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Abstract
The study aimed to know the educational and health effects of the
aggressive war on children in the primary education stage in Yemen “Taiz
Governorate, city directorates as a model” and used the descriptive
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analytical approach, and the questionnaire as a tool to collect data from
the study sample, which amounted to (380) male and female students.
The results showed that the level of children's ability to safely reach
school was generally high with an arithmetic mean of (3.57), and these
effects ranged between (3.36) as a minimum and (3.90) as a maximum.
The results also showed that the level of the impact of war on academic
achievement was high with an average of (3.71), and these effects ranged
between (3.32) as a minimum and (4.02) as a maximum. The results
showed that the level of the effects of war on school dropout was high
with an arithmetic mean of (3.58), and these values ranged between
(3.35) as a minimum and (4.22) as a maximum. The results also showed
that (53.85%) of disabilities are due to war, followed by (15.38%)
disability due to old age, and these effects on disability ranged between
(1.28%) as a minimum and (53.58%) as a maximum, while the results
showed that the causes of deaths occurring in the household reached
varying rates (57..0%) as a lower percentage due to a traffic accident, and
(39.43%) as a higher percentage due to natural death, while the cause of
death due to war represented a percentage of (35.43%), and the results
showed that the average age of those who died from war was (14) years,
and the youngest was (10) years old, and the oldest was (24) years old,
which in turn shows that war is always fueled by youth. The results also
showed that there were no statistically significant differences between
the average responses of the study sample about the effects of war
(educational, health) on children according to the variable of age group,
and there were no differences between the average responses of the
study sample about the effects of war (educational, health) on children
according to the variable of type of residence. The results also showed
differences between the average responses of the study sample
regarding the effects of the war (educational and health) on children
according to the variable of the directorate, as the level of the effects of
the war on children was between the directorate of Sala and each of the
directorates (Taiziyah, Cairo, Al-Muzaffar) and the differences were in
favor of the three directorates, as the effects of the war on students in
the directorate of Sala had a greater impact than the directorates
(Taiziyah, Cairo, Al-Muzaffar).

Keywords: War, educational effects, health effects, basic education
stage.
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The Role of the Jordan Enterprise for Development
Corporation in Supporting Micro Small and Medium-sized
Enterprises for Poverty Alleviation during the Period 2016-2022

ABSTRACT

The economic policies and modern visions of the state have contributed since
the beginning of the 21st century to a reassessment of the main directions of
state agencies aimed at addressing the escalating problem of poverty in Jordan .
The study examines the key activities of the Joran Enterprises Development
Corporation in supporting micro and small to medium-sized enterprises to
alleviate poverty in Jordan ,with a focus on the period from 2015 to 2022 .The
study concludes that this period witnessed notable efforts by the institution in
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introducing various programs and diverse initiatives to employ those with
limited income and foster innovative ideas. Concurrently, the study highlights
the ongoing search for new sources of internal and external funding. One of the
prominent projects was the agricultural development project funded by the
International Fund for Agricultural Organization, aimed to poverty Alleviation
in rural areas, Other projects included international and national connectivity
initiatives, a program supporting industrial companies for export, a project for
home-based business practices targeting micro Enterprises for housewives ,a
project for the development and growth of exports of small and medium-sized
enterprises through virtual markets, In addition to a project for transforming
invention models into commercial enterprises. The role of the institution during
the study period extended beyond these efforts to diversify support
mechanisms and introduce new ways to adapt to developments especially
during the COVID-19 crisis experienced by the country.
Keywords: Micro, Small and Medium-sized Enterprises (MSMEs), Poverty
Alleviation, Jordan Enterprises Development Corporation.
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The Economic Impact
of Accession to the World Trade Organization :

The Case of Arab Countries
Jamal Qasem Hassan Mahmoud

Abstract
The study found that the accession of Arab countries to the WTO, total
non-oil exports and foreign direct investment have a positive impact on
GDP. The study indicates that the average growth rate of Arab
countries increased after joining the WTO compared to the period before
joining.
In terms of the structure of foreign trade, the share of mineral fuels
accounted for 48.8 percent of total Arab commodity exports in 2022,
compared to 65.1 percent in 2005. The study also indicates a high degree
of export concentration and a decrease in the number of goods with a
comparative advantage. These indicators have led to a decrease in
foreign trade competitiveness indicators.
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1. Introduction
The World Trade Organization (WTO) was founded in 1995 as result of
the Uruguay Round of trade negotiations between GATT members. The
organization is based on economic principles that advocate freedom of
trade, with its main task being to ensure the smooth and free flow of
trade to the greatest extent possible. The Marrakesh Declaration signed
in April 1994, in Morocco, approved the establishment of the
organization, stating that trade liberalization aims to strengthen the
trading system and increase the volume of world trade, investment,
employment, and income growth globally.
The organization's headquarters are in Geneva and it is headed by a
Secretary-General who is elected through the Ministerial Council of the
organization. The organization currently has more than 90 percent of
world trade among its members, and decisions are made by consensus,

54



Journal of Statistical Sciences Edition No.:24, September 2024

providing equal opportunities for members to make decisions regardless

of their sizes.

The main purpose of the World Trade Organization (WTO) is to assist

producers, exporters, and importers of goods and services, remove

obstacles to world trade, revise international trade policies of countries,

settle trade disputes between them, and ensure that trade flows as

smoothly, predictably, and freely as possible. The WTO is the only

organization in the world that deals with the rules of world trade

between countries.

2. Rules for Joining the World Trade Organization

The process of accession to the World Trade Organization under Article

12 involves the preparation of schedules of commitments related to

goods and services. It also requires agreement on the report of the

Working Party, decisions and protocol on the conditions of accession?.

The procedure for applying for membership in any country involves the

following steps:

= Submitting an application to the director of the organization,
expressing the state's interest in joining the WTO under Article 12, and
circulating it to member states.

= The General Council of the organization reviews the application and
establishes a working group to assess the membership application
based on terms of reference and compliance with Article 12.

= The organization's secretariat informs the state about the necessary
procedures and requirements for accession.

= Technical assistance is provided to interested countries seeking
accession.

= Sufficient time is allocated for the preparation phase of accession
negotiations before the Working Group meeting allow all parties to
adequately prepare their positions.

= The secretariat reviews the memorandum of association for
compliance with the attached content and shares its opinion with the
state and the working group.

= Members of the Working Group can submit written questions
regarding their perspectives on the applicant country's foreign trade
structure.

= During the initial Working Group meeting, representatives from the
applicant country present the memorandum of accession.

1 World Trade Organization, www.wto.org.
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= Following the Working Group’s review, negotiations can commence on
market access for goods, services, and other relevant topics.
As of July 2016, the number of members in the WTO has reached 164,
with 25 countries in the process of joining as observers. Among the Arab
countries, 13 have joined the WTO, while 8 are still observers. Please
refer to Table 1 for more details.
Table (1):
The status of Arab countries in the World Trade Organization

Members (Year of joining WTO) Observers
Bahrain (1995) Algeria
Djibouti (1995) Comoros
Egypt (1995) Iraq
Jordan (2001) Lebanon
Kuwait (1995) Libya
Mauritania (1995) Somalia
Morocco (1995) Sudan
Oman (2000) Syria
Qatar (1996)

Saudi Arabia (2005)

Tunisia (1995)

United Arab Emirates (1996)

Yemen (2014)

Source: WTO

3. Economic Development in Arab Countries

The extractive industries sector is considered the most important
economic activity in Arab countries, accounting for 30.6 percent in 2022
compared to 39.8 percent in 2005. Statistics indicate that economic
activities in Arab countries have increased by about 6.7 percent during
2005-2022, reaching 3420 billion US dollars in 2022 compared to 1137
billion US dollars in 2005.

Table (2)
Current GDP and Mining Sector in Arab Countries
Items 2005 2010 2015 2022
The Share of Mining Sector (%) | 39.8 36.1 23.3 30.6

Mining Sector

(Millions of US Dollars) 452,461 718,912 579,657 1047,065

GDP (Millions of US Dollars) 1,137,475 | 1,994,120 | 2,488,102 | 3,420,498

Source: UNCTAD

Regarding the government's finance, total government revenues

increased by 4.7 percent during 2005-2022, and petroleum
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revenues increased by about 3.4 percent during the same
period. However, tax revenues increased by about 8.1 percent,

and capital revenues shrank by about 0.4 percent, as shown in
Table 3.

Table (3)

Government Finance in Arab Countries
Revenues 2005 | 2010 | 2015 | 2022
Petroleum revenues 363.6 | 484.3 | 353.0 | 639.7
Tax revenues 88.9 134.5 | 195.6 | 331.8
Non-tax revenues 28.0 45.3 46.9 91.6
Capital revenues 12.2 36.4 | 55.1 11.4
Total revenues 492.7 | 700.5 | 650.5 | 1,074.5
Grants 2.7 10.0 9.4 2.7
Total public revenues and grants | 495.4 | 710.5 | 659.9 | 1,077.1

Source: Arab Joint Economic Reports, Arab Monetary Fund

The share of oil revenues decreased from 73 per cent in 2005 to 59
percent in 2022. In contrast, the share of tax revenues of Arab countries
increased from 18 percent in 2005 to 30 per cent in 2022, due to the
trend of Arab countries to diversify sources of income and not relying on
a single source of income, (see Figure 1).

Figure (1) :Share of Petroleum and Tax
Revenues in Arab Countries

80.0 73.8
69.1
70.0
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60.0 54.3
50.0
40.0 301 309
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Source: Arab Joint Economic Reports, Arab Monetary Fund
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4. Developments and structure of trade in Arab countries

The total trade? of Arab countries' commodities to world markets
increased by about 6.3 per cent during the period 2005-2022, reaching
approximately 2436.3 billion US dollars in 2022, compared to 833.2
billion US dollars in 2005. On the other hand, the total trade of the Arab
countries that joined the WTO increased by 6.9 percent during the same
period and reached 1947.3 billion US dollars in 2022, compared to 650.4
billion US dollars in 2005. The exports of the Arab countries (as observers)
in the WTO increased by 4.5 percent during 2005-2022 and reached
385.4 billion US dollars in 2022.

4 N\
Figure 2 :Total Arab commodity trade with the world
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The Asian countries are the most important trading partners of the Arab
countries. The share of total Arab exports to Asian countries is about 46.4
percent of the total Arab commodity exports, while European Union
countries account for 10.4 percent. In contrast, intra-Arab exports
amounted to about 9.3 percent, and they are considered weak compared
to other blocs despite the great Arab trade agreement that was signed
between the Arab countries.

2 Export and Import
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Figure 3: Arab trade trends in 2022
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The total Arab exports to Asian countries were reported at 455.7 billion
US dollars in 2022. Mineral fuels are the most important export
commodities, accounting for 77.6 percent of the total exports in 2022.

Table (4): Arab Exports to Asian countries

(excluding Arab countries)

Code (HS) Product label 2005 (%) | 2022 (%)
All products (Millions of US Dollars) 118,849 455,677

97 I\/.Im.eral. fuel§, m.meral oils and prqducts of their 729 776
distillation; bituminous substances; mineral ...

, Natural or cultured pearls, precious or semi-precious

71 X 4.2 4.4
stones, precious metals, metals clad ...

'31 Fertilisers 1.0 2.5

'39 Plastics and articles thereof 1.3 2.5

29 Organic chemicals 2.1 2.0

'76 Aluminium and articles thereof 0.9 1.5
Electrical machinery and equipment and parts

'85 thereof; sound recorders and reproducers, television | 0.9 1.4

Source: International Trade Centre (Trade map)

The oil price in world markets has a significant impact on the total
commodity exports of Arab countries. The value of commodity exports
increases with rising oil prices, and vice versa when the price of oil

decreases,

(See Table 5).
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Table (5)
The correlation between Arab Total Export and Oil Prices

Oil Prices Oil Export | Total Export | Non-Oil-Export

Oil Prices 1
Oil Export 0.990307 1
Total Export | 0.857223 | 0.867749 | 1

Non-Oil-Exp | 0.46466 0.472995 | 0.848333 1
Source: calculated from UNCTAD data.

Arab commodity exports were significantly affected by the increase in
crude oil prices. Statistics show that the share of crude oil exports
decreased from 65.1 percent in 2005 to 48.8 percent in 2022. This
indicates that Arab countries, especially oil-exporting countries have
focused on diversifying their commodity exports.

Source: UNCTAD and OPEC

Figure (4) : Total trade of Arab export to the world
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5. Analysis of Arab foreign trade performance

Foreign trade plays a crucial role in bolstering foreign exchange reserves,
incentivizing nations to enhance the productivity of their industrial
sectors to tap into emerging global markets.

The decline in countries' competitiveness often stems from a heavy
reliance on commodity exports. Consequently, nations are proactively
shifting towards bolstering their foreign trade by implementing
strategies aimed at enhancing production efficiency and elevating the
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quality of their commodity goods. Moreover, they are striving to enhance
the diversification of their foreign trade to spur domestic demand and
gain access to global markets, thereby managing surplus production
effectively.

The structure of foreign trade in Arab countries, especially oil exporters,
is characterized by the concentration of their exports and low
comparative advantage of commodity products, due to their high
dependence on mineral fuel exports.

= Trade performance indicators

The foreign trade Concentration Index (Hirschman Concentration Index
(H)) and the Revealed Comparative Advantage Index (RCA) are crucial
indicators for assessing a country’s the competitiveness in trade. The
Concentration Index (H) gauges the level of concentration of commodity
exports, while the RCA index evaluates the significance of goods for a
country in global markets. A commodity is deemed to have a comparative
advantage if the value of the index exceeds one. The RCA index is
computed using the following equation:
X
l]/X.

1

Xwj
Xw

Where x;; presents the exports of a country (i) of the commaodity (j),

RCA =

while (x,,;) indicates the world exports of the commodity (j), and (X)
indicates the total commodity exports. A commodity is said to have a
comparative advantage if the value of the index (RCA) is greater than one.
The Concentration Index (H) is calculated using the following equation:

Where x; presents the country's exports of commodity (i), while (X)
presents the total commodity exports. The value of the indicator ranges
between 0 and 1. When the indicator approaches 1, it indicates that the
country has a concentration in its commodity exports and relies heavily
on a specific number of goods in its foreign trade.

The Export Specialization (ES) index is a slightly modified version of the
RCA index, where the denominator is typically measured by specific
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markets or partners. It offers insights into product specialization in a
country’s export sector and is calculated as the ratio of a product share
in a country’s total exports to its share in imports from specific markets
or partners rather than its share in global exports, the Export
Specialization (ES) is calculated according to the following equation:

_ i
C T
w

Where(x;;) and Xiare the export values of country i in product j,
respectively, and (m,,;) and (mw) are the import values of product j in
market k and total imports in market k. The ES is similar to the RCA in that
a value of the index less than unity indicates a comparative disadvantage,
while a value above unity represents specialization in this market.

= Trade performance of Arab Export

In this section, we will calculate the Arab trade competitiveness
indicators in various international markets.

1. Concentration Index of Arab countries

The concentration Index in Arab countries has gradually declined from
0.725 in 2005 to about 0.659. This decline can be attributed to adoption
of strategies and plans by some Arab countries aimed at diversifying
commodity exports. As a result, the share of mineral fuel exports in the
Gulf Cooperation Council has decreased from 74 percent in 2005 to 64
percent in 2022.

Table (6)
Concentration Index of Arab Exports

2005 2010 2015 2022

Hirschman index 0.7252 0.7878 0.5659 0.6593

Source: Calculated from data of International Trade Centre (Trade map)

2. Revealed Comparative Advantages of Arab countries

The comparative advantage of commodities for Arab countries has
increased from 6 goods in 2005 to 9 goods in 2022. However, this figure
is considered weak due to the high percentage of mineral fuels exported
as a part of the total Arab exports.
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Table (7)
Revealed Comparative Advantages Index of Arab Exports
Product COD | Product 2005 2010 2015 2022
31 Fertilisers 2.505 | 5.147 | 3.134 | 4.537

Mineral fuels, mineral oils and products
27 of their distillation; bituminous 5.291 5.407 3.888 3.700
substances; mineral ...

Natural or cultured pearls, precious or
'71 semi-precious stones, precious metals, 0.879 0.360 2.278 2.086
metals clad ...

Salt; sulphur; earths and stone;

'25 . . . 1.721 1.978 2.216 2.008
plastering materials, lime and cement
Tobacco and manufactured tobacco

24 substitutes; products, whether or not 0.537 0.235 0.800 1.917
containing nicotine, ...

'76 Aluminium and articles thereof 0.615 0.590 1.338 1.540
Inorganic chemicals; organic or

'28 inorganic compounds of precious 0.753 0.989 0.981 1.076
metals, of rare-earth metals, ...

08 Edible fruit and nuts; peel of citrus fruit 0.551 0.938 0.991 1.069
or melons

‘39 Plastics and articles thereof 0.485 0.843 0.920 1.024

13 Lac; gums, resins and other vegetable 1.016 1.650 0.795 0.437
saps and extracts

'01 Live animals 1.037 1.233 1.224 0.380

'99 Commodities not elsewhere specified 3.251 0.107 5.538 0.023

The number of goods with a

. 6 5 7 9
comparative advantage

Source: Calculated from data of International Trade Centre (Trade map).

3. Export Specialization Index of Arab trade

The Export Specialization index of Arab countries in the Asia-Pacific, Latin
American, Caribbean and EU markets shows that Arab countries have a
specialization in approximately 7, 9 and 12 goods in terms of market
penetration in 2022, respectively, compare to 9, 7, and 18 goods in 2005,
respectively. Some of the goods included in this specialization are as
follow:
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Table (8)

Specialized goods for export from Arab countries
to international markets 2022

Asia and China excluding
Arab countries

European Union (EU 28)

Latin American Integration
Association (LAIA)

Salt; sulphur; earths and stone;
plastering materials, lime and
cement

Fish and crustaceans,
molluscs and other aquatic
invertebrates

Fish and crustaceans, molluscs and
other aquatic invertebrates

Mineral fuels, mineral oils and
products of their distillation;

bituminous substances; mineral ...

Edible vegetables and
certain roots and tubers

Salt; sulphur; earths and stone;
plastering materials, lime and
cement

Fertilisers

Edible fruit and nuts; peel
of citrus fruit or melons

Mineral fuels, mineral oils and
products of their distillation;
bituminous substances; mineral ...

Natural or cultured pearls,
precious or semi-precious stones,
precious metals, metals clad ...

Salt; sulphur; earths and
stone; plastering materials,
lime and cement

Inorganic chemicals; organic or
inorganic compounds of precious
metals, of rare-earth metals, ...

Nickel and articles thereof

Mineral fuels, mineral oils
and products of their
distillation; bituminous
substances; mineral ...

Fertilisers

Aluminium and articles thereof

Inorganic chemicals;
organic or inorganic
compounds of precious
metals, of rare-earth
metals, ...

Carpets and other textile floor
coverings

Fertilisers

Glass and glassware

Articles of apparel and
clothing accessories, not
knitted or crocheted

Natural or cultured pearls,
precious or semi-precious
stones, precious metals,
metals clad ...

Aluminium and articles
thereof

Aircraft, spacecraft, and
parts thereof

Works of art, collectors'
pieces and antiques

Aluminium and articles thereof

Source: Calculated from data of International Trade Centre (Trade map).
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4. The Impact of Arab countries' accession to the WTO

= The Sample
We conducted panel data analysis to examine the effects of Arab
countries' accession to the WTO on their economic growth rates. The
data has been collected from UNCTAD and focused on the following
Arab countries: Jordan, the United Arab Emirates, Bahrain, Saudi
Arabia, Kuwait, Oman, Qatar, Mauritania, Morocco, Egypt, Tunisia, and
Yemen.

= Data and Variables
The panel data for this study includes variables from UNCTAD for the
years 1990 to 2022. The variables are:

1. GDP at current prices (dependent variable), which we use the
natural log.
Non-oil export, for which we use the natural log.
FDI inward, for which we use the natural log.
Inflation.
Dummy variable (0 for the year before accession to WTO, 1 for
the year after accession to the WTO).

e wnN

The study aims to answer the question of how GATT/WTO accession has
impacted the GDP growth rate. Our main set of regressions follows this
form:

gdp; s = ag + agtrade; ; + ayinfi + asWTO; ¢ + ayFDI; ¢ + uy;

Where Uy =l +17, and 17, ~ N(0,0,)

The GDP for country (i) at year t is represented by the equation:

GDP =trade + inf + WTO + FDI, where trade stands for non-oil exports, inf
stands for inflation, WTO is a dummy variable (1 for Joint WTO, 0 for years
before accession to the WTO) and FDI stands for foreign direct
investment. inward.

We were unable to use the Fixed and Random Effect models due to
correlated panels (cross-sectional dependence) and heteroskedasticity.
Therefore, we utilized the (XTGLS) to estimate the impact of WTO
accession on GDP. XTGLS estimates panel models under various
assumptions about the heterogeneity of variances across panels and
possible serial correlation.

The variable GDP, non-oil trade and foreign direct investment (FDI) were
converted to natural logarithms to account for serial autocorrelation.
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= Growth Rates Before and After Accession WTO

Statistics show that the average growth rate of Arab countries increased
after joining the World Trade Organization compared to the period
before accession. However, the growth rate in Arab oil-exporting
countries is mainly influenced by fluctuations in global oil prices. Data
indicates that oil-exporting countries have experienced growth rates in
years when oil prices rise, highlighting the impact of oil price fluctuations
on growth rates.

Table (9)
Real growth rate before and after accession WTO in some Arab
Countries*
Before Accession | After Accession Period
Country WTO (Average WTO 2010-2022
Period) (Average Period)
Egypt 3.628 5.107 4.049
Jordan 4.314 6.091 2.514
Morocco 3.676 4,155 3.506
Tunisia 4.806 4,992 3.063
Mauritania 0.941 3.946 3.969
Bahrain 6.996 4.956 3.564
Oman 4,133 4,519 3.331
Qatar 6.77 12.8 5.461
Kuwait 8.436 6.454 4.256
Saudi Arabia 3.818 5.417 3.817
UAE 6.230 5.485 3.881

Source: Calculated from data of World Bank.

(*) 2010 and 2020 are excluded, due the financial world crises and the COVID-19 epidemic.

= Econometric Analysis Results of the Generalized Least Squares
Model

The table below presents the results of the (xtgls) regressions for the

panel data of Arab countries. All coefficients reported are statistically

significant and exhibit positive signs, except for inflation, which shows a

negative.

This indicates a positive impact influence of countries joining the WTO,

as well as the variable of non-oil goods exports and FDI inward on

economic growth> however, inflation has a negative effect on economic

growth.
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Table (10)

GLS regression of impact on economic growth rate
xtgls 1gdp wto Ttrade inf 1fdi

Cross-sectional time-series FGLS regression

Coefficients: generalized Teast squares

Panels : homoscedastic

Correlation : no autocorrelation

Estimated covariances = 1 Number of obs = 330
Estimated autocorrelations = 0 Number of groups = 13
Estimated coefficients = 5 Obs per group: min = 9
avg = 23.82353

max = 28

wald chi2(4) = 510.18

Log likelihood = -508.6438 Prob > chi2 = 0.000
Tgdp Coef. std. Err. z P>z [95% conf.Interval]
wto .4686403 .0763367 6.14 0.000 .319023 .6182575
Ttrade .5313584 .0341105 15.58 0.000 .4645031 .5982137
inf -.0010134 .0017307 -0.59 0.558 -.004405 .0023787
1fdi .132547 .0314745 4.21 0.000 .070858 .1942359

_cons 4.97129 .2672985 18.60 0.000 4.4473 5.495186

Source: STATA output

= Conclusion

This research paper examines the impact of Arab countries' accession to

the World Trade Organization (WTO) on economic growth. The study

reveals that all coefficients have a positive effect on gross domestic

product (GDP) and are statistically significant, except for inflation which

shows a negative impact and is not statistically significant.

The accession to the WTO has had a positive influence on economic

growth in Arab countries. Moreover, non-oil trade and inward foreign

direct investment also contribute positively to economic growth. The

following are the results of the estimates:

= The accession of Arab countries to the WTO has a positive impact on
economic growth (0.4686 and p-value 0.000).

= Non-oil trade and inward foreign direct investment have a positive
effect on economic growth (0.5313 and p-value 0.000, 0.1325 and p-
value 0.000), respectively.

= Inflation has a negative impact on economic activity (-0.001 and p-value
0.558).
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Abstract
In this paper, a proposed distribution called the Type Il generalized Topp-
Leone Burr Type lll is introduced. This four-parameter distribution is
obtained using Type Il generalized Topp-Leone family as a generator and
Burr Type lIl as a baseline distribution. The plots of hazard rate function
of this distribution have various shapes where it can be unimodal,
bimodal, decreasing or right-skewed. The main statistical properties are
derived which is the reliability function, hazard rate function, reversed
hazard function, cumulative hazard rate function, quantile function,
median, central and non-central moments, moment generating function,
order statistics and record values. The mode is obtained numerically with
various parameters values. Maximum likelihood estimation for the
parameters, rf and hrf of the TIGTL-BIIl distribution based on Type Il
censoring samples is presented. A simulation study is carried out to
assess the precision of the estimators. Through an application on COVID-
19 data in Canada, the superiority of the Type Il generalized Topp-Leone
Burr Type lll distribution over some distributions is proved.
Keywords: Topp-Leone distribution, Type Il generalized Topp-Leone
family, Burr Type Il distribution, Type |l generalized Topp-Leone Burr
Type Il distribution, moments, order statistics, record values, maximum
likelihood estimation, simulation study.
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1. Introduction
The Topp-Leone (TL) distribution was introduced by Topp and Leone
(1955) as an alternative model failure data. It is a continuous unimodal
distribution with a shape parameter § as well as a bounded support (0 <
x < 1). Also, it is attractive as a generator. The probability density
function (pdf) of TL is J-shaped and the hazard rate function (hrf) is
bathtub-shaped for all values of § € [0, 1]. These unusual characteristics
are especially important in reliability applications in many fields such as
economics, biology, ecology, etc., it also attracted various researchers as
an alternative to beta distribution. Where in contrast to beta distribution,
the TL distribution provides closed forms of the cumulative distribution
function (cdf).
A random variable X is distributed as the TL with parameter § denoted
by X~TL (6) if its cdf and pdf are given, respectively, by
Fro(8)=x%2—-x)%, 0<x<1; 6>0, €))
fro(8) =26x%"11-x)2-x)%1 0<x<1;6> (2)
where § is a shape parameter.
Generated families of continuous distributions are a new development
for extending the classical distributions by adding new parameter(s) to a
baseline distribution in order to enhance the goodness-of-fit of the
distributions, and also for determining skewness and tail properties.
Some of well-known families are the Marshall-Olkin generated (MO-G)
family by Marshall and Olkin (1997), Weibull-G by Bourguignon et al.
(2014), Lomax-G by Cordeiro et al. (2014), Topp-Leone-G family by Al-
Shomrani et al. (2016), Lindley-G by Cakmakyapan and Ozel (2017),
among others.
TL family of distributions has received the attention of many researchers
to generate new distributions and families. For instance, Helmy (2019)
introduced Topp—Leone Pareto Type | distribution, Oguntunde et al.
(2019) derived the Topp—Leone Lomax (TLLo) distribution, Rasheed
(2020) provided Topp-Leone Dagum distribution, Chipepa et al. (2021)
obtained the Burr llI-Topp-Leone-G family, Oluyede et al. (2022)
proposed the Topp-Leone Gompertz-G family, Watthanawisut et al.
(2022) introduced the Beta Topp-Leone generated family, and
Nyamajiwa et al. (2024) proposed the Gamma Type Il Half Logistic Topp-
Leone generated (GTIIHLTL-G) family of distributions.
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Moreover, some researchers proposed different forms of generalizations
of TL-G family which depend on TL distribution as a generator such as
Elgarhy et al. (2018) derived the Type Il Topp-Leone generated (TIITL-G)
family, Hassan et al. (2019) suggested Type Il Generalized Topp-Leone-G
(TNGTL-G) family, Bantan et al. (2020) presented Type Il Power Topp-
Leone generated family, and Hassan et al. (2021) introduced New Topp
Leone-G family.

In this research, TIGTL-G family is used to generate a new distribution
called the Type Il generalized Topp-Leone Burr Type Il (TIIGTL-BIII)
distribution.

Risti¢ and Balakrishnan (2012) suggested a gamma-G family using the

gamma distribution. The cdf of this generator is defined by
1 -logG(x;y)

Feamma-c(x 0,7) =1 ~ o x®le™*dx, x €R; w>0. (3)
Where I'(w) = fooox‘s‘le‘xdx is the gamma function, w is a shape
parameter, and G(x;y) is the cdf of any continuous distribution which
depends on a parameter vector y.
Hassan et al. (2019) introduced a new generated family of continuous
distributions with two shape parameters called Type Il generalized Topp-
Leone-G (TIIGTL-G) family, using the cdf of gamma generator that is
obtained in Equation (3) with taking TL distribution as a generator and
the upper bound of integration to be 1 — [G (x;¥)]?.
Thus, the cdf and pdf of TIIGTL-G family are given, respectively, by:
Frigri-¢(x6,8,y) =1 - fol_[G(x;y)]B 26x°71(1 = x)(2 —x)° tdx
=1-(1-[6x?)’, xeR; 6>0, ()
frieri-¢(x;6,B,v) = 26Bg(x; Y)[G(X;V)]Zﬁ_l (1 —[G(x; )’)]23)5_1,
x€ER; §B>0. (5
Where 6 and 3 are two shape parameters and G (x; y) is a baseline cdf.
The TIIGTL-G family can fit different data with various shapes where its
density and hazard rate function accommodate different shapes which
make it more flexible
Burr (1942) proposed twelve distributions as Burr family based on the
Pearson differential equations for fitting cumulative frequency functions
on frequency data. Its pdf has many shapes that make them applicable
to a lot of applications. From the Burr family, the Burr Il (Blll) distribution
is widely used, where it has many applications in survival analysis,
financial studies, reliability, and statistical quality control, among others.
The BIIl distribution is the inverse model of Burr XlI distribution. A
generalization of Blll model, named Dagum distribution Dagum (1977).
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A random variable X has BIIl distribution if its cdf and pdf are as follows:
Fo(v,2) = (1 +x7v)™4, x>0; v,1>0, (6)
farn(ev,2) = vAx V1A +xV)™A, x>0, v,A>0.  (7)

Where v and A are the shape parameters of the distribution.

This paper is organized as follows: in Section 2, The TIGTL-BIII

distribution is derived. The graphical description of the pdf and hrf of the

THGTL-BIII distribution is presented in Section 3. The expansion of pdf of

THGTL-BIII distribution is given in Section 4. In Section 5, the properties

of the TIIGTL-BIII are obtained. In Section 6, MLEs of the parameters, rf

and hrf of the TIIGTL-BIIlI distribution are derived based on Type Il

censoring samples. In section 7, a simulation study is conducted. Finally,

an application on COVID-19 data in Canada is obtained in section 8.

2. The Type Il Generalized Topp-Leone Burr Type lll Distribution
In this section, a new distribution called TIIGTL-BIII distribution with the
parameter vector 8 = (6, 5, v, 1) is generated using TIGTL-G family. The
cdf of THGTL-BIII distribution can be derived by substituting Equation (6)
into Equation (4), then it will be as follows:
Fx;0)=1-[1-(1+x")24’, x>0;0>0. (8)

And by substituting Equations (6) and (7) into Equation (5), the pdf of the
THGTL-BIII distribution is given as:
f(x;0) =26fvAx™V " (1 +x7V) A1 - (1 + x“’)‘zfg’l](‘;_1 ,
x>0;6>0. (9)
where @ are shape parameters of the distribution.

The corresponding rf and hrf of the TIGTL-BIII distribution,
respectively, are:

R(x;8) =[1— (1 +x)2]°, x>0; 0 >0. (10)
h(x;0) = 26BvAx~071(1 + x“’)‘zm‘l[l -1+ x“’)‘zm]_l,
x>0; 8>0. (11)

3. Graphical Description

In this section, the graphical description of pdf and hrf are presented
which show the flexibility of the proposed model due to the different
shapes of them which make this distribution fit different sets of data.
The plots of the pdf and hrf of the TIIGTL-BIII distribution are showed in
Figures (1) and (2), respectively, as:
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Figure (1) Plots of the pdf of TIIGTL-BIII distribution at different values
of the parameters.

Figure (1) shows shapes of the pdf of TIGTL-BIII distribution for some

values of the parameters. It can be unimodal, decreasing or right

(positively) skewed.

h ) e e e ey
X [ bef of e THGTL-BII distrdumon
— =)l P08 v=1 =0
e Fa0S Pe0ly=] A=05
.

wow faj p=Sy=3i=2

Figure (2) Plots of the hrf of TIIGTL-BIII distribution at different
values of the parameters.

Figure (2) displays the hrf of THGTL-BIII distribution. It shows that the

hrf has many shapes which are decreasing, unimodal, bimodal and right-
skewed. Thus, THGTL-BIII distribution is flexible to use in several fields.
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4. The Expansion of Probability Density Function
By using the binomial expansion (1 —y)% = Y2 ,(—1) ( )y then

substituting into (9). The pdf can be obtained as follows:
f(x:8) = ZiZomix ™71 (1 + x7V) 2RI (12)
where n; = 26BvA(=1)! (6 : 1).
5. Statistical Properties
5.1 The Reversed Hazard Rate Function
The reversed hazard rate function (rhrf) of the TIIGTL-BIII distribution is
obtained as follows:
f(x0) 26[31//1;»6“"1(1+;»c“’)‘2/““1[1—(1+x‘1’)‘21m]8_1
F(x:0) 1-[1-(1+x~v)~262]° '
5.2 The Cumulative Hazard Rate Function:
The cumulative hazard rate function (chrf) of the TIGTL-BIII distribution
is given as:

H(x;0) = —InR(x;8) = —61n[1 — (1 + x7V)72A1]. (14)
5.3 The Quantile Function
The quantile function of TIIGTL-BIIl distribution is derived through
inverting the cdf of the TIIGTL-BIII distribution as follows:

F(x;0) =q,

hence, the quantile function of the TIIGTL-BIII distribution is:

- [(1 —[1-gqJ5 )2_“11 _ 1]7, 0<q<1. (15)

The first quartile x5, the median x( 5 and the third quartile x, 5 are
given by putting g = 0.25, g = 0.5 and g = 0.75, respectively, into (15)
as follows:

rh(x;0) = (13)

-1

X025 = [(1 —0.75z )2_‘; 1] 9, (16)
Xos5 = [(1 — 0.5« )z_ﬁll 1]7, (17)
and  xgy5 = [(1 —0. zsa)z_‘;* - 1] g (18)

Further, semi-interquartile range (quartile deviation) is calculated as:
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-1 ] -1 ]
1\2B71 1\zp2
1-0.25« -1 —|{ 1-0.75a -1
X —X
Q.D — 0.75 0.25 —

2 2

(19)

5.4 The Mode
The mode of TIIGTL-BIII distribution is given by differentiating the pdf in
(9) with respect to x and equating it to zero as follows:
f(x:8) =0.

Then,
f(3;0) = 26BvAx"2"2(1 + x ™) ~4PA2[1 — (1 + x7)2P2] " x
AL+ DA +x)2P 1 - QA +x7") 2P —(v+ DxV(1 +

x7V)2BA[] — (1 4+ x7V) "2 = 2Bv(5 — 1)}, (20)
Equation (20) is solved numerically using R program (version 4.1.1). The
numerical values of the mode will be as in Table (1).

Table (1) The mode of TIIGTL-BIII for different parameter values.

6 B v A Mode
5 1.5 3 0.5 0.6330
2 3 4 1 1.2930
3 3 5 3 1.5275

5.5 The Moments
5.5.1 The Moments about Origin (Non-Central Moments)
The " moment about origin of TIIGTL-BIII distribution is given by:

fe =BG = [ 27 f(xi0)ax
Qx

= 77 28BvAX VI + x7Y) A1 - (14 1Y) 2R
By using integration by substitution, hence

=5 f [ 2“—1] [1 - yl51dy,

Using the negative binomial expansion: (1 —q)™" = Z?:o(r+;_1)qx'
Thus:
k-1
0 = 8(=1)% zk0(+ ) (1—ﬁ6),r=123 21)
Where B(., . ) is the beta function and 0 < ﬁ <1.
Then, by substitutingr=1, 2, 3, 4 into (21), the first four moments about
origin can be obtained as follows:
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0= 8(-1)7 0( st 1) (1-359) (22)
iy = 8(-1)v I 0( stk 1)3(1 25%) (23)
iy = 8(=1) B 0(*" DB(1-55), (24)
fy = 8(=1)v X 0( e 1)3(1—%,5). (25)

5.5.2 The Moments about Mean (Central Moments)
The " moment about mean of TIIGTL-BIII distribution is obtained by:

P =EQG— 7,
by substituting r = 2, the variance of TIIGTL-BIII distribution V' (x) is:

V) = = B =07 = b - i = -1V 32 (B (1 -
)2 ()8 (1 ) o

The third central moment is:
k—
M3 =ty — 3phpply + 240;° = 8(— 1) Zk 0( +k 1>B(1_m 5)_

3[5(-1)72;;0 (s+’;‘1)3(1—— )] [5( DV R 0( 5+ 1) (1-2, 5)]

2 [5(—1)_71 Yieo @*‘;‘1) B(1- ﬁ 8)]3 (27)
And the fourth central moment is:
Ha = Uy — 4#3#1"‘6#2#1 _3,“1 =0 XYk- 0( 5 1) ( _% 5
e ()0 ] i s (-]
6[5(_1)‘722,:0 o(§*§‘1)3(1 — e 8)| x [se- mi ( )B
o ] [5( DR 0( i 1) (1_271'6)]4’ 28
The skewness coefficient (SC) is given as follows:

as =55, (29)

M2

by substituting (26) and (27) into (29), The SC of TIIGTL-BIII distribution
is:

pig =44 e +64ip iy * =34 * (30)

-2 2 4 -1 Lk
(5(_1)72,?20(“,'2 1>B(1‘m5) sy Zf=°<v”'§ 1)B(1_%'6)>

The kurtosis coefficient (KC) is given as:

Ay = %, (31)

a3=
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by substituting (26) and (28) into (31), The KC of TIIGTL-BIII distribution
is:

At L 60 1 2 =3t
™~ Ha—%U3 iy #2#1_1 H1 T 5. (32)
<( i 0( )3(1—m5) a(—l)Tziio(” K )B(l—m‘s))

5.6 The Moment Generating Function

The moment generating function of THGTL-BIIl distribution M, (t) is
obtained by:

M, (t) = E(e™)

a4=

0
using integration by substitution, hence:

-1
-1

2B2_q

1 v
M, (t) = 6f e ) (1—-y)°~tdy,

By using the power series for the exponential function and the negative
binomial expansion, thus

M(t)—azro VSR (M) (1-0). 6Y)
Where 0 < ZT/‘L < 1, and as noted in Equation (33) M,.(t) = Z?’zo% Uy

5.7 The Order Statistics

Let xq,X3 ..., Xy, ..., X, are independent identical distributed (i.i.d.)
random variables from TIGTL-BIII distribution and the x(;) < x(z) ... <
Xy < - < X(n) Is the corresponding order statistics, hence the pdf of
the rth order statistic is obtained by:

fra®) = G PCON L = PP = s |1-
(1— [+ 172 (1 @ 4228 25Bvax (1
XYY 211 — (1 4+ )22 iy > 0. (34)

When r = 1, the smallest order statistics is:
fin() =n[1—F)I" 1 f(x) = 2nfvaAx V11 + x7V) 2P 11 - (1 +
x )28 x>0, (35)
When r = n, the largest order statistics is:
fan () = n[F)]" (%)
= 2n8pvAx V(1 + x7V) A1 - (1 + x‘")_zﬁ’l]a_1

Y n-1
x [(1 —[1— (1 +x™)]28%) ] . X > 0. (36)
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5.8 The Record Values

Consider sequence of i.i.d. random variables from TIIGTL-BIII distribution,
where Xy = max{xy, X3 ..., Xy, ..., Xp} is an upper record value and
Xp(n) = Min{xy, Xz ..., X, ..., Xp} is a lower record value.

The pdf of the n*" upper record value is obtained as follows:

fumy(x) = %(—ln[l —FOD™1f(x) = F_ln [_1n ([1 —a+
x-V)-ZIM]‘S)]n_1 26BvAX VT (1 4+ x7V) A X [1 - (1 +

5—
x~V)"2R] ' x>0 (37)
The pdf of lower record value is given as:

fum () = - [— InFEI ) = Z[-m(1-[1-+
x~V)"284] )] ) .26[)’v/1x_"_1(1 + x‘")_zﬁ’l_1 x[1-(1+
x“’)‘zm]g_l, x>0 (38)

6. Maximum Likelihood Estimation

Assuming that x(;) < x(;) < :** < X(; is a censored sample of size r from
THGTL-BIII distribution with parameter vector 8 = (8, 3, v, 4), then the
likelihood function of Type Il censored sample is given as follows:

L(8;x) = =2 [Tiea £ (e )] [R (e )" =
_ o\ (—2BA+1)
= T)‘(zaﬂvz)r[ r 1x(1()v+1)][ (14 x5") ]x [Hf=1(1 _

282 (n-r)é
[1+ x5 “1—(1+ ) I

Since this likelihood function becomes the likelihood function in case of
complete sample when r = n.

Then, the natural logarithm of the likelihood function is obtained as
follows:

28 ’1 (39)

=InL(6;x) =ln T In(xg)
—(2B1+1) Zr ln[l + x(l)] +(6-1) Z In 1 —(1+ X 2ﬁ/1]
+(n—7)dln [1 = (143 W] : (40)

For a random variable x has TIGTL-BIIl distribution subject to the
regularity conditions (where x does not depend on 8), the point
estimators of 8 of TIIGTL-BIII distribution can be derived by obtaining the
differentiation of £ in (40) with respect to 8 as follows:

2 ey [1- (L) 4 - [1 - (143 ] e
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~2h4 ln(l + x(_lg’

( +x(l)
6/3 ﬁ 2)[21n(1+x(1))+2/1(5—1)z

—2B1
— (1 +x3
284
-v | -v
+262(n - ry L) () (42)
1-(1+x3Y)
Xy In(x
C ST In(xg) + (2BA+ 1) X, D) g
2pA-1 -281-1
xG2 () (145 x5S9I (een ) (1+25Y
DI~ <_v & (n-ry2opa B (_v G BPeY
1-(1+x3}) 1-(1+x3Y)
And
_\—2BA —y
ot (1 +x(3’) In(1+ x))
=z 2ﬁ21n(1+x(1))+2[3(8—1)z ‘ e
— (1 +x3
(1+‘)ZBI(1+‘)
X n X
+2B6(n — 1) @ @ (44)

1—(1+x(‘r‘)’)_2m

The ML estimator of the parameter § can be obtained by equating
Equation (41) to zero and solving, then it will be as follows:

N T

0= lr=1ln[l—(1+xa;’)_2m]+(n—r) ln[l—(1+x(_r‘)’)_2m] . (45)

The ML estimates of 8 are given by equating Equations (41) — (44) to
zero and solving numerically.

Based on invariance property of the ML estimators (MLEs), The MLEs of
R (x; Q) and h (x; Q) can be obtained, respectively, by:

=13
R(0) =[1-(+x) ] x>0, (46)

23 |
x;8) = 26poAx~ 1 (1 + x77) [1_(1+x—v)‘2“] , x> 0(47)

7. Simulation Study

In this section, a simulation study is conducted to evaluate the performance of

the ML estimators of the parameters, rf and hrf for TIGTL-BIII distribution based

on Type Il censoring scheme using Mathematica 12 by the following steps:

1- Generating random samples of sizes (n = 30, 60, 100) based on two levels
of censoring [0% (complete sample) and 60%] from the TIIGTL-BIII
distribution using the transformation between the uniform and TIIGTL-BIII
distributions (the inverse function) which is as follows:

-1

%

= (1—[1—u])2m—1 , o<u<l,

-1
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With assuming that the population parameter values are:
(6=1,=05,v=2,1=1.5).
The ML estimates of the parameters are given by equating Equations (41) —
(44) to zero and solving numerically by using initial values of the parameters
(6 =13, =1,v =17, 1 = 1.2) then substituting these estimates into
Equations (45) and (46) to obtain the ML estimates of the rf and hrf at time
xo = 0.5.
Repeating this process m = 1000 times.
The ML estimates are calculated by averaging over the m repetitions.
The mean square error (MSE), bias, variance, lower limit (LL) and upper limit
(UL) for 95% confidence intervals (Cls) for the parameters, rf and hrf are
computed according to the following equations:
Zﬁl(estimated valuey — true value)2

MSE = )
m

Bias = E(estimator) - true value,
var = MSE — (Bias)?,
LL = estimate — Zl_g\/ var(estimator),
2

UL = estimate + zl_%\/ var(estimator),

And Length = UL - LL.
Then, the numerical results are obtained in the Tables (2) - (5).

Table (2) The ML estimates, MSE, variance, bias and 95% confidence

intervals of parameters of the TIIGTL-BIII distribution for different

sample sizes in case of complete sample (0% censoring) and m = 1000.
(6=13,=1,v=1.7,4A=1.2)

n r 0 MLE MSE Variance Bias a Length
- UL LL
6 | 1.3562 | 0.1710 0.0441 0.3562 | 1.7678 | 0.9447 | 0.8231
p | 0.8866 | 0.1592 0.0097 0.3866 | 1.0801 | 0.6931 | 0.3870
3030 v | 1.7507 | 0.1099 0.0477 -0.2493 | 2.1787 | 1.3226 | 0.8561
A | 1.0639 | 0.2042 0.0140 -0.4361 | 1.2961 | 0.8317 | 0.4643
6 | 1.3516 | 0.1490 0.0253 0.3516 | 1.6637 | 1.0396 | 0.6240
60 | 60 p | 0.8789 | 0.1481 0.0045 0.3789 | 1.0107 | 0.7471 | 0.2636
v | 1.7286 | 0.0992 0.0255 -0.2714 | 2.0416 | 1.4156 | 0.6260
A | 1.0546 | 0.2048 0.0065 -0.4453 | 1.2128 | 0.8965 | 0.3163
6 | 1.3463 | 0.1403 0.0204 0.3463 | 1.6262 | 1.0664 | 0.5598
100 | 100 B | 0.8754 | 0.1439 0.0030 0.3754 | 0.9827 | 0.7682 | 0.2145
v | 1.7069 | 0.1063 0.0204 -0.2931 | 1.9867 | 1.4271 | 0.5597
A | 1.0505 | 0.2046 0.0043 -0.4495 | 1.1792 | 0.9218 | 0.2574
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Table (3) The ML estimates, MSE, variance, bias and 95% confidence
intervals of the parameters of the TIIGTL-BIII distribution for different
sample sizes in the case of 60% censoring and m = 1000.
(6=13,=1,v=17,1=1.2)

. . Cl Length
n r 2 MLE MSE | Variance Bias UL m

d | 1.4107 | 0.3359 0.1672 0.4107 2.2123 | 0.6092 | 1.6031

B | 0.9016 | 0.1936 0.0322 0.4016 1.2536 | 0.5497 | 0.7039

30 12 v 1.8221 | 0.7064 0.6748 -0.1779 | 3.4321 | 0.2121 | 3.2200
A 1.0820 | 0.2212 0.0464 -0.4180 | 1.5043 | 0.6596 | 0.8447

d | 1.3775 | 0.2320 0.0895 0.3775 1.9639 | 0.7910 | 1.1728

60 | 24 p | 0.8730 | 0.1581 0.0189 0.3730 1.1428 | 0.6033 | 0.5395
v | 1.8871 | 0.3591 0.3464 -0.1128 | 3.0407 | 0.7336 | 2.3070

A | 1.0476 | 0.2319 0.0273 -0.4524 | 1.3713 | 0.7239 | 0.6474

é | 1.3703 | 0.1757 0.0386 0.3703 1.7553 | 0.9854 | 0.7700

100 | 40 p | 0.8605 | 0.1414 0.0115 0.3605 1.0704 | 0.6506 | 0.4198
v | 1.8805 | 0.2134 0.1991 -0.1195 | 2.7550 | 1.0060 | 1.7490

A | 1.0326 | 0.2350 0.0165 -0.4674 | 1.2845 | 0.7807 | 0.5038

Concluding remarks:
Tables (2) and (3) show that:
As the sample size increases, the ML estimates of the TIIGTL-BIII
distribution become close to the population parameter values
which are (§ =1, 8 =0.5,v =2, 1 =1.5) in most cases.
The MSE, variance and length of Cl decrease, the bias approaches
to zero and the Cls become narrower, in most cases, as the

The ML estimates for rf and hrf are contained in Tables (4) and (5):

sample size n increases.

As the level of censoring decreases, the ML estimates become
close to the population parameter values, in most cases.
The MSE, variance and length of Cl decrease and the bias
approaches to zero, in most cases, as the level of censoring
decreases [see Ashour et al. (2022)].
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Table (4) The ML estimates, MSE, variance, bias and 95% confidence
intervals of the rf and the hrf of the TIIGTL-BIII distribution for
different sample sizes in the case of complete sample (0% censoring)

and m =1000.
(60=13,=1,v=17,A=1.2and x, = 0.5)
al
n r rf and hrf MLE MSE Variance Bias Length
uL LL
R (x0;0) | 0.9073 | 0.0024 | 0.0024 | -0.0033 | 1.0037 | 0.8108 | 0.1929
30 | 30
h(x0;8) | 0.4708 | 0.0355 | 0.0355 | -0.0007 | 0.8400 | 0.1016 | 0.7385
R (x0;0) | 0.9066 | 0.0012 | 0.0012 | -0.0039 | 0.9733 | 0.8400 | 0.1333
60 | 60
h(xp;8) | 0.4790 | 0.0157 | 0.0157 | 0.0075 | 0.7245 | 0.2334 | 0.4910
R (x0;0) | 0.9046 | 0.0008 | 0.0008 | -0.0059 | 0.9591 | 0.8501 | 0.1090
100 | 100
h(xo;8) | 0.4852 | 0.0105 | 0.0103 | 0.0137 | 0.6845 | 0.2859 | 0.3985

Table (5) The ML estimates, MSE, variance, bias and 95% confidence
intervals of the rf and the hrf of the TIIGTL-BIII distribution for
different sample sizes in the case of 60% censoring and m = 1000.

(6=13,B=1,v=17,1=1.2and x, = 0.5)

Cl
r rf and hrf MLE MSE | Variance Bias m m Length

R(xO;Q) 0.9043 | 0.0085 | 0.0084 -0.0062 | 1.0843 | 0.7244 | 0.3599

30 | 12
h(xo;6) | 0.2649 | 2.4704 | 2.4278 | -0.2066 | 3.3189 | -2.789 | 6.1079
0 | 24 R (x0;8) | 0.9068 | 0.0044 | 0.0044 | -0.0037 | 1.0372 | 0.7765 | 0.2606
h(xo;8) | 0.3889 | 2.1577 | 2.1509 | -0.0826 | 3.2635 | -2.4856 | 5.7490
100 | 40 R (x0;8) | 0.9046 | 0.0020 | 0.0020 | -0.0060 | 0.9916 | 0.8176 | 0.1741

h(xO;Q) 0.4822 | 0.2908 | 0.2908 0.0107 1.5391 | -0.5747 | 2.1138

Concluding remarks:
From Tables (4) and (5), it is concluded that:

As the sample size n increases, the MSE, variance and length of rf
and hrf decrease, the bias approaches zero and the Cls become
narrower, in most cases.

As the level of censoring decreases, the MSE, variance and length
of rf and hrf decrease and the bias approaches zero in most cases.
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8. Application
In this section, an application on COVID-19 in Canada is performed to
demonstrate the flexibility and applicability of the TIIGTL-BIII distribution.
The THGTL-BIII distribution is compared with the Topp Leone-Burr Il (TL-
Bll) and Burr Il (BIll) distributions. The data set is obtained from
Almetwally et al. (2021) and fitted using the three models. The pdfs of
the TL-BIII and BIII distributions are as follows, respectively,
fripm (s 8,v, ) = 26vAx VM1 +x ) A1 - 1+ x™) 72
X [1 -(1-M1+ x‘”]"l)z]s_l, x>0; 88,v,1>0.
fon (v, ) = vax V11 4+ x7v) A1, x>0; v,A>0.
The descriptive statistics of the data set are obtained using SPSS 26.
Kolmogorov-Smirnov (K-S) statistic and its p-value are calculated by R
program (version 4.1.1). The ML estimates for the parameters, rf and the
hrf and the goodness-of-fit statistics including the -2loglikelihood (-2L),
Akaike information criterion (AIC), corrected Akaike information criterion
(CAIC) and Bayesian information criterion (BIC) are computed using
Mathematica 12.
The lower values of K-S, -2.L, AIC, CAIC and BIC, and the highest p-value
of the K-S statistic is an indicator to the better model.
The AIC, BIC and CAIC are calculated according to the following
equations:

AIC =2k — 2L,
BIC = klIn(n) — 2L,
and
CAIC = AIC 2k(k +1) 2L 2kn
B +n—k—1_ +n—k—1'
Where

k is the number of the parameters,

L is the natural logarithm of the likelihood function value substituted by

ML estimates, and n is the sample size.

This real data set represents a COVID-19 drought mortality rate from 10

April to 15 May 2020 of 36 days belong to Canada and it is as follows:
Table (6) Data of COVID-19 in Canada.

3.1091 | 3.3825 | 3.1444 | 3.2135 | 2.4946 | 3.5146

COVID-19 "4 9274 | 3.3769 | 6.8686 | 3.0914 | 4.9378 | 3.1091
beldoar: . |3:2823 | 3.8504 | 4.0480 | 4.1685 | 3.6426 | 3.2110
Canada 28636 | 3.2218 | 2.9078 | 3.6346 | 2.7957 | 4.2781
of 36 days |-%2202 | 15157 | 2.6029 | 33592 | 28349 | 3.1348
2.5261 | 1.5806 | 2.7704 | 2.1901 | 2.4141 | 1.9048
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The descriptive statistics of these data are obtained in the following
table:
Table (7) the descriptive statistics of COVID-19 data in Canada.

N Min. Max. Range | Mean Star!da.rd Mode | Skewness | Kurtosis
Deviation
36 1.5157 | 6.8686 | 5.3529 | 3.2816 | 0.9985 3.1091 | 1.267 3.825

This table shows that the skewness measure is positive, which indicating
that the distribution of the data is skewed to the right. Also, the kurtosis
measure value is more than 3 therefore, the distribution of the data is
leptokurtic (peaked).

Buoxplal

Histogram
Freguinry

—— | —

Figure (3) Boxplot and histogram for the data of COVID-19 in Canada.

In Figure (3), the boxplot indicates that the data are right-skewed and the
histogram implies that they are unimodal.

: P-P plot - Q-Q plat

Fial
o Qe tites

Iheecmest Quesales

I;vn\a\o'lir,\ %)
Figure (4) P-P plot and Q-Q plot for the for the TIIGTL-BIII distribution
for COVID-19 data of Canada.

Figure (4) displays that the TIIGTL-BIII distribution fit the data.
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Table (8) Goodness-of-fit statistics of the fitted distributions for the
data of COVID-19 in Canada.

Model K-S p-Value -2L AIC BIC CAIC

TILGI;II-L- 0.2500 0.2106 104.2602 | 112.2602 | 118.5943 | 113.5505

TL-BlII 0.3056 0.0694 126.8713 | 132.8713 | 137.6219 | 133.6213
BIII 0.3611 0.0183 164.4387 | 168.4387 | 171.6058 | 168.8024

From Table (8), since the level of significance @ = 0.01 is less than the p-
value for the three models, then they fit the data. The model with the
smallest values of the goodness-of-fit statistics and a highest p-value of
K-S statistic is the TIGTL-BIII distribution. This indicates that the TIGTL-
Blll distribution fits this data set better than the TL-Blll and BIlI
distributions.
Table (9) MLE estimates of the fitted TIIGTL-BIII distribution for the
data of COVID-19 in Canada.

0, rf and hrf MLE
5 6.9360
B 2.8851
v 1.2270
A 1.9234
R (x0;0) 0.9999
h (x0;8) 0.00003

In Table (9), the MLEs of the parameters are quite close to the initial
values of the parameters whichare (6§ = 3.15,8 = 1.8,v = 0.8,1 = 1.2).
From this application, we can conclude that the THGTL-BIII distribution
has flexibility in modelling the data over the TL-BIlIl and BIll
distributions.

Conclusion

In this paper, the new distribution called TIIGTL-BIII is proposed. The
plots of pdf and hrf and the main statistical properties including the
reliability function, hazard rate function, reversed hazard function,
cumulative hazard rate function, quantile function, median, central and
non-central moments, moment generating function, order statistics, and
record values are derived. The mode of the TIIGTL-BIII distribution is
derived numerically with different parameter values. Estimating the
parameters, rf and hrf of the TIHGTL-BIII distribution using the ML
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method of estimation based on Type Il censoring samples is performed to
evaluate the precision of the estimators. Moreover, an application for real
data set of COVID-19 drought mortality rate in Canada is performed. This
application proves the efficiency and flexibility of the proposed
distribution in modelling the data rather than TL-BIIl and BIII
distributions.
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