DYL, {log [1 -(1- 91°g(1+e_xi))2]} (34)
52



Journal of Statistical Sciences Edition No.:22, March 2024

Partially differentiating (34) with respect to the parameters 8 and a and
equating them to zero we have the following equations

d lOgL log(l + e i) (Z)(x )90(951) 1 n log(l + e~¥i) plog(t+e™)-1
Z Ho(xl) -1 Z glog(1+e‘xl)]

1— 910g(1+e *i))(glos(1+e~*i-1) (log(1+e~%i))
+2(a 1)2i:1( X Jiogare™)) _ 0 (35)

()
2BL 24 3 {log[1 - (1 - orosC+e )’ ]b = 0 (36)
By using numerical computation, the solution of these normal equations
will provide the MLE of 6, a.
5. Simulation study
In this subsection, a simulation study is presented to illustrate the
application of the various theoretical results developed in the previous
section on the basis of generated data from (TLdB —II) distribution, for
different sample sizes (n =40, 80 and120) and using number of
replications NR=1000. The computations are performed using Mathcad
15. The numerical procedure is performed according to the following
algorithm:
Step 1: Different sample sizes (n =40, 80 and 120) are generated from
(TLdB —II) distribution.
Step 2: Two different set values of the parameters are selected.
Step 3: For each model parameters and for each sample size, the ML
estimators are computed.
Step 4: Steps from 1 to 3 are repeated 1000 times for each sample size
and for selected sets of the parameters. The maximum likelihood
estimates MLE's, mean square error (MSE),the relative mean square
error (RMSE), the variance, bias? and the confidence interval for the
estimated parameters(0, a)are computed by averaging over the number

of replications.
. . NR esti d val
Estimated Risk (ER) = 2“1““7’1\1’?8 ey

Variance = ER(estimated value) — bias?(estimated value).
~ 2 ~

MSE(9) = (bias(8))" +V(8), MSE () = (bias(@))" + V().

RMSE(6) = Y57 %, RMSE (a) = Y22

The computation results are displayed in Tables (1) and (2)

For the estimated parameters(8, a) we assume that the actual two sets
of the population parameter values(f = 0.4,a =1.2)and (6 =
0.3,a = 3).

5.1 Results:
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Table (1) and (2): The estimates (MLE), relative mean square error
(RMSE), variance (Var.), Bias? and confidence interval for the parameters
of the distribution at sample size (n =40, 80 and120)
Table (1) Variances, Bias?, MSE, RMSE of the ML estimates and 95%
confidence intervals of the parameters Oand « of (TLdB -11)

(NR=100,0 = 0.4 and a = 1.2).

n par::net MLE Variance Bias? MSE RMSE |[Upper | Lower Le:gt
40 0 0.341 2.281547x103 0.256 5.809x103 | 0.191 |0.434 | 0.247 | 0.187

[ 1.531 0.065 9.709x10* 0.066 0.171 |2.032 1.031 | 1.001
80 0 0.341 9.967248x10* | 3.495x103 | 4.492x103 | 0.168 |0.403 0.279 | 0.124

o 1.516 0.026 2..497x10* 0.027 0.109 |1.835 1.197 | 0.638
12 0 0.34 6.86919x10* 3.585x10% | 4.272x10* | 0.163 |0.391 0.289 | 0.103
0 [ 1.516 0.018 2.641x10* 0.018 0.091 |1.781 1.252 | 0.529

The results show in table (1) that both MSE and RMSE decrease with

increasing sample size.

Table (2) Variances, Bias?, MSE, RMSE of the ML estimates and 95%
confidence intervals of the parameters 8and «a of (TLdB -I1I1)
(NR =100,0 = 0.3 and a = 3).

n :)earrame MLE Variance Bias? MSE RMSE Upper lower :.lengt
40 0 0.256 1.88919x10°3 0.021 0.023 0.375 0.342 0.171 0.17
o 2.062 0.117 3.793x103 0.121 0.174 2.732 1.391 1.341
30 0 0.259 8.365145x10* | 0.02 0.021 0.36 0.315 0.202 0.113
o 2.021 0.047 4.439%x10* 0.047 | 0.109 2.446 1.596 | 0.85
120 0 0.259 5.981809x10* | 0.019 0.020 | 0.359 0.306 0.211 0.096
o 2.022 0.032 4.694x10* 0.033 0.091 2.374 1.669 0.705

The results in table (2) shows indicate MSE and RMSE to be consistently
decreasing when sample size is increasing.

5.2 Applications

In this section, we demonstrate the applicability and usefulness of the
(TLdB -II) distribution. We apply the model to three real data examples.
Model performance was assessed using the following goodness of-fit
statistics: -2loglikelihood (-2 log L), Akaike Information Criterion (AIC),
consistent Akaike information criterion (CAIC), Bayesian Information
Criterion (BIC),and one-sample Kolmogorov-Smirnov (KS) goodness of fit
test for the data set. The better distribution is the one with the smallest
values of the previous criteria and the highest p-value.

These criteria are:

AIC = 2k — 2logL, BIC = klog (n) — 2logl,

k(k+1
CAIC=AIC+2(—>
n—k—1
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Where

k: is the number of the parameters in each distribution, n: is the sample
size.

logL: is the log of the likelihood function.

Detail of these statistics is presented with the help of tables; from
these results one can easily see that (TLdB —II) is best fitted model than
its other model.

5.2.1 Application 1

First data set consists of 20 values which show the ordered failure of

components. This data also been used by Nigm et al (2003). The data are:

0.0009, 0.004, 0.0142, 0.0221, 0.0261, 0.0418, 0.0473, 0.0834, 0.1091,

0.1252, 0.1404, 0.1498, 0.175, 0.2031, 0.2099, 0.2168, 0.2918, 0.3465,

0.4035 and 0.6143.

The study applied seven models to fit the first data. MLEs, -2LoglL, AIC,

BIC, k-s and p-values of the maximum first data are showed in Table 3.
Table 3: MLEs, -2LoglL, AIC, BIC and k-s of the fitted models for the

first data set.

Model Estimates AIC CAIC BIC -2log(l) K-S P-value
Topp-Leone 6 =0.571
discrete Burr Il [~ " 7| 62062 | 62768 | 60.664 | 58062 | 0.4 0.810577
(TLdB -11) a=i
d'sc(;f;ej;’)"" §-0701 | 92.441 | 92219 | 91742 | 90441 | 05 | 0.0122986
Burr Il §=0.01
(B} 216.707 | 21693 | 216.008 | 214707 | 0.8 0.32597
Topp-Leone 6 =2.094
Burr XIl @=0307 | 74.657 | 76.157 | 7256 | 68657 | 0.65 | 0.000270497
(TLBXII) 1=5.012
Topp-Leone 9 =65.333
Exponential N 117.819 | 117.819 | 115715 | 113.113 | 0.7 | 0.0000556906
@=152.69
(TL-E)
Topp-l § =3.602
OPP-IeONe 75 -138.701 | 184.277 | 185.277 | 182.18 | 178277 | 055 | 0.00396729
Lomax (TL-L) =
1=2.224
Topp-Leone §=0.319
compound @=20559 | »85957 | 284.457 | 280.86 | 276.957 | 0.6 0.0011158
Rayleigh N
(TLCR) 1=4.663

The results in table (3) shows of TLdB —II gives smaller values of: MLEs,
-2Logl, AIC, BIC and k-s K-S than dB -II, B —II, TLBXII, TL—E, TL-L and TLCR.
The implication is that TLdB Il is better in fitting the first data set.

The histogram plot, P-P plot and Q-Q plot of TLdB —II for maximum first
data are presented in Figure 5.
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In Figure (5) the histogram plot, P-P plot, Q-Q plot and the fitted pdf also
demonstrates that the TLdB —II provides a better fit to the first data.
5.2.2 Application 2

Figure 5: The P-P plot, Q-Q plot, histogram, and the fitted pdf for the

first data.

The second data consists of 38 days, provided by Mubarak and
Almetwally (2021). The data represents COVID-19 data, which belong to
Japan of 29 September to 12 October 2020. The data formed of drought
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mortality rates. The data are:

0.1596, 0.2733, 0.1142, 0.0851, 0.1976, 0.2243, 0.1810, 0.0828, 0.1504,
0.2169, 0.0404, 0.1208, 0.1334, 0.1589, 0.1184, 0.1698, 0.0648, 0.1027,
0.0511, 0.1019, 0.1520, 0.1006, 0.0624, 0.0372, 0.1112, 0.0859, 0.0854,
0.0847, 0.1443, 0.0836, 0.0238, 0.0355,0.0353, 0.0937, 0.0349, 0.0924,
0.0344 and 0.0228.

The COVID-19 data is applied to TL dB -Il, the data set is modeled using
models dB -IlI, B —IlI, TLBXII, TL—E, TL-L and TLCR in table(4).
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Table 4: MLEs, -2LoglL, AIC, BIC and k-s of the fitted models for the
second data set.

Model Estimates AIC CAIC BIC -2log(l) K-S P-value
Topp-Leone 6 =0.557
discrete Burr Il — 119.504 | 119.847 | 118.664 | 115.504 | 0.657895 | 0.43153
(TLdB-1I) | @=9.672
d'sc(::;e_Bl‘l‘)”” g=05 |132.728 | 132.616 | 132.307 | 130.728 | 0.921053 | 0.3983
Burr Il ~
(B 1) 6=-0.1 | 391.465 | 391.576 | 391.045 | 389.465 | 0.973684 | 0.20526
0 =0.667
Topp-Leone G-
Burr XI y 145381 | 146.087 | 144.121 | 139.381 | 0.868421 | 0.36076
21.016
(TLBXII) _
1=1.268
Topp-Leone 6 =8.896
Exponential 182.58 | 182.923 | 181.739 | 17858 | 0.815789 | 0.34357
( TL—E) & =3.292
§=7.033
Topp-leone - [ 4 | 335316 | 336.022 | 334.056 | 329.316 | 0.763158 | 0.13389
Lomax (TL-L) .
1 =46.024
Topp-Leone 6 =0.953
C‘;:‘y’l’;‘;gd @=9.535 | 265304 | 266.01 | 264.043 | 259.304 | 0.736842 | 0.76971
(TLCR) A =0.281

In table (4) the results present TLdB -II to have smaller values for MLEs,
-2Logl, AIC, BIC and k-s than dB -II, B —II, TLBXII, TL-E, TL-L and TLCR.
This means that in the choice of fitting the COVID-19 data, it is more
appropriate to use TLdB -II as it is better than the competing models.

The histogram plot, P-P plot, Q-Q plot and the fitted pdf of TLdB -II for

COVID-19 data is presented in Figure 6.
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Figure 6: The P-P plot, Q-Q plot, histogram, and the fitted pdf for
the second data.

The plot shows that the TLdB -II provides better fit to the COVID-19
data.
5.2.3 Application 3
The third data consists of 63 aircraft represents Failure times of
Windshield. The data set obtained from Tahir et al. (2015) the data are:
0.046, 1.436, 2.592, 0.140, 1.492, 2.600, 0.150, 1.580, 2.670, 0.248,
1.719, 2.717, 0.280, 1.794, 2.819, 0.313, 1.915, 2.820, 0.389, 1.920,
2.878,0.487,1.963, 2.950, 0.622,1.978, 3.003, 0.900, 2.053, 3.102, 0.952,
2.065, 3.304,0.996, 2.117, 3.483, 1.003, 2.137,3.500,1.010, 2.141, 3.622,
1.085, 2.163, 3.665, 1.092, 2.183, 3.695, 1.152, 2.240, 4.015,1.183, 2.341,
4.628,1.244,2.435, 4.806, 1.249, 2.464, 4.881, 1.262, 2.543 and 5.140.
The goodness of fit test in Table 5. shows the MLEs, -2LoglL, AIC, BIC and
k-s results for dB -I11, B —II, TLBXII, TL—E, TL-L and TLCR for third data
set.
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Table 5: MLEs, -2LoglL, AIC, BIC and k-s of the fitted models for the third
data set.

Model Estimates AIC CAIC BIC -2log(l) K-S P-value

Topp-Leone 6 =0.968
discrete Burr

Il (TLAB -
1) @ =1.39x10*

267 267.844 267.243 263.644 0.396825 0.810364

discrete Burr
Il 6=0.862 397.462 397.397 397.262 395.462 0.460317 0.2407

(dB -II)
Burr Il ~
(B -IN) 6=0.1 605.777 605.842 605.576 603.777 0.973684 0.20526
Topp-Leone 6=0.603
Burr-XIl - 558.81 559.217 558.208 552.81 0.555556 0.73523
& =1.988
(TLBXII) _
A =1.378
Topp-Leone 0=0.346
Exponential 314.297 314.497 313.896 310.297 0.84127 0.38474
(TL-E) @ =1.898
§=1.433

Topp-leone - ["5 _gc 474 | 56539 | 565797 | 564788 | 55939 | 0.888889 | 0.79808
Lomax (TL-L)

1 =38.337

6=3.198
Topp-Leone
“;:”y‘l’;‘;?‘d 4=47385 | 926.692 | 927.098 | 926.09 | 920.692 | 0.698413 | 0.26908
(TLCR)

A =34.894

In the Goodness-of-fit test results in Table (5), TLdB -II has smaller
MLEs, -2LoglL, AIC, BIC and k-s than dB -II, B —II, TLBXII, TL-E, TL-L
and TLCR. This shows that TLdB -II is better and more appropriate
to use in modeling third data set.

The histogram plot, P-P plot and Q-Q plot of TLdB -II for third data
presented in Figure 7.
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Figure 7: The P-P plot, Q-Q plot, histogram, and the fitted pdf for the
third data.

Figure (7) show the fitted PMF plots, P-P plots and Q-Q plots of the third
real data which ensure the fitted PMF, P-P and Q-Q plots indicate that
TLdB -l distribution fit for the third real data set.

Concluding remarks:

e TLdB -l distribution has the lowest K-S values and the highest p-
values for the three applications. Thus, it provides the best fit for
these data compared to the other competitors of distributions.

e Moreover, the TLdB —ll distribution has the smallest values of
the -2logl statistic, AIC, BIC and CAIC, which imply that the
proposed model is the best among the other competitors of
distributions (dB -Il, B —Il, TLBXII, TL—E, TL-L and TLCR).

60



Journal of Statistical Sciences Edition No.:22, March 2024

References

1.

10.

11.

12.

13.

Akkanphudit, T., Bodhisuwan, W., Lao, M., and Volodin, A. (2020). “The
Topp—Leone Discrete Laplace Distribution and Its Applications”.
Lobachevskii Journal of Mathematics, Vol. 41, No. 3, pp. 298-307.
Almetwally, E. M., Alharbi, R., Alnagar, D. and Hafez, E. H. (2021). “A new
inverted topp-leone distribution: applications to the COVID-19 mortality
rate in two different countries.” Axioms, Vol.10, No.1, pp.25.

Al-Zahrani, B. (2012). “Goodness-of-fit for the Topp-Leone distribution
with unknown parameters.” Applied Mathematical Sciences, Vol.6 No. 128,
pp. 6355-6363.

Atchadé, M. N., N'bouké, M., Djibril, A. M., Shahzadi, S., Hussam, E.,
Aldallal, R .and El-Bagoury, A. A. H. (2023). “A New Power Topp—Leone
distribution with applications to engineering and industry data.” PloS
one, Vol. 18, No.1, pp.e0278225.

Eldeeb, A. S., Ahsan-Ul-Haq, M., & Babar, A. (2021). "A discrete analog of
inverted Topp-Leone distribution: properties, estimation and
applications". International Journal of Analysis and Applications, Vol.19,
No. (5), pp.695-708.

Farrukh J., Hesham M. R., Arslan N., Christophe C., Akbar A. (2019).
“Topp-Leone Weibull-Lomax distribution: Properties, Regression Model
and Applications”.02270561:pp.3-15.

Ghitany, M. E., Kotz, S. and Xie, M. (2005). “On some reliability measures
and their stochastic orderings for the Topp-Leone distribution”. Journal of
Applied Statistics, Vol. 32, pp. 715-722.

Helmy, N. (2018). “Discrete Burr Type Il Distribution”. Al-azhar Scientific
Journal of the Commercial Faculties, Vol.20, No.2, pp. 1-21.

Kotz, S. and Seier, E. (2007). “Kurtosis of the Topp-Leone distributions.”
Interstat, Vol. 1, pp.1-15.

Mubarak, A. E. and Almetwally, E. M. (2021). “A new extension
exponential distribution with applications of COVID-19 data”. Journal of
Financial and Business Research, Vol. 22, No. 1, pp. 444-460.

Nadarajah, S. and Kotz, S. (2003). “Moments of some J-shaped
distributions.” Journal of Applied Statistics, Vol.30, No.3, pp.311- 317.
Nigm, A. M., Al-Hussaini, E. K., and Jaheen, Z. F. (2003). “Bayesian one-
sample  prediction of future observations under Pareto
distribution”. Statistics, Vol. 37, No. 6, pp. 527-536.

Reyad, H. M., Jamal, F., Othman, S. and Yahia, N. (2019). “Topp-Leone
generalized inverted Kumaraswamy distribution: properties and
applications”. Asian Research Journal of Mathematics, Vol. 13, pp. 1-15.
Sangsanit, Y., Bodhisuwam, W. (2016). “The Topp-Leone generator of
distributions:properties and inferences”. Songklanakarin Journal of
Science and Technology, 539.

61



Journal of Statistical Sciences Edition No.:22, March 2024

14. Tahir, M. H., Cordeiro, G. M., Mansoor, M., & Zubair, M. (2015). “The
Weibull-Lomax distribution: properties and applications”. Hacettepe
Journal of Mathematics and Statistics, Vol. 44, No. 2, pp. 455-474.

15. Topp, C. W. and Leone, F. C. (1955). “A family of J-shaped frequency
functions.” Journal of the American Statistical Association, Vol. 50, No.269,
pp. 209-219.

16. Vicari, D., Van Dorp, J. R. and Kotz, S. (2008). “Two-sided generalized Topp
and Leone (TS-GTL) distributions.” Journal of Applied Statistics, Vol. 35,
No.10, pp.1115-1129.

62



Journal of Statistical Sciences Edition No.:22, March 2024

Publication Prerequisites and terms

The journal publishes scientific research and studies in statistics and

informatics written in Arabic, English and French, to make it clear that

research submitted for publication has been published or submitted for
publication in magazines or other periodicals or presented and published
in periodicals for conferences or seminars.

Send electronic copies (word & PDF) of the research and studies to the

editor should include the name of the researcher or researchers and their

scientific titles and places of work with the address of the correspondence,
the numbers of telephones and e-mail. The research to be published should
be sent electronically in accordance with the specifications below:

a. To be printed on A4 paper and be in the form of a single column and use
the Type simplified Arabic and Times New Roman for English and French
and with a font size (12). Using Microsoft Word and on one face of the
paper.

b. The margin is 2.5 cm for all sides of the paper.

c. The researcher will attach a summary of his research in Arabic, English,
or French in no more than one page.

d. Place references at the end of the paper and separated page. It is
recommended to use the Harvard system of referencing, which
(author's name, year of publication, source address, publishing house,
country).

e. Numbered tables, illustrations, and others as they are received in the
research, documents as aliases of the original sources.

f. The number of search or study pages should not exceed (25) pages.

Authors will notified of receiving their research within two working days

from the date of receipt of the research.

Referees will evaluate all submitted research, the Authors will informed of

the proposed evaluation and modifications if any within two weeks of

receipt of the research.

The editorial board of the Journal has the right to accept or reject the

research and has the right to make any modification or partial redrafting of

the material submitted for publication in accordance with the format
adopted in its publication after the approval of the researcher.

Published research becomes the property of the Journal and may not

republished elsewhere.

The articles published in the magazine reflect the opinions of the authors,

and do not necessarily reflect the view of the Journal or the Arab Institute

for Training and Research in Statistics.

The research is sent to the magazine's e-mail address:

journal@aitrs.org or Info@aitrs.org

P.O. Box: 851104- Amman 11185 Jordan  ¢2,¥! 11185 Jlee 851104 .o

Tel: +96265549805 — Fax: +96265549804- www.aitrs.org , info@aitrs.org



mailto:info@aitrs.org
http://www.aitrs.org/
mailto:journal@aitrs.org
mailto:Info@aitrs.org

Journal of Statistical Sciences Edition No.:22, March 2024

Journal of Statistical Sciences

Scientific Referred Journal

Editorial Board
Editor-in Chief

Mr. Hedi Saidi

Editorial Secretary

Dr. Bachioua Lahcene

Editorial Board Members

Prof. Dr. Faisal Al-Sharabi Prof. Dr. Abed Khalig Tohami Prof. Dr. Mukhtar Al-Kouki
Dr. Salwa Mahmoud Assar  Prof Dr. Ahmed Shaker Almutwali  Prof. Dr. Issa Masarweh
Dr. Hassan Abuhassan Dr. Hamid Bouzida

Scientific Consulting Committee

Dr. Qassim Al-Zoubi Dr. Nabeel M. Shams  Prof. Dr. Awad Haje Ali

Dr. Diaa Awad Dr. Khalifa Al-Barwani  Prof. Dr. Maytham Elaibi Ismael
Dr. luay shabaneh Prof. Dr. Ghazi Raho Dr. Mohammed Husain Ali Al-Janabi
Dr. Ola Awad

Listed in Ulrich’s website
www.ulrichsweb.com
Classified in The Arab Citation & Impact Factor (Arcif)
www.emarefa.net/arcif/
ISSN 2522-64X (Online), ISSN 2519-948X (Print)

P.O. Box: 851104- Amman 11185 Jordan  ¢2,¥! 11185 Jlee 851104 .o
Tel: +96265549805 — Fax: +96265549804- www.aitrs.org , info@aitrs.org



mailto:info@aitrs.org
http://www.aitrs.org/
http://www.ulrichsweb.com/
http://www.emarefa.net/arcif/

5 3 239 agy

)99’{ I oy Y ~6<‘
X g\ (€Y \

\)y‘ AITRS 7 e
> o

>, Arab Institute for Training and Research in Statistics

Journal of
Statistical Sciences

Atilna Ll pg.Lv.II dlag

<
N
o
N
=
O
©
= Issue No. 22
Scientific Peer-reviewed Journal issued by
o Arab Institute for Training and Research in Statistics
“f Listed in Ulrich’s website
2 www.ulrichsweb.com

Classified in The Arab Citation & Impact Factor (Arcif)
www.emarefa.net/arcif/





