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Some methods for estimating the distribution of beta
expanded with the application

Hajer Falah Taheer & Dr. Rawaa Salh Al-Saffar
Statistics department / College of Administration & Economics
Mustansiriyah University

Abstract

A new extended beta distribution (ECB) with two parameters (shape
parameters) is introduced. The expanded distribution is a special case of
the beta distribution as it belongs to the family of exponential
distributions. Exponential expansion is a method adopted by adding a
new parameter to the exponent of the cumulative function. The survival
rate function and the risk rate were also obtained for this distribution.
Finding some mathematical properties, and by using some methods,
including the least squares method and the weighted least squares
method, to estimate the parameters using the Newton Raphson
numerical algorithm, a Monte Carlo simulation study was conducted to
evaluate the performance of the estimated parameters.

Keywords: beta distribution, expanded beta distribution, extension
method, risk and survival function, Weigh Least Square, Least Square
Developed.
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1-Introduction
The primary goal of building a statistical probabilistic model is to
determine the appropriate model that describes survival data or a group
of data obtained from studies or experiments, etc. in a flexible and
accurate manner. However, there is no single probability distribution

suitable for the different data set, resulting in In order to expand the
current classical distributions or develop new ones, in 2017 (Paula, F.V.,
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et al)l’! presented an expanded cardioid model, which is called the
exponential cardioid distribution, some of its mathematical properties
were derived, and two methods were used to estimate the parameters,
in 2018 (Aydin, D.)Bl. The statistics of the new distribution, and the
parameters of the distribution were estimated using different methods,
in 2021 presented (Hassan, A. S. and Elgarhy, M.)[*3] 3 new extended
family of the family of distributions that were created by Whipple, the
properties of the extended Whipple family were studied, providing some
special models in the established Whipple distributions as well as
applying the derived properties of the extended family to these selected
models, and several methods were used to estimate the parameters, In
2022 (Zohreh, Z., et al)[15] presented a new distribution called the
expanded exponential gene distribution, the mathematical properties of
the new distribution were derived, and different methods were used to
estimate the parameters, in 2023 (Maysam, S, K.)[12] presented the
distribution of the expanded exponential power function EEPF with four
parameters, by the method of exponential expansion using an expanded
distribution of the power function, and some mathematical properties
were found, then we used the method of least squares to find the
parameters.

2- The special case distribution of an extended beta distribution
(ECB) (17,18)
The special case distribution of the beta distribution was used to explain
the finite scarcity data sets, and this distribution is preferred for the best
fit compared to the exponential distribution, the Weibull distribution, the
lognormal distribution and other distributions because of its simplicity
and applicability, and we will also use an expanded distribution from the
special case distribution of the beta distribution And by means of this
distribution, a new distribution will be created, and the probability
density function PDF for the expanded distribution (ECB) is given in the
following form:

f(t,0,y) = gyt 0<t<1l; y,6>0 ....(0
Where (y,0) represents the shape parameter, and the cumulative
distribution function (CDF) is given by the following formula:

G(t) = (v)° o<t<1 ... (2)

A new distribution can be created using the exponential expansion
method by adding a new shape parameter to the exponent of the
cumulative function of the distribution, the special case of the beta
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distribution, and thus we can derive a new distribution that contains two
proxy parameters:

F@t) =[G e (3)
Substituting formula (2) into (3), we get the following:
Fx) = [®°]
F(t) = [t]® 0<t<1 e (4)
By deriving formula (4), we obtain the probability density function for the
new expanded exponential distribution (ECB) as follows:
f(t,6,y) = gytr-1 0<t<1l; y,6>0....(5
The pdf function of the expansion distribution has two parameters (y, 6)
that represent the shape parameter.

<t funcson

pa! burcton — ] E e
: ' — ] ) ATl

—— e

Figure (1-1) shows the CDF & PDF function for the new distribution
(ECB))
3- Properties of an expanded distribution
After obtaining the new probability distribution (ECB), it is necessary to
be acquainted with some of its characteristics:
1- The average

E@) = ®)
T ey +1 o
2- Contrast
oy
E(x —Ex)?> =Var(x) = (7

By +2)(6y + 1)?
3- Standard Deviation
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oy
0’ =
6y +1) /6y +2
4- Coefficient of difference
oy
C'V=——%100 .. (9)
0y, 0y +2

4-Survival Function (+1421)

It is defined as the probability that the patient will survive is greater than
the specified time, and it is also considered one of the important
statistical functions, due to its importance in medical and other fields,
and the survival function can be expressed in the following formula:

.. (8)

S(t)=B(T=t) = joof(u)du ....(10)
=1-P(T < t)t
S(t)=1—-F() e (11

Substituting formula (4) into formula (11), we get the general form of the

survival function of the new distribution (ECB) as follows:
S(t)=1—-1t% e (12)

Where

T: time of death

t: is the time between two time periods.

5- Failure Or Hazard Function (12414

It is defined as the percentage of failure or failure, which is the
probability of failure occurring in the subsequent period of time, given
that this item was in good condition, and is expressed as follows:

f(x)
h(x) = m (13)
Substituting formula (5) and (12) into formula (13), we get the general
formula for the new distribution failure rate function (ECB) as follows:
eytey—l

h(t) = 1_—t_9y (14)
The survival function is inversely proportional to the failure rate, and the
failure rate function is directly proportional to time, as it increases with
time.
The distribution is said to be (IFR) (i.e. increasing failure rate) if h(x) is a
non-decreasing function of x, and it is said to be (DFR) (i.e. decreasing

failure rate) if h(x) is not increasing for x.
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6-Least Square Developed (LSD)[®!:-

This method was proposed by the researchers (Swain, Venkatraman and
Wilson) and it is also called the Regression Procedure method.

Where we suppose (t1,t2,....cc...... ,tn) represents a random sample with a
specific distribution F(ti) and that t; represents the ordered statistics of
the sample values.

Whereas
E[F(t)] = —— ..(15)
Var[F(t)] = n—i+1) .. (16)

(n+1)2(n+2)
And using the expectation we can get the Least Squares Estimator (OLS)
and my agency

Zelz - Z [F(t) - (17

And by substltutlng the (CDF) function for the new distribution into
formula (17) we get

) e

In addltlon by deriving formula (18) to find the estimators of the
parameters for the new distribution, my words:

dzldyl “ Zl (e - n;H) (6e71ne)] (19
) L I

dZZ" 1o Z[( R __) (627° (Int)?) + (62627 (Int)? )] - (21)

d? dlezlel - zn: [(tye __) (Y270 (Int)?) + (y? t2Y9(lnt)2)] .. (22)

=1

SDICLY i‘y; oo Z [(tV9 - n—i ) (62t (Int)? + t"0Int) + (BZtZVe(lnt)Z)] (23)

2
d l lel

dfy Z [(tye - _) (Y2t (Int)? + t¥0Int) + (y2t2r9 (Int)? )] . (24)

When the above derivatives are equal to zero, it is not possible to obtain
accurate estimates when solving them by analytical methods. Therefore,
we will use numerical methods to find estimates of the unknown
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parameters, which are (y, 8), and one of these methods is the Newton
Raphson algorithm method, which is given in the following formula:

[Ti1] = Ty — Un]_l[ ] ... (25)
where
n : the number of iterations (n=1,2,............ ,k)

T: represents the parameter vector of the new ECB distribution

Th: represents the estimates of the greatest possibility for iteration n

T (n+1): represents the estimates of the new parameters for the
subsequent iteration (n+1)

fn : represents the vector of the first derivative of the logarithm of the
possibility function of iteration n

Jn : represents the second derivative matrix of the new distribution (ECB)
This method depends on the covariance and covariance matrix, so we
find the second derivative of the parameters and partial derivatives as
follows:

d?InLf -n
a2 02 ... (26)
d’InLf  n @7)
dz,y - yz CEE
d*InLf " o8
d@d]/ = izll’l i
Where
[dlan [d*InLf d*InLf]
| ae ] _ _[9] T do dy |
[fn]—ldlanJ P ] = 14 ’]"_[dﬂan dzlan]
dy deo dy d?y

7-Weigh Least Square (WLS)[*3! .-

This method works similar to the ordinary least squares method, where
we also assume (X1, X2, ... Xn) represents a random sample with a specific
distribution F(x;) and that x; represents the ordered statistics of the
sample values.

Where

E[F(xl)] = Tl;“ ; Var[F(xi)] = (nlf:ll)zl(: _|_)2)

By using the expectation and variance, we get the weighted least squares
(WLS) estimates, as follows:
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n

Zel zVar [F(x;)] [ (%) - i1]2 - (29)

i=1
By substltutmg the CDF function for the new distribution into formula
(17), we get

im—i+1) i 1?
Zel Z( +1)2(n +2) xye_n+1] ~(30)

i=1

S

Deriving formula (18) to find the estimators of the parameters for the
new distribution, my words:

AT e? N it D) , 9
R ’ £ (n+ 1)?2(n+2) [(xy n 1 ) (6x” lnx)] ..(31)
d¥ii e’ o i(n—i+1) Yo _ o
40 L (n+ 12(n+2) [( — 1) (yx lnx)] . (32)
A’ ¥iie’ S in—i+1) 2 2
T B i=1 m [( v - n+ 1) (9 x]/G (lnx) )
+ (072770 (nxy?)] - (33)
116'1 _ C in—i+1) 2
S der "L+ 1)*(n+2) [(xyg — 1) (v2x7? (Inx)?)
+ (V2x2y9 (Inx) )] ..(34)
1191 = i(n—i+1) 2 2
T B ZZ (n+1?(n +2) (xye _—y 1) (6227 (Inx)? + x"? Inx)
+(92 2v9 (Inx)? )] . (35)
d*Eilie’” _ o in—i+1) 2 2
W i=1 m ( v - n+ 1) (y xye(lnx) + x}’@lnx)
+ (nyZYG(lnx)z)] .(36)

Since the relationship is nonlinear between the equations, so we will use
the Newton Raphson algorithm as in ordinary least squares.

8- Simulation

Simulation known as an optimal method for solving many complex
problems that are difficult to solve in real life, including complex
mathematical operations or the difficulty of providing real data when
studying a particular phenomenon. One of the basic principles of
simulation is to develop a program that represents or resembles the
behavior of real reality using a computer, and often this reality is very
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complex in representation with a calculator program, and despite that,
the simulation method can give clear information about the reality that
it represents.

The Monte Carlo method is one of the most important of these methods,
which is considered the most common and used in researching and
analyzing parameter estimators in several ways for the model under
study.

e stages of simulation

1- Setting the initial values and this stage is very important for the
other stages to depend on.

2- Random observations (data) are generated, which follow the new
expanded beta distribution (CEB) represented by two parameters
(v.6).

3- The model parameters of the new distribution are estimated by
the least squares(LS) method and the weighted least
squares(WLS) method.

4- To reach the best estimate of the function of survival and failure
(risk), the Mean Squares Integral Error (MISE) standard and the
MSE standard are used.

MSE(R) = Var(8) + {Bias(8)}* e (37)
Where
f : Estimation of model parameters(f = 7, 0)
Var(ﬁ): Variance of the estimator

Bias(ﬁ): The bias estimator, which is the difference between the true
value and the estimated value

MISE (S(x)) = %Z %Z(S‘(x) — S(xj))z ....(38)
=1 " Jj=

misk (Rx)) = %Z %Z(ﬁ(x) — h(x)’ ... (39)
i=1| *j=1

That:

r: the number of iterations of the experiment (1000) times.

nx: the number of data generated for each sample.

S (x),h"(x)the estimated survival and failure function, respectively.

s(xj ),h(xj): survival and failure function according to the initial values,
respectively.
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Table (1) represents the simulation results of the estimation methods
(LS, WLS) for the expanded beta distribution (y = 0.9, 6 = 1.2)

N Method MSE MISE(S) MISE(h)
14 [
25 LS 0.042025 0.042025 | 0.0057452 2.2953
WLS 0.11261 1.44 0.62391 2.291
BEST LS LS LS WLS
50 LS 0.042025 0.042025 | 0.0018407 9.8685
WLS 0.0047187 0.15181 0.0047499 5.0953
BEST WLS LS LS WLS
100 LS 0.019015 0.012383 | 0.0031321 1.8505
WLS 0.10864 1.44 0.3483 0.35509
BEST LS LS LS WLS

Table (2) represents the simulation results of the estimation methods
(LS, WLS) for the expanded beta distributi

on(y=1.7,0=1.5)

N Method MSE MISE(S) | MISE(h)
4 0

’s LS 0.029784 | 0.340528 | 0.009078 | 0.789204
WLS 0.004232 | 0.013592 | 0.004867 | 9.44126

BEST WLS WLS WLS LS
s LS 0.005703 | 0.019507 | 0.003655 | 0.117441
WLS 0.042932 | 0.029634 | 0.003023 | 0.357779

BEST LS LS WLS LS
100 LS 0.00763 | 0.283462 | 0.000552 | 0.067932
WLS 0.013896 | 0.004434 | 0.002898 | 0.587903

BEST LS WLS LS LS

Table (3) represents the simulation results of the estimation methods
(LS, WLS) for the expanded beta distribution (y = 1.7, 0 = 2).

N Method MSE MISE(S) MISE(h)
Y 0
25 LS 0.00679 0.015304 | 0.006227 | 2.397784
WLS 0.03984 0.031184 | 0.002005 1.532176
BEST LS LS WLS WLS
0 LS 0.01631 0.087478 | 0.001829 | 5.179061
> WLS 0.17203 0.12863 0.002022 | 0.143674
BEST LS LS LS WLS
100 LS 0.01904 0.092098 | 0.001723 1.744242
WLS 0.22784 0.1694 0.001168 | 1.796181
BEST LS LS WLS LS
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Table No. (1,2,3) shows the simulation results to estimate the new model
coefficients (ECB) for three models of imposed parameters with three
different sizes. The MSE criterion and the MISE criterion were used for
the survival and risk function. We find that the lowest value of the MSE
results was at N = 25 for the parameter y'. As for the parameter 6, it had
preference for the WLS method at N = 100, and we find the results of the
mean squares integrative error MISE for the survival rate. The preference
was at N =100 for the WLS method, as it achieved the most number times
better than the (LS) method, as well as for the MISE criterion for the risk
rate, the preference was at N = 50 for the WLS method, as it achieved the
most number of times better than the two methods (LS) and for two
models (8 = 1.5,y =1.7, 0 =2 ) ( y = 1.7) for the parameters used,
indicating a preference for parameter models at those values.

Figure (2) shows the PDF&CDF, survival and failure (LS,WLS)
function of the ECB distribution.

9- Conclusions

A new distribution was created using one of the forms of the beta
distribution, which contains one parameter (shape parameter), where
we added a shape parameter using the exponential expansion, and thus
a new distribution was obtained that belongs to the exponential
distributions that contains two parameters of the shape, and the
parameters of this distribution were estimated using the method Least
squares and weighted least squares method The performance of these
methods was evaluated using Monte Carlo simulation, where ECB values
were evaluated in the volumes assigned to each model.
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