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Abstract:
The assumptions of the linear regression model regarding the
explanatory variable states that this variable has fixed values for
repeated samples and is independent of the random error terms of the
model. These assumptions in practice may not be realized, as the
explanatory variable is random in the sense that its values occur with a
certain probability. In this case, this model is called the random linear
regression model, which has wide used in representing the regression
relationship between variables in various economic or life phenomena.
As a result of the non-fulfillment of the mentioned assumptions, the least
2



2024 Olyi>/ adgy = p dally EJG dua]l Adbasl polall Ao

squares estimators lose some or all of their optimal properties,
depending on the nature of the relationship between the random
explanatory variable and the random error terms. Therefore, alternative
methods are resorted to that enable us to obtain estimators that have
the desired characteristics. Robust estimation methods are a suitable
alternative to the ordinary least squares method. In this research, two
robust methods were used, namely the Modified Maximum likelihood
(MML) and Robust Empirical Likelihood (REL). The first method was
previously used by many researchers to estimate the coefficients of the
random regression model, as for the second method, it was employed
by us, as it was not used previously in estimating the coefficients of the
model under research, but rather it was used in the case of addressing
standard problems or when the data contains outliers or extreme values.
The research aims to use the two mentioned estimation methods to
estimate the random linear regression relationship between red blood
cell volume (PCV) as a response variable and blood sugar (RBS) as a
random explanatory variable based on the data of a random sample of
30 patients with heart disease.

Keywords: Random Explanatory Variable, Random Linear Regression
model, Modified Maximum likelihood Method, Robust Empirical
Likelihood Mrthod.
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Pi = n( 1+ (Y=x] )Xo+ Ao[(Yi~X] B)?~0?]
Al e iazd (51) &yt o8P Al § (54) damall crgor Py o= psadll
tdaid B, 1,45, 02 AVL AW Cugll
L(B A1 2z ,0%) = =21y Log (1+ Ay (Yi = X B) X; + A [(% — XT )2 —
%] —nlLogn ......... (55)
0% 9 B sl z3gail cdlelas dzeie (o N &dll A, 5 A; @LSY wlaclas 08
B 85I piganl) A M o0 lgale Juass Ol o Sa
i(g 02) = argmin[- XL, Log (Ao + A1 (Y; = X[ B)X; + 2,[(Y; = X[ B)? -
%] —nLogn] ....... (56)
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Tl las Ao o ol L) udd (56) el A o) daxdle ao A = [A; 5] O3
G okl el agany [ AKa @l Jolmdl slwd dadadl @bkl
L(2(B,0%) .8 ,0%) il o891 21> piles) o Joail (B, 11, A, 07)
eacYl O8Yl aily , 02 by B z39edVl clalas dzxie Vs DI oda
145 eudaat)] A o Lgale Jamme Olokaodl ) dany2el
(,62) = arg(rélagi) L (/_T(B, a?) ,E,az) ........ (57)
1) Lo Jsl 399 auta) psaall hlall Jlanieoly Jos 8590 ubanil A o
daylo 9 M paadl ddsyb o el [6], 2018, Arslan 9 Ozdemir =W 773!
U3y dealaodl 35:8IL BpasYl disydall doslaedl dga)l Jladwl duyzill O
M ddylo dolae Jleaiwly
Yi—Bo—P1Xi .
X (%) =0 , =01, k... (58)
AT ddlae (3 Ayl oY Ayl ddeld 8oLy iUl Jd (e daisl ! s
izl &yl O8LY! Ayl ke 31y (z3gail WMlolas juuds e B3Ladl @il
25l g8 Al § Jasdl ol z3gail dlelas i) diylall 0ds Calsgin Ly
L;\_g,&;& S|
Iy QI kel Jlsios] s gankan’ aias (47) AMRIL Lieal! A2l O8I Al
1o (wmasdl aukdll (50) 9 (49) ¢ddal
2ie1Di @ (Yi— Bo— PrX)Xi =0 ......... (59)
Ym0 o[(Yi — Bo — B1X)? —a?]=0......... (60)
4adlizeg , Huber dls Ul> 3 8unlie s Als (pg ddlgdall slasYl G Ay 2 ¢ Of 3
0o dde uazs pldly Z3gasdl Wdlelae o SN el paad! Tukey dls dl> 3
bSY @l Jleiwby &0V pabaas)l A aw J> I
L(pB, 20 A 22) = Ty Log () = Ao(Tiy pi — 1) = ndy (Tiy pe (¥ —
XTB) X = ndy (B pi [@ (Y — XTB)* = 0%]) oooooo (61)
b ypuadl ddas OB duw sl O8GYI Ao L? lgeldl @3 ‘§J| ALl Olglasdl yudiog
Di SN dddl (61) ,SY A diinall dsl NS (o ddlaimY 019! dorite i Yol
1A daall (399 Ol Al pads e el Haialb Wilglaney
1 .
fori=12,..,n.... (62)

Pi = Ao4niy (p(Yi_XiT E)XH. ni, [(p(Yi—XiTE)Z_UZ]

Bole] oS MU, Ap = n 0l e Juass, T oud SN (62) dolaall 3,k goomall d5b
1369 Ay e prsad! day Aslaall &l LS

: fori=12,..,n...... (63)

n( 1+/11<p(YL-—XL-T£)Xi+ Az[ﬁo(yi‘XiTE)z_”Z]
Do e diamid (61) &upyzdl OKY Als § (63) Aol rgas Py 08 sl
+ladd B' /11' /12' 0-2 ;'U}’"'b awa‘ L.ﬁJ«@J‘

L(B A 2,0%) = =ity Log (14 4 ¢ (Y = XT B) Xi + Az (Y — X[ B)? =

b; =
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0% 5 B sl Zigall Wlelas dxie o S &l A, 9 A7 E1SY wlaclas b
A0V piuarll Al IS e lgdde Juazd O Sy
A(B,0%) = arg min[— XiL; Log (Ao + (9 (Y; = X[ F)X) + Ao[o(Y; — X[ ) —
0?] — nLogn] ...... (65)

Goasdl @hlall I zliss les doupme Jglo L) Gud (65) miuaill dSae of da>dle ao
e e L(B, 21,25, 0%) & Uslll s pigaing (ol ellid Jololl sl
doie YL AW oda L(@(/g,(ﬂ) ,5,02) dpymll OKWY! Al piyley)
el Livasdl daoyill plaeVl OEGYI iy , 02 bl B z3gesl Wlelas
1A eudaanll A Joo Lgde Juam o lolasd!

(5,62) = arg(rgg%L (1 (E,az) ,E,az) ......... (66)
g} dou po Jsl> 3929 puad Dduall 3l Jlasial Joo 84391 eubasid] ASCine
ondl Badatll -4
Sl @3 31 Cdall alel cnbiasll 3l dadaidl GOl @ basleis! @3 (a1 bLI
Olhadl gyl Gl padue 3 8Ll po pae (30 ) pow dllgle dive
Jiwg(PCV);Mlﬁﬂiopﬁwy‘ﬁo\;wd@@&ydﬁjw\
o Al das) 831 a5 § Claninl @19 (1) J9adl e WSy ( RBS ) pll
s (Jas sl z3geil sl @ 3l (G i xS (RBS) 9 dolaiwl s ( PCV )
DS @8Me Cadog 3l (5l ol (3 (1) dauall (3 crwe WSy (Blgdee (S ke

L3 gdsedly
(RBS ) pl ;Suug ( PCV ) shyasdl adl 0b)S e (1) J9d=
No. | PCV | RBS | No. PCV | RBS No. PCV_ | RBC
1 36 170 |11 26 149 21 31 191
2 23 136 [ 12 27 348 22 30 182
3 39 233 |13 46 387 23 30 184
4 22 96 14 32 202 24 27 124
5 21 145 |15 31 200 25 29 218
6 25 188 |16 29 199 26 27 143
7 21 136 | 17 26 115 27 34 150
8 25 141 | 18 33 158 28 29 153
9 22 147 119 31 152 29 34 161
10 41 310 |20 29 193 30 32 209

PCV Lzl paie Ol 2lA81 (e 0sli @3 (67) A3Mall (339 (3l gduall Hluosl Z3 gl
Lol 48,laiall dadll 295 (389 £)9i RBS (Gmentd] piitall Olg (sl aysill (389 g5
sl Solun Jawgios Jime Sling andall aigdl ais (gl Jlganal! Uasdl sgu>
o WS el @3 Gl cpde e 3amal) .o (1 = p?) Soluw b (bl
O (S8 pope Hlas Jlasiesl @3 31 e auwiilly blmiwdl eppsiall oo S ddylanell
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© (PCV) Dl piie OBl 4eudllid .Chi-Squared Goodness of Fit dalasll
1A Aoyl sl aygill Mg e guas pie blde (sudall il puass Jo )l
Hy: PCV~Normal dist.
Hi: PCV + Normal dist.
P-Value &l dogdll ol JI @bl el 443 31 (2) Jdguadl (3 A HLasd) g5
poadl dunyd (ad)3 Y cllag <0.05 Lginall Sgius o ST (2 Hlasdl g dadlyall
GOLSA el s (1) SKadly denuds Tasigs £595 POV iiall by OF (oo
el e bl du.dal\ 29l (g
Aol ajg Al O 13) Lagd jlaisl o5 s RBS (§penit)] piciall bl Al Lol
1451 Ayl w9 48, laiell
Hy: RBS~Extreme Value dist.
H;: RBS + Extreme Valuedist.
AT @y sl iy dlaamdl dagdll 483 31 (2) Jadad! @ Ligeo sl Lo gilis
&85 & el M BLe O gy piall diyd J9:d J110.05 dginall Syt (yo
paiall 1o Ol aieill soxiey LI gydall g g (2) JSKidly d,laiall dogdl!
PCV &l piia) dslaall puued S8 g0 Hlas! 1(2) Jgur

RBS (s pwidl piiolly
PCV RBS
Statistic 1.46667 6.26667
P-Value 0.916884 0.281129
Parameters U=29.6; 0 =575384 | a =157.785; 8 = 41.8356

&P Gk LS kel 1(2) S5 @oxieg LI el 1(1) K
RBS (il piial) 43 Jiell daill POV b))l pia) (gusdall gigill

Fhb e slaiedl @inw (67) WMall el Glgdenl Hlussl z3geil Jolas jauai
iyl Ol s bl ells (e ¢ il g5 Gasdy (2) dgdad! .ol Saubge il
0.05 dogine Syinely F Jlasdl sl e slaiedl eldg dogine e z3led )8l
Gl piie (Je RBS (il guall (§pauid)]_piciall 3yl b Sl o e sl gl LS
59 dilasdl cr> G)lne Wl Byaiall Z3Ldl o dyline Wl s ded Oly PCV
sl e Adaa)l elacYl OBLYI Ayl ddundl JI eyylal uas RMSE 9 R2 yuadl
A9 (G picio slaie dois OB R2 dudoetl] Jolae) duadseiall Aol O da>Dall
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T390l & gwas oty @ (5,31 Jalge U 31 (RBS) pll ;S Jlgdeall pitall Jiatoll
ol 14 dasd jlose] (Sog I eslpasdl ol 0,8 enm dudans e 186 L) (g 5l
Sl Zagail b placl OBLYI ddsyle wilpads e slaxeYly pdds b e Isby

1 3YE 090 ydall Jlgdunl)

PCV; = 28.0954 + 0.05963RBS; ........ (68)

RELE, MMLE (Jlgéual jlussidl zdgaiy il 35l 5uds gl : (3) Jgda
waadl da,b | Estimated parameters F statistic | R? RMSE
MMLE B, | 28.0954 21.71965" | 43.68% | 4.469

B1 | 0.05963
RELE Bo | 16.09 19.369" 40.89% 4.578
B; | 0.07443

POVl i) ddaoll @lael O8I Aoy &jpuiillg dudiaaoe)) @)l 1(4) J9d>

No. | Real | Estimated | No. | Real | Estimated | No. | Real | Estimated
value | value value | value value | value

1 36 30.494 11 26 27.155 21 31 29.839
2 23 25.485 12 27 27.573 22 30 26.738
3 39 28.050 13 | 46 27.751 23 | 30 27.036
4 22 27.692 14 | 32 28.228 24 | 27 27.394
5 21 30.137 15 | 31 31.091 25 | 29 37.113
6 25 30.017 16 | 29 28.765 26 | 27 27.513
7 21 29.481 17 | 26 26.738 27 | 34 39.379
8 25 29.600 18 | 33 32.522 28 | 29 41.705
9 22 26.022 19 | 31 24.353 29 | 34 30.673
10 | 41 31.627 20 | 29 27.274 30 | 32 30.554

50

" A

30 -

TR

— iy il i) 20

10

O rrrrrrrrrrrrrrrrrrirrrrrrr7r17 1711

1 35 7 911131517192123252729

skielly (Budsl sl govad bl gl 1 (3) S

14



2024 Olyi>/ adgy = p dally EJG dua]l Adbasl polall Ao

ol Gadardl LG Ao

Jiar slly Jlsdie eudsd it Ll Jasdl oo z3gall ;a8 dadlie @
(RBS ) pl ;S 9 Lylaiasl 23S ((PCV ) slpazedl pldl U8 e oy dndasell 48|
sl 73903 dwludl OUbLASYI (i 739031 148 09809, (lgdus (S pudS ainS
o0 g @3 (g Doaedl acl oYl Ayl JoY (pimas (pidsylo Jlentul (3
O8I Ayl o A5 A lally ¢ 3lgdunll 5l 3 geil cMolas puds § cxiWl b
9290 Sl 8 g0l lolas a3 (3 ULS (1o Lgandogs o3 (g dusas)l duyil]
Clasitl Loily Z3gaidl s ,uds dudac (3 Ul lgllanil oy o) liale s 31 el
Olaaliv slgi>l Dl 39 daolidll Sliwdl pass o 33 @I oo Z3ls pais 3
A8 ylate 9l B3 @B e il

Uaall a1 GBLYI diyo (B985 el digny 3oty Loy ol Gadatll IS (30 05
Goall o (50 @2)Jbg ,RMSE 9 R2 juddl ddsg diylaell e (GHlne e slaaedl
Ll NSy dlplaadl (Gylare dand) Ay il Fb 0 S W 2l Of
a0 Ayl ANl daudog slyasdl all GbyS @z e pull So 5t &yl dogal)
Al Aoyl OB Ayl dddelay zlusd! I Bogay )laall 198 coppiiall ppd
T390l a3 (3 duasd! douyill O8eY! Ayl Jleasul (Sew ¢puds Lo e 1ol
) S cddnall placH1 O8I dsybo (y0 Baedaill s (o Jgnd L39S lgal] Hlassl
asielly Glsdadl el sga> e S JlaisYl ajsidl dols lalisl e iy
.él}&.ﬂ\ W}Jl
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Ayl oy ASymeiadl olusgWI- 31N HlusesH ¢ pielaed! S JW zdged
W‘ & d;}"
d8hall du Al 8519 § e [ Jds Jrez i o
SUasY o 3Uaz8Vlg )oY A cOlumss dnsler 3 ko / (e oo e .3
Sg c-l.«,a>l 2\3)5» / do>l ‘o.)l.wjbbﬂ
I WAL

Slsdl a8 Leie ARMA(1,1) £55 ¢y b din) Juodhuo 73903 7181 Camedl 1 (§ (o3
3y uadaall (§3 Jud 295 ()6 dale 8)S8 @aldS o3 L conialandl ($3 JUd goig
3 (09 elaedl OBLYI Ayl o slaaeYl Akl Zigadl Olalae iy e (eSS
65 @ Ils (@Dly amdall Z350idl oo S (2 53T 3 o W)l Z3 g0l Aplie Cac
Ao 3 OBL ode clindy dududsd) SBL (e (ks gazxe Alawlgy JAdy il
B9 Bl sl ABy Baied! ASkasl! & Somerset Yeo ,¢ 3309 Blyall Sy

bl ge gl dailbs (5,3 3Ll 86 e 7 AEell 3 gedd]

Two-Parameter Lindley ARMA(1,1) Model with Applications

Dr. Basheer Jameel Khaleel Lecturer in Ministry of Education, Iraq
Dr. Ali Mohammed Ali Lecturer in Misan University, college of
Administration & Economics, Economics department
Azhar Salim Ahmed Nineveh Statistics Directorate

Abstract
In this research, a new ARMA(1,1) time series model was proposed when
residuals follow the two-parameter Lindley distribution. A general idea
of the two-parameter Lindley distribution and Box-Jenkins models was
presented. The parameters of the proposed model were estimated using
the method of maximum likelihood. Then, the new model was compared
with other models, namely the normal, exponential, two-parameter
exponential, and Lindley models, using two sets of real-world data. These
data sets represented wind speed in Iraq and the flow of the Somerset
Yeo river in the United Kingdom. The results demonstrated the
superiority of the proposed model over all other models for both data
sets.

doddall -1
&) 5olkall (o xS Judoxd (§ doasiuned! dslasYl Cdludl (oo dukasll Juodld! s
e s @1 O] dagds dym0 oSy @IS o (Jl9 o3l pe st ddsay s
Sl g dddituned! @l 51 Cadg Ll s o5 (po9 (ya3ll o yblglall el 0
oo S 3 Aoaill Juodladl dlys @3 A8 ¢ yalglall Gl Sl oo el Qg ity
Lwiglly dndally (Aol duayll Al 5ol Jio dsiod] Oliadailly Slasasll

17



2024 Olyi>/ adgy = p dally EJG dua]l Adbasl polall Ao

Privalsky, ) bl e Gyilly JI aladll ©¥brs (3 oYl cohliyl dndlang
(2023
Blodl § Olilatll o S & awdall i) oo JoasS Dsilall Slasigdll pusius
Sy SN gealall gisil) g Y bVl o sSI1 (3 alshall oda 08 lldg cddasl!
a9l dodandl (53 (o) gl ol 1 (3 daSladl olas gl cyeg ¢ Jiloko s sy
oda ] 48LpYL Al Wlaygdl e aiSIl g LE 2099 Otelaall (83 st)”
\@b dyu &l Mixed Distribution dlakizall Olajgidl (puw bo Hla Olayjgill
dowdio ;2155 2929 90 Wlajgill (po Abladl 0d H5gl Cung AST o cpajsl (o Jasks
012 (0 Lads 52 (Jlgtl patmall O3S0 o e gl s eud IS5 pludl Be )
-(Rachev et al., 2005) Jlix! 22555 N diprn sy Sl
bogias duaill Judldly Logas d8LasYl Bl Jalos § (el ajgid! (21381 0]
T3 ope dodall Jso] @5 ) dods .l (e ol S B8l e B Wlo P
Sladl Csog) ‘Wu\n Y1 sgaall UM Slod¥l (3 Lnsdall a2 duiall Judld]
.(Balakrishna, 2021) (axdall gojgidl S e gblad! i o (g ccbiludd 8,11
daub pe Olajgl ae ARMA z3le plasuiwl e Al jas Jladl Juw e L )83
oY auisig (Sim, 1987) WK asisig (Lawrance & Lewis, 1980) Y1 augils
Qow>) oneladll (5 (oI ajgdll ;5509 (Damsleth & El-Shaarawi, 1989)
((2022 ¢ a&9 d9w=>)9 (Bakouch & Popovi¢, 2016)) Jd 58 (2021 ¢ o9
.(de Araujo et al., 2023) )3 22999
Autoregressive- (ARMA) d8ymioll bolugYI- 313 jlassl zdged sbiy J] el Gug
Bus Gaimaly (omialadll (63 Jud @oigs s 0sSh bdie «(Moving Average
313 5l z3led QU i)l J9lidhy G ¢pludl Bie J] dio (5 Lo opeandtd 03 e
]y ¢cxtiakandl (53 Jud ajgs CIWI el ouar iy ((ARMA) a5l bolusgYl
bl el oadlly ¢odacI oY disyo plaiul z3gedl lakas i gyl
ol gl o (31 Gl il @ab puolidl gl jais! lagd ¢ fudadl]
aSyoiall lugdI- 313 HlussYl 3k -2
S92 o x> Al Juodldl Wbl Jalkoxs 3 T55b 19 8yiunall kil Jusddl al
i e e daluscil @3 U1 3kl elid Moo g Lale Ixg Box- Jenkins Sy
<ARMA(p,q) aSymiedl boluug¥l- 313 jlaseil 3 9ad 018 Y dladaad| c3813) . 0Ll 0,8
Woodward et al., ) db LS 0950 4Syouiedl bolugdl &3 g9 G lussdl 45y p e
:(2022

Vi=¢Via+ -+ pYepte—0161 — - — 0584 D)
Uasdl 5o &, Ol ddii> colgd (2 O,k =1, .., g9 P, k=1, ...,p o0 S 013
Sl e S 455 O gaes ARMA(L,1) z3903 z39adl 1 o o5 AxSy . 3 géial]
L;b LQS(]_) FIKYPON] ZUL”SM p=g=1 ol L”Si <1 L§,9LW3 &f)zla.]\ Jol.wj‘}” ddy9 L;\JJ\

Y =;¢Yt—1 + & —0g (2) )
szl AV (2) doladll delue (Kasraie & Sayyareh, 2020) ob=WI slel U8y
1 3L WSy dslgiull
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=) 0/(Yoj—dY_jo1) + 07 e,t=23,...,n (3)
j=0
(1 Jgaa) el @355 S E (&) laie € = E(g) 013l
Ay el o3 o d Ml s 0 (3) Dolaod! e

onialaadl 3 Juid a)gs -3
0 189 6B paiunel dlalizea)l ilany gl a1 &b Lindley Distribution S 2ig b
e ¢3S0 11958 ele (3 aoigdl i pud (sl Lindley Jud Wb bl eudl 1dg
& Lo ¢(A) dadaos o) @il ladiot iy G nsiladis (i god (30 229!
B s Gy (wy = =) Qs (00 = 2, 2) cxsialnolly Lo s 555 ol
o 2 sl X 3lgiall aicell Probability Density Function (PDF) ddlbasdl

{(Ghitany et al., 2008) 45! dauall (3 WS a9l
2

f(X;/D=A 1(1+x)e‘9x;,x>0,/120 (4)
Two-Parameter (wislasll 63 Jud a0js) ddlei>d) QLS A pe el oi b
ple 3 (Shanker, Sharma & Shanker) J ¢ 438! 4! Lindley Distribution

:(Shanker et al., 2013) 3L LS 2013
2

f(x;a,/1)=)l

(65 o) s (3 Alominall Slaiodll ety Wy = —— 033l OgiW) Janial U3
Bu>lg delase

S @ily dlaasdl BBUSII dls e iz Your el § OgimW) oy by
b WS e Jlall Tasel) &l Ly ARMA 4l s (331 Oolasi sl (30 20353

dng ydadl Wilasygild Adlex>Y1 ABUSN Ao 1(1) J9d

a(1+ax)e"1x ,Xx>0,1=20,a>—-1 (5)

Distributions PDF Expectation
1 &
Normal (g;0%) = e 202 E(e)=0
! V2mo?
Exponential f(e; ) = Ae” % E(e) =1/
Two-Par. Exponential f(e; L,n) = Ae”Ae=m E(e) = ’177;' 1
. A? 1+2)
Lindle . — -2 F N
y fle ) p 1(1+£)e (&) 01D
’ A+2
; = +
Two-Par. Lindley flead) = 14 ¢ E(e) = gj—a)
+ ag)e ¢ A+ a)
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plas¥ oYl Ay Cilyie -4
Olalas puds 3 Maximum Likelihood Method lacYl O86Y1 diyb puseius
& Likelihood Function ¢8eYl dls ©hudell 0ds Jazd Cusw dbbazyl ikl
lainyleglg OEYI Ay db .89 .(Mavrakakis & Penzer, 2021) (olas)l gulgs

tdwg ydoll Wilayy gl (}Mlal |
gl gl Yol
(2001 «cslall) B LS andall a9l dnddls O8LY) Als Lyl (S
n
_n 1
L(¢,0,0%|e) = [2mo?] Zexp <_Tﬂz 8?) (6)
t=1
13U WS Cyaid A1 0 spdall @inyle U1 Lol
n
n 1
f((l),@,O'zlé') = —Eln[ZTL'O'Z]—ﬁ EE (7)
t=1

Y gt L3
1(2001 sslyall) G 9ol e () ajgrld OBWYI Als L3ya3

L(¢,0, 7€) = exp <—AZ et> @)

tzl;‘g LS (3ya8 DI 0dg) sulall oty sl &l
20¢,6,4]€) = nln[A] =1 > ¢ ©)

; ,

Oiedaed! (63 gwg}’l fyrvil [
(2021 cLsJ—_g L}}w&-) L;S“ SSadb cpiedae]! 3 (é‘"s” &3)331] Q&o}’\ Ay Bya3 WS
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Abstract:

Introduction: Maternal mortality is described as the death of a woman
during pregnancy or within six weeks of delivery. The Maternal Mortality
Ratio is an important health marker that reflects the strength of health
care system. Maternal mortality caused by a variety of causes. COVID19
pandemic affect the Maternal Mortality Ratio .Patients and method: The
study conducted in Iraqg, the data were collect from health directorate’s
reports that were send periodically to the Ministry of health for the year
of 2021. Results: Maternal mortality ratio in the country was (46.1), and
COVID19 is the main causative agent for maternal mortality (40%). Most
of the dead women were housewives, live in urban places, at bearing age
20-39 years, not complete the primary schools and the place for their
delivery was at governmental hospitals. Discussion: The maternal
mortality ratio is higher than the previous year and this may be due to
COVID pandemics.

Keywords: COVID19, maternal mortality, live birth.
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Introduction:

Maternal mortality is described as the death of a woman during
pregnancy or within six weeks of delivery, whatever the gestational age
was. (Y The Maternal Mortality Ratio (MMR) is defined as the number of
maternal deaths per 100,000 live births, MMR is an important health
marker that reflects the strength of health care system.?? Maternal
mortality has a big burden on the community and families specially the
infants.(®”) The World Health Organization records a worldwide ratio of
400 maternal deaths per 100 000 live births.® Globally more than half
million woman die each year due to complications of pregnancy or labor;
half of them from Sub-Saharan Africa.®) Maternal mortality caused by a
variety of direct and indirect causes, the main direct causes in
undeveloped countries are hemorrhage (34%), infection (10%) and
hypertension (9%), while in developed countries the major cause of
death is hypertension followed by hemorrhage.? Indirect causes form
20% of total causes; they are already present before pregnancy but
exaggerated during it.1® Many of the causes of maternal mortality is
preventable as treatment is known,! 1115 the millennium declaration of
the United Nations was consent in 2000: MMR reduction by three
quarters between 1990 and 2015.%17) MMR globally show a reduction
of about one third from 2007 to 2017, by the UN inter-agency estimates,
most of the deaths where in the undeveloped countries.*8 Despite all
efforts to improve the maternal care in United States( U.S. ) , the MMR
had been doubled in the last twenty years.(%21) Meanwhile, most of the
other developed countries show decrease in MMR.?? This increase of
MMR in U.S. may be due to the use of death certificate coding in last
two decades,?!) sociodemographic factors also play role in this increase
of MMR in US like advanced maternal age, rural residence and
illiteracy.329  MMR remained elevated in many undeveloped
countries.*”) COVID19 pandemic affect the MMR assessment.(2>2%) As the
pandemic of COVID19 begin in 2019, many strategies were adopted by
the health organizations like tele-consultation to protect the pregnant
ladies.l?”-28) The compromise of immune and respiratory systems make
them more risky to have complication when get infected with
COVID19,'??) also they are more at risk of getting the infection because
they have to go to health centers for their antenatal care visits despite
that many of them suffer from severe infection with the virus.3%
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Patients and method:

The study conducted in Iraq, the data were collected from health

directorate’s reports that were sent periodically to the Ministry of health.

Descriptive study was done to set the MMR and the causes behind it

together with the associated factors in 2021 were COVID 19 still in

pandemic. Lenovo computer did data collection and Minitab system

(19th edition) were used to find out the statistical relations.

Results:

I. Maternal mortality ratio: Results shows that number of live birth was
(1059781) ,the number of dead women was ( 489) and the average
MMR in the country was (46.1), with highest rate seen in Thi-Qar
governorate (75.8) ,and the lowest in both Al-Anbar and Salah Al- Deen
governorates (0.0) as shown in table -1-.

Table -1- Maternal mortality rate in Iraqi governorates

Number of Number of maternal
Governorate . . .
live births mortality
Baghdad 203810 138 67.7
Basrah 91568 44 48.1
Nineveh 90167 34 37.7
Maysan 35295 25 70.8
Al- Dewaniya 33340 12 36.0
Diala 45690 19 41.6
Al-Anbar 48345 0 0.0
Babylon 61932 21 33.9
Kerbela 42476 28 65.9
Kirkuk 39911 14 35.1
Wasit 40250 17 42.2
Thi-Qar 56749 43 75.8
Al-Muthanna 27333 18 65.9
Salah Al- Deen 41281 0 0.0
Al-Najaf 46426 33 711
Erbil 63446 15 23.6
Duhouk 43360 8 18.5
Al- Sulaimani 48402 20 41.3
Total . 1059781 489 46.1

Il. Causes of maternal mortality: Results shows that indirect causes for
maternal death form the highest group (54%) and COVID19 is the main
causative agent for maternal mortality (40%) in this group of causes,
on the other hand ; Postpartum hemorrhage is the main direct cause

for maternal mortality (8.9%) as shown in table -2- .
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Table — 2- Causes of maternal mortality

Postpartum hemorrhage 8.9
Gestational hypertension 8.7
Obstetric thromboembolism 6.2
- Antepartum hemorrhage 2.7
§ Complications of anesthesia during labor and 20
3 delivery '
§ Infection 1.8
'5 Uterine rupture during childbirth 0.7
Amniotic fluid embolism 0.7
Ectopic pregnancy 0.7
Abortion 0.5
Total 32.9
Covid-19 40.0
Suspect corona 53
Cancers 2.3
@ Preexisting hypertension disorder 1.8
4 superimposed proteinuria
3 Heart diseases 1.6
S |bp™m 0.9
'-§ Renal failure 0.9
- Liver diseases 04
Lung infections 0.4
Nervous system complications 0.4
Total 54.0
Other | Like car accident ,trauma ... etc. 13.1
causes

lll. Factors associated with maternal mortality:
1. Residence :
Study results illustrate that (68.7%) dead mothers were live in
urban places, figure -1-.
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Figure -1- Residence

2. Level of education:
Results shows that (65.2%) of the dead mothers not complete, the
primary schools figure -2-.

level of education
M level of education
100
33,5
21.7
13.7 16.3
s ' 3 2
w =
X
& & & &S
& & N & & >
2 <& S >
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Figure -2- Educational level.
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3. Mothers age:
Results shows that (78.1%) of the dead mothers were aged 20-39
years old figure -3-.

Mothers age
100 [

90
80
70
60
50
40
30
20
10

0 —

Total |15-19|20-24|25-29 30-34|35-39 | 40-44|45-49| 50

years | years | years | years|years years | years years

and

more

’lMothers age| 100 | 87 | 175|20.2 /204 | 20 |112| 1.4 0.6

Figure -3- Mothers age
4. Occupation:
Results shows that (87.7%) of the dead mothers were housewife, and
only (9.2%) were employee, figure -4-.

100
100 87.7
50 \\
0 ;j; e .92
o T— _—mw N 7
Housewife —

Student
Employee

B Occupation

Figure -4- occupation.
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5. Site of birth:
Results shows that most of the dead mothers were delivered at
governmental hospitals (65.8 %), figure -5-.

m Site of birth

No birth

At private hospital

At health centers

At home

At governmental hospital

Total

Figure -5- Site of birth.

Discussion:

The average MMR in this study was (46.1) for the year 2021, while in
2020 was (34.2), this may be due to COVID pandemics, in Mexico MMR
was 46.6 in 2020, as shown in Mendez-Dominguez et al study®? (which
is highest ratio in last 10 year in that country). The MMR was less in
northern governorates; this may be related to geographic factors or the
level of health services. Results shows that COVID19 is the main causative
agent for maternal mortality, like results of Mendez-Dominguez et al GY),
More than two —third of the dead mothers were lived in urban areas, the
same results of Shahidi et al study 2, and opposite to results of both
Karimzaei et al and Tirkesh et al studies 3334, the authors suggests the
cause may be due the fact that number of urban population is more and
the recording programs more accurate there. Again, about two third of
dead mothers not complete the primary schools, near results of both
Karimzaei et al and Jamshidi et al studies 3333 and opposite to
Farzianpour et al results #®) this may be due to more early marriage in
low educated females which associated with high mortality, and of
course the educated females have more health care informations than
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the others. Results shows that most of the dead mothers were aged
between 20 and 39 years (78.1%), exactly the same percentage in
Mendez-Dominguez et al study @1, this may be due to the fact that this
is the bearing age in women. Results shows that only (9.2%) of dead
mothers were employee, same results of Vahiddastjerdy M et al study 7)
in which (9.0%) were employee, opposite to Farzianpour et al results 39),
in which 71% of dead mothers were employee, this may be due to that
house wife prefer more home delivery and have less antenatal care visits.
Results shows that most of the dead mothers were delivered at
governmental hospitals, this may be due to many reasons, first the
number of hospital deliveries is more, second the recording system is
better in hospital than other delivery places, the results is same like in
Nepal in which death in hospital was 59.6% as shown in Sitaula, S. et al
study (38),
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ABSTRACT:

The generalized modified Bessel distribution is one of the most suitable
mixed distributions. It is the result of mixing the normal distribution with
the generalized inverse Gaussian distribution.

In this paper, The optimal sample size Analysis has been taken from the
generalized modified Bessel population to estimate the mean parameter
when the variance and shape parameters are known, using the
informative prior information to estimate the mean parameter under the
guadratic loss function. Then sampling and non-sampling approaches are
used for the estimate of the parameter. Also, it has been noted that the
posterior probability distribution for a mean parameter is following a
generalized modified Bessel distribution. Through the simulation, we
note Bayesian sample size is inversely proportional to the sampling cost
(c) per unit.

Keywords: Generalized Modified Bessel Distribution, Quadratic Loss
Function, Cost Function, Bayesian Sample Size.
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1. INTRODUCTION

The generalized modified Bessel distribution is considered one of the
most suitable mixed distributions, as this distribution is more general
than the two distributions (normal and T) as special cases, and it is
considered that the generalized modified Bessel distribution as a special
case of the symmetrical hyperbolic distributions, and this distribution has
practical applications in a variety of areas which includes stock market
data presentation, quality control data and filtering random-sign
analysis.

To conduct any study on data that follows this distribution, its
parameters must be estimated to be able to predict and obtain accurate
results to solve a particular problem. The characteristics of the
community are determined by studying a sample drawn from it, provided
that the sample bears the maximum degree of accuracy to represent the
community, and this leads to reducing the costs of the field study due to
the small size of the sample about the size of the community. There are
several sampling methods to determine the sample size to be used in
statistical inference, and one of these methods is using the Bayesian
sampling method, which in its study depends on taking into account the
loss functions with the cost function.

(Thabane and Haqg, 2003) was the first to use the Bayesian method to
estimate the linear regression model, assuming that the random error
distribution is a generalized multivariate modified Bessel distribution
when the prior distribution of parameters is a proper distribution, which
is the result of mixing two continuous probability distributions. They are
the normal distribution and the generalized inverse Gaussian
distribution. [14]

(Saiful Islam, 2011) Determine the Bayesian sample size to estimate the
mean and the difference between the mean of the normal distribution
when the variance is known and estimate the variance when the mean is
known, as well as determine the Bayesian sample size to estimate the
parameter of the Poisson and Exponential distribution using different
loss functions. [11]

The research provided a general introduction to the subject and a
description of the generalized modified Bessel distribution, as well as the
Bayesian sample size determination to estimate the mean parameter
when the prior distribution is proper and using a quadratic loss function.
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2. Search Objectives
This paper aims to analyze the optimal Bayesian sample size taken from
a population followed by is generalized modified Bessel distribution to
estimate the mean parameter using the quadratic loss function.
3. Generalized Modified Bessel distribution

The generalized modified Bessel distribution is expressed in form of a
mixed distribution from the normal distribution and the generalized

inverse Gaussian distribution as follows: [6][13] [14]
1

5) v —PpT
) = id ll TR
(2r 02)7 K, () vo

| (v —6)?
szuz_—l 1\||,:1I,£,' (1+W) (1)

Whereas, Kv[' ) represents a modified Bessel function of the third type
with order (v) [1][9]. This distribution is descriptively expressed as:

Y~ GMBD,(6,0%, 1 ,¢,v) (2)
4. Quadratic Loss Function

The quadratic loss function is the most commonly used in symmetric loss

functions, when the parameter (H) is univariate, the general formula of
the function is as follows:[4][11]

1(6,8)=k(6—8) (3)

Since (k) positive real constant is often equal to an integer one.
Therefore, the Bayesian estimator in the case that information is
available for this function represents the average of the posterior
probability distribution and the Bayesian estimator in the absence of
information represents the average of the prior distribution. [10]

qu = BBa}'es = E(BE) [4)
5. Posterior Risk Function of The Quadratic Loss Function

If L (3 ’ﬂ) is a loss function and P(HE) is posterior distribution of (H),
then the expectation of the loss function is called the posterior risk
function as follows: [4]

PR = f L(6,8)+ p(8ly)de (5)

w
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(PR)isthe posterior risk. The posterior risk function will be calculated
for the quadratic loss function as follows:

PR = fk(@sq—ﬁ]zw P(8ly) d6 = k var (8]) (6)
v

This constant ("‘r") does not affect calculating the Bayesian estimator, but
it affects determining the Bayesian sample size.

6. The Cost Function

The cost function is one of the important issues in any study that aim to
make it as minimal as possible, and there are different formulas for the
cost function, and the linear cost function has been used in this research
and it’s as follows:

Ciny = Cocn (7)

Where €0y = 0gpg n =0

And (€a) is the cost of preparing the sampling or any cost related to
sampling and (c) is the sampling cost per unit and it is one of the
important components for obtaining the Bayesian sample size. By using

the Bayes method to estimate the sample size, the total cost [Tﬂ‘inﬁ)
must be calculated, which can be done by the following formula when
the posterior risk function does not depend on the observations Y.[8]
Tﬁ‘cn) = Cipy + PR (8)
But if the posterior risk function depends on (Y) observations, in this case,
we take the expectation of the posterior risk function and add to it the
linear cost function to get the average total cost as follows:

E(anjjn} = Einj"'E(PR) (9)
When two samples are drawn from both groups, the linear cost function
will be in the following form:

C(It,.nq:lz cU-I_Clﬂl-I_CEﬂZ (10)
As (€1) is the sampling cost per unit of [’”1), which represents the
sample size for the first population and (€2) isthe sampling cost per unit
of (1 2), which represents the sample size for the second population. The
costs (€1& €2) can be equal to the two populations, or the sample sizes

(11& 13) can be equal to the two populations. To get the sample size
that gives the lowest cost, one must derive the total cost function relative
to (n) and by equating the derivative to zero, to get the Bayesian sample
size, which is a positive integer. [4]
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7. Determining the Bayesian sample size to estimate the mean
parameter of the generalized modified Bessel distribution for one
population using initial information belonging to the conjugate family

Assuming to have a random sample(-l’rlr ..t ) conditioned by the
2
random variable (T) taken from normal population v (6,07 7). And that

the probability distribution of (T) follows the generalized inverse
Gaussian distribution, the probability function is defined as follows: [3][7]

[9] )

i z
P(1) =% ™! exp [—%{@) +AI}] ,T>0 (11)
Whereas:

(4, ’i'-") * The scale parameters.

V> The shape parameter.
The Bayesian sample size is found to estimate the mean parameter
conditioned by the random variable (t) by calculating the total cost
function as follows:
T‘:(n;. = Ciy + PR

By substituting, the linear cost function Cin) defined in equation (7) and

the posterior risk function (PR) (expected the loss function), the total cost

function becomes as follows:

TCiny = o+ cn+ Eg (L[:Ef,ﬂ))

Substituting for the quadratic loss function defined in equation (3), to get:
~ 2

TCimy = co+ cn + Eg (k(6,—6)°)

And by substituting for the subsequent risk function (PR) shown in

equation (6), the total cost function becomes as follows:
TCom = co+ cn+ k Var (8]Y) (12)

To find Var [:'HE) the posterior probability distribution of the mean
parameter conditional of the random variable (t) must be calculate as
follows:

The prior distribution of the mean parameter (8) conditioned by (1) and
[52) is describe as follows: [2]

(8lo?, 1)~ N(8,y,04% 6% 1)

2
Since the prior probability density function for [:B| g ’T) is as follows:
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(6-6,)°
P(8la1) x e 2071 (13)
After combining the sample information with the initial information
about the parameter (6), the posterior distribution of (8) conditional on
the variable (t) and [52} is found using the following equation:
P(8ly, 0% 1) o P (6]0% 1) f(¥|6,0%7) (14)
After substituting the probability function for the random vector )

conditional by (t), defined according to the following equation:
n _ 1 v._g)2
f(vle,o 1) = @2no’t) Ze 2572 i) (15)

With the prior distribution of the parameter (6) conditional by the
2
variables (t) and (o )in the equation (14) above to get the kernel of the

. 2
posterior distribution of (f) conditional by (t) and (=) (P (3|E ,O ,T))
which is defined below:
1 2 (-6
N o

The quadratic form in equation (16) above is similar to the following
guadratic form: [2]

AB
A[z—a)2+3[z—b)2=(A+B)(2—m)2+A+B (a —b)? (17)
Whereas

ad + bB
A (18)
A+B

Therefore, the posterior probability distribution for the mean parameter
2
conditioned by (t) and (@7) is normal and is as follows:

1 0.3 1
(—2 + n) _ P AL

P [H|?, JZ,T] = %? e o1 [6-m)* [19)
- V2molt

Since: B
6, +nY g,°

m=— (20)

1 +n gy’
The distribution is descriptively described by:

olt

"1
o2t

BlY,og%t)]~N | m
(6ly,q%,7)
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Using the concept of mixed distributions, the posterior probability

distribution for the mean parameter unconditional of (T) is as follows:
P (6|y,o?) =f P(8ly,6%1) P(r) dr (21)
0

After substituting the components of equation (21) and performing the
integration concerning (1), yielding the following equation:

0.5 0.25 2v-1
(% +n) (%) ($+n) (8 —m)? *
P(8lY.0%) = F——"7—= 1+ -2
V2ma? HU(“JA‘IP) Po?
|
| ($+n) (8 —m)?
xf{'zl;z_—l |.31‘I,U 1+ bo? (22)

\

2
The probability density function of (3|£’ o ) defined in equation (22)
represents the generalized modified Bessel distribution and is
descriptively expressed as:

8\v,c%)~ GMBD| m, ? LA,
(8ly : ¢

—+n
gg°

Since
8y + nY g,°
m=—- (23)
1+ ngy?
The unconditional Bayes estimator for the parameter (0) is:

E(6ly,o?) =E.E(6ly,0% 1)

=m (24)
Since (M) defined in equation (23) represents a Bayes estimator under
the quadratic loss function aﬂ?.
. By+nY gyl
_ Y 0 (25)

1 +ng,?
Using the properties of mathematical expectation, it is possible to find

the variance for the posterior distribution of (€|£ ' Jz) as follows: [5]
Var (6‘|E g’ ) = E[Var(ﬂz 05,1 )} + Var [E (H |E 0% T )] (26)
2
— E(T)
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':'_2 Hv+l(1.,"lm) A 0®
= L 27
T n KD (% “
0

By substituting equation (27) above into equation (12), the total cost
function is as follows:

-0.5
0202 Kyt ({A) (ﬂ)
1-|-T1t}'02 Kv(\,"l%) TP

Now by finding the derivative of equation (28) relative to (n) and equal

the derivative to zero, we get the Bayesian sample size under the
guadratic loss function:

TCmy=co+cen+k (28)

aTC('nj _ 'If 0.040.2 Kv+1[:".,"l%) (‘1 )_UIE
an (14 nog?)? K,(J2yp) ‘¢
aT{:‘i-n:,_U
P—
kap*o? Ky (V) (ﬂ)‘”
c= —— | —
(14 n°5y002) K, (V)
kol K ) Ay "2
L gt gt [F2 KenlUAD) (2
NI k(W)
Where
ka? K ) A\ 1
. lf 4 wlf(i#’) (_) L (29)
NG KF(NIMJ) P Og

Since (n Sq} represents the Bayesian sample size under the quadratic
loss function.
8. The sampling and non-sampling status of estimating the mean
parameter

In the case that is not sample taken (ﬂH = IU), the total cost under the
guadratic loss function shown in equation (28) is: [2]

0,°0° K1 (/1) (ﬁ)'”
K, (V) ¥

When taking a sample (! = ™ sa), the total cost will be:

TCqy =k (30)
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g.2a02 K ) g™
TCimy= Co+ gy +k 2 w1 (J2P) (g)

1+ nxsq Jﬂz Kv[:x"'%)

Substituting for (n sq} previously defined in equation (29), we get:

TEI:J‘II - CU + C |

N € K ( I'_]
0,%0 K1 (V) w

(_;“Tz Ku+l(1.,"l%] (&)—0.5 1|, v(qﬂ’P]
L erGm) W e

Performing some algebraic operations for the above equation, we get:

ka2 Koo (YD) (ﬂ)‘” 1
Y go”

-0.5

+k

cko? K [ ~03
e = ot lf e uv)( ) an
) g 1J v(u"l’w)) ]1!"
Therefore, the optimal Bayes sample size is generally:
x k02 Ky sfw») 0
n° =max |0, | -— (32)
¢ k() TP

Therefore, it is decided to take a sample in the case of sampling when the
kEo? KypalJA) i —0-s =

[\/ e K,(JAy) (EJD) o

is positive, and the total cost in the case of sampling is less than the total

cost in the case of non-sampling.

That is:
'502'52 Kv+l(\."'{‘a'_) E_UIS
W)
< {ckcrz Kv_,_l(\ﬁli,b) 1 03 {k g’ Kv+1(\."%) i o
”ﬂ‘%z”,j k,(J70) (w) &.J' ¢ k() (w)
1
0,2

And it is decided not to take a sample in the case of sampling when the

| BTl (17 2,
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is negative, and the total cost in the case of sampling is greater than the
total cost in the case of non-sampling.
That is:
Pl ST [1)‘0-5 .
£, 19) ¥

c cko? Kpea(yT9) (1)~ ko? Kpe((T0) (A% 1
c ——+2J—[) g [l (B0 L
0 LTclg K:J( ilf’] ¥ r;(\.' ) ¥ E"rlilg
By solving the inequality and substituting for each ¥€ of (8) in the
sampling case, we get the following formula:

200 Ko [79) (1)‘”'5
v

— =
Ky 29)
o cko® Kypy(20) i 05 Jﬁﬂg KenalV9) (A\ 0 1
Cy Jug +2\I k}(qﬁ) (IP) & \'E) [zp) o a’UE
AP lf'I“Tz K, (29) (i)_&:k ) (E)_OIS—c >0
W | KWM)W k() W

& 9 < | —
\ K,(J2)
© kot Ken () (M 0o K (JAP) (1)
20 L (@) +k . (@) =y

Jﬂz - 1J| Kv(\"l%) Kv(\'f%)
rk 525{]4 Kv+l[:1.,"lm) A 0
& 3 < 1'.|| Kv(\"l%) (E)

Completing the square for the left side of the inequality, to get:

k20t K,..(J7) (ﬁ)'”
Y

2
g r JUEJZ Kv+l[:1.,"lm) A 0®
—_— |k — (—) = Oy
NEene \ Kvl:,kiﬂ,w) P

Taking the square root of both sides of the inequality, to get:

(8 | ae? K. (D)
— |k
"\ Vo q' K,(J2%) (’P)

The roots of the above inequality are as follows:

—
= g
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f gpto? Kv+l(\,"l%) (ﬂ)_m —

9= [k — + 4/ cqa?
\ Hv(xx,hp) P
Or:
g,tc? K A Ay 03 R
J < Irff - o1 (/29) (E) —+/ €p0p°

—
\ K, ()
But work interest is in the lowest cost, so taking the second root to show
when the sampling takes place or not, as follows:

— r 5040-2 KLH—J. (\,"I%) “1 0 —
Ve < |k — (—) — €y
\ Ku(fﬂf’i’) P

So it is sampling when:

12

r ogto? K, [:,"."'ﬂ,_ﬁ.')) F R —

C{ |k — (_) _E'ECUJUZ

\ K, () ¥ |

And non-sampling when:

_ 12

r ':"-04':'-2 Kv+l [:1.,""‘3'_11!") A 0 — =

C::‘ |k — (_) _E'ECUJUZ

\ K, () ¥ |

If the sampling cost per unit exceeds the

'-""I:Id":"3 !"':5+1(\."'H:| i _0'5_ 3
N ™) G) Ve

the sampling is not of value due to the high cost of sampling per unit,
and in this case, only the prior information is relied on to estimate the
mean parameter for the generalized modified Bessel distribution.

9. Simulation

In this section, random data was generated that follow the generalized
modified Bessel distribution through the concept of mixed distribution in
the programming language (Matlab R2015a) [12], After generating the
observations, it was tested whether the data followed the generalized
modified Bessel distribution by Kolmogorov-Smirnov test if it was found
that the (p-value) is greater than the level of significance (%= I[:'-"35) at
different values of the shape parameters, and therefore the hypothesis
that the data follows the generalized modified Bessel distribution is
accepted. And by executing the program, the estimator of the mean
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parameter is calculated under the quadratic loss function and defined in
equation (25) at different initial values and the comparison through

(MSE): 2
- R (6,-6
MSE(8,,) = = R“ ) (33)

Where is the number of iterations (R = 100).

This comparison will be done in two cases. In the first case, the optimal
Bayesian sample size was used to calculate the mean parameter defined
in the equation (29) and in the second case, different sample sizes were

used (M =25,?5,125)_ Table (1) shows the assumed values of
generation and calculates estimators:

Table 1. Assumed values for generation and for calculating estimators

Shape parameters [i] a’ Hu a’ o C k

A=2 Y=15 v=3 335 05 3 15 o001 2

A=8 ¥=3 p = 10 4 7 0.005 5

Table (2) and (3) shows the (MSE) values for an estimate of the mean
parameter at different shape parameters and different sample sizes

when(@? = 0.5,4)

Table 2. MSE values for different shape parameters (}'l, Y, V) and
different sample sizes at (=* — ©.5)

(4.9, v) n 6, Osq MSE(1)

(2,1.5,3) 25 3 3.3001 0.0502
7 3.0054 0.0681

75 3 3.3615 0.0453

7 3.1242 0.0601

125 3 3.5123 0.0398

7 3.4458 0.0495

(8,3,10) 25 3 3.3102 0.0428
7 3.1254 0.0599

75 3 3.3984 0.0414

7 3.2451 0.0576

125 3 3.5012 0.0202

7 3.4746 0.0399
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Table 3. MSE values for different shape parameters (ﬂ,l,f!,v} and

2 _
different sample sizes at (6% =4)

(4.¢,v) N 8, 0q MSE()
(2,1.5,3) 25 3 39101  0.0880
7 40604  0.0989
75 3 31923 00778
7 3.9781  0.0928
125 3 3.7825  0.0682
7 31632 0.0789
(8,3,10) 25 3 3.254  0.0732
7 3.8942  0.0900
75 3 3.2998  0.0712
7 3.9321  0.0892
125 3 36123 0.0532
7 33549 0.0692

We notice from tables (2) & (3), that the (MSE) value decreases with the
2 _
increase in the shape parameters and sample size at (c“ =05) and

when the value of [EU) is close to ().
Table (4) represents the Bayesian sample size values for different shape

2 _ —
parameters (ﬁ, ’Pr”) when(':Ir =0.5 ’an - 3).
Table 4. Bayesian sample size values for different shape
parameters (4,1, v)

Ap.v) k c ng O MISE(
n sr]r)

(2,1.5,3) 2 0.01 18 2.9171 0.2345
0.005 23 3.0014 0.1982

5 0.01 36 3.2045 0.1156

0.005 41 3.2204 0.0968

(8,3,10) 2 0.01 27 3.1121 0.1756
0.005 31 3.1984 0.1536
5 0.01 55 3.7956 0.0864

0.005 72 3.6548 0.0645

We notice from table (4) that the Bayesian sample size increases with the
increase in the shape parameters and the (MSE) value decreases with the
increase in the shape parameters, as well as the Bayesian sample size is
inversely proportional to the sampling cost (c) per unit.
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10. Conclusions
e The posterior probability distribution for the mean parameter
follows the generalized modified Bessel distribution.
e The Bayesian sample size was determined to estimate the mean
parameter of the generalized modified Bessel distribution when the

2
parameters (H’ pv.o ) are known, and the sampling decision is
made under quadratic loss function when the sampling cost per
unit (c) is less than the

jk 00*0% Kyer(JAD) (&)O'S_mr.

K, (\Ap) Y

e Through simulation, we notice that when the values of the shape
parameters are increased, the values of the estimators of the mean
parameter using the Bayesian sample size are close to the values of
the estimators of the mean parameter using a relatively large
sample size.

11. Recommendations

e Using a non-linear cost function to determine the Bayesian sample
size to estimate the mean parameter of the generalized modified
Bessel distribution under the quadratic loss function.

e Traditional sample size analysis for estimating parameters of the
generalized modified Bessel distribution.

e Using other distributions with heavy tails to determine the Bayesian
sample size, including the double exponential distribution (Laplace
distribution).

e Using other symmetric and asymmetric loss functions to determine
the Bayesian sample size to estimate the mean parameter of the
generalized modified Bessel distribution.
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