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Abstract

The study aims to understand and analyze the reasons that led to the
cessation or closure of a number of micro, small, and medium-sized
enterprises (MSMEs) in Jordan during the period (2005-2025). This is
based on a survey distributed across various sectors and governorates.
Despite the recent positive momentum in Jordan’s entrepreneurial
ecosystem—reflected in the entry of dozens of startups into the market
annually, along with the growing number of programs, institutions, and
business incubators supporting youth—markets are also witnessing the
annual exit and failure of a large number of these enterprises. This calls
for shedding light on the causes of business cessation and identifying
ways to mitigate them, in collaboration with partners to improve the
entrepreneurial environment.

A sample of (70) micro, small, and medium-sized enterprises that had
ceased operations in Jordan was selected to diagnose the main reasons
for closure and to track the orientations of business owners. The results
showed, based on relative distribution, that the majority of companies
were partnerships (70%), with activities concentrated in the service
sector (56%) and the commercial sector (29%). Geographically, most
were located in the capital (74%). Most of the businesses were micro-
sized (approximately 56%), employing no more than five employees,
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while (34%) of the sample consisted of startups that had been operating
in the market for a period ranging between (0-3) years.

The findings also revealed that declining sales and weak demand were
the primary reasons for business cessation across all types and
categories, regardless of size. This was followed by rising total costs,
including both operational and fixed expenses. These factors were
prominent across most categories. In terms of business type, sole
proprietorships were more vulnerable to closure due to declining sales,
whereas partnerships were relatively less affected by this factor. From a
gender perspective, males were more affected by declining demand and
sales compared to females. Regarding years of experience, declining
demand and sales emerged as the main common factor leading to
business cessation regardless of experience level. In terms of economic
activity, commercial and service-based businesses were the most
affected by financial factors (declining sales and rising costs), while
industrial and technology firms faced challenges arising from external
economic crises. Concerning the educational level of business owners,
university graduates and postgraduates were the most represented in
closure causes, particularly in relation to declining sales, legal difficulties,
and rising costs. In contrast, less-educated groups were more affected by
issues related to customers’ failure to settle outstanding debts.

Overall, the results confirm that financial and economic factors are the
most influential causes of business cessation, followed by legislative and
procedural factors, while administrative and organizational factors were
the least influential within the studied sample.

Based on these findings, the study recommends conducting additional
detailed sectoral studies to deepen the understanding of specific needs.
It also emphasizes the importance of coordinated efforts to develop and
introduce new support programs based on these findings, ensuring the
effectiveness of government interventions and supporting the
sustainability of MSMEs. This should be achieved through coordination
within official channels and partnerships between public and private
sector entities, including relevant civil society organizations.
Furthermore, it is essential to ensure that policymakers and specialists
are informed of the study’s outcomes when reviewing and developing tax
policies—particularly indirect taxes—in the context of ensuring tax
fairness. Collectively, these measures are expected to reduce failure

4
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rates by strengthening the contribution of vital productive sectors within
the framework of the Economic Modernization Vision.

Keywords: Business failure; Micro, Small and Medium Enterprises
(MSMEs); Jordan
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Abstract

Environmental crimes have become one of the most serious challenges
facing humanity, due to their devastating effects on the environmental
balance, on human life, and even on international peace and security.
Accordingly, these crimes are no longer purely local issues, but have
taken on cross-border dimensions, sparking widespread debate about
the possibility of classifying them as serious international crimes that may
rise to the level of ecocide. This calls for accountability before national
and international criminal courts and not being satisfied with financial
compensation. This may contribute to achieving true environmental

justice and prevent impunity.
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Abstract

Background: The third trimester of pregnancy is a crucial period during
which maternal and fetal risks are heightened. Conditions such as
anemia, hypertensive disorders, and diabetes mellitus contribute
significantly to maternal morbidity and mortality. Identifying risk factors
aids in early detection and prevention.

Objectives: To assess the prevalence and determinants of major
pregnancy-related risk factors among third-trimester women attending
antenatal care in Baghdad.

Methods: A cross-sectional study was conducted from February to May
2021 at Baghdad Teaching Hospital. A total of 353 women in their third
trimester were recruited. Data on demographic, obstetric, and clinical
characteristics were collected through structured interviews. Statistical
analysis was performed using SPSS version 23, applying descriptive
statistics and chi-square tests. Significance was set at p < 0.05.

Results: The mean age was 27.6 = 5.3 years; 55.2% were aged 21-30
years, and 71.7% had low family income (<500,000 I1QD). The prevalence
of anemia was 83%, hypertension 20.7%, and diabetes mellitus 14.7%.
Significant associations were observed between anemia and low income,
early first pregnancy, and normal BMI (p < 0.05). Hypertension was
significantly associated with advanced age and higher BMI (p < 0.05) .
Diabetes mellitus showed associations with age, BMI, and coexisting
hypertension (p < 0.01).

Conclusion: Anemia, hypertensive disorders, and diabetes mellitus are
highly prevalent among pregnant women in Baghdad. Strengthening
antenatal screening and targeted health education programs are
essential to improve maternal and neonatal outcomes.

Keywords: Third trimester; Pregnancy; Risk factors; Anemia;
Hypertension; Diabetes mellitus; Antenatal care; Baghdad.

Introduction
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The third trimester start at 28 weeks of pregnancy and lasts until delivery
which may be around 40 weeks of pregnancy ) The components of
antenatal care include risk identification, prevention and management of
pregnancy related or concurrent disease and health education and health
promotion.

At these third trimester contacts, ANC providers should aim to reduce
preventable morbidity and mortality through systematic monitoring of
maternal and fetal wellbeing, particularly in relation to hypertensive
disease and other complications that may be asymptomatic but
detectable during this critical period ). prenatal care is especially
important in the third trimester because the identification of high-risk
cases even if only a few weeks before clinical onset, might have a huge
impact on maternal and perinatal outcomes, some research has
demonstrated that a policy of active labor induction in patient with mild
preeclampsia significantly reduce cost and progression to sever disease
without any increase in cesarean section rates. third trimester screening
strategies are effective in predicting preeclampsia, IUGR and perhaps
other complication such as still birth ®- during third trimester prenatal
visit the healthcare provider may check the following according the
current medical condition of the patient and her fetus [ any current
symptoms or discomfort, weight, blood pressure, urine test, (position,
growth, and development of the fetus), height of the fundus, fetal heart
rate].®

Most common prenatal problem in third trimester of pregnancy are:

1. Anemia is a global public health problem effecting people of all ages
in both developing and developed countries (5). it is a condition in which
the number and size of red blood cells or hemoglobin concentration fall
below the cutoff value consequently reducing the ability of blood
transport oxygen around the body (5). According to the WHO anemia in
pregnancy is define as a Hb concentration below 11 g/d (5, 6). In
developing countries in pregnant women iron and folate deficiency
anemia are common and associated with nutritional deprivation
intestinal worm infection, hemolytic anemia is most common in malaria
region of developing countries (7,8,9). it is most common preventable
cause of maternal and perinatal mortality and morbidity (10). Anemia
prevalence rate still high, it is proven by world health organization data.
The worldwide prevalence of anemia in pregnancy is 41.8 %, Asia is 57.1
%, American is 24.1 %and Europe is 40 % of maternal death associated
with anemia in pregnancy (5,7, 11). In previous studies observed
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prevalence rate of anemia was higher among third trimester pregnant
females, low level of education, decrease birth spacing and history of
anemia before pregnancy was associated with increased risk of anemia
(12).

2. Any patient with vaginal bleeding should be seen by physician and
follow up to determine the gestational age and prior obstetric history
(prior cesarean section, uterine surgery, history of abruption), vital signs
(maternal and fetal). Placenta Previa is defined as the implantation of the
placenta in the lower segment of the uterus either partially or completely
covering the internal cervical os., the incidence of placenta Previa is
started to be 4.8 per 1000 pregnancies at term (13). Risk factor for
placenta Previa include maternal age above 35 years, smoking, cocaine,
minority race, multi-parity, previous history, previous elective abortions,
increase altitude and most importantly prior cesarean section (13,14).
Placenta abruption is the premature separation of a normally implanted
placenta from the uterine well, it occurs in approximately 1% of all
deliveries (13,14) and its severity can be ranged from asymptomatic to
lethal for both mother and fetus (13). Abruption is the most cause of
intrapartum fetal death and has an approximate 35 % of fetal mortality
(13). Maternal risk factor includes (hypertension, advance parity or age,
tobacco use, poor nutrition, cocaine use (13,14), Preterm Prolabor
Rupture of Membranes (PPROM), diabetes, preeclampsia,
polyhydramnios, blunt external abdominal trauma, is also important
cause of abruption (13)

3. Hypertensive disease of pregnancy is one of the top three
complications that effect pregnancy. The others being hemorrhage and
infection (13). they are common and affecting about 5 — 9 % of normal
pregnancies (15), and account for 15 % percent of all maternal deaths
being second leading cause of maternal mortality in the United States
(13-14), given increase prevalence of baseline hypertension, obesity ,
diabetes, in women child bearing age and the social trend toward
advanced maternal age, the published rates may underestimate recent
incidence (15).Women with hypertensive disorder in pregnancy are at
risk for complications including placental abruption, cerebral
hemorrhage, hepatic dysfunction, renal insufficiency, and disseminated
intravascular coagulation (DIC). The fetal consequences of hypertension
include growth restriction, premature birth, and fetal demise (14). There
are 4 categories of hypertensive disorders in pregnancy, chronic
hypertension, and preeclampsia, eclampsia, superimposed on chronic
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hypertension (13, 14,15). Chronic hypertension; it’s defined as a systolic
blood pressure of 140 mmHg or more, a diastolic blood pressure of 90
mmHg or more according to the national high blood pressure,
hypertension that is diagnosed before 20 weeks gestation is chronic
hypertension. (14,15) Gestational hypertension called pregnancy induce
hypertension, it is occurred during pregnancy and resolved during
postpartum period usually within 12 weeks, blood pressure greater than
140 over 90 without presence of proteinuria or edema. Preeclampsia is
defined as hypertension with blood pressure of 140 over 90 or greater
with the presence of proteinuria or edema. Eclampsia is the occurrence
of seizures in pregnant women with preeclampsia that cannot attributed
to any other cause (14). Women with hypertensive disorder in pregnancy
are at risk for complications including placental abruption, cerebral
hemorrhage, hepatic dysfunction, renal insufficiency, and disseminated
intravascular coagulation (DIC) (14)

4. Diabetes mellitus and pregnancy:

Diabetes mellitus is the most common medical complication of
pregnancy and its carries a significant risk to the fetus and the mother.
Congenital malformations and perinatal morbidity remain common
compared with the offspring of nondiabetic pregnancies (16). Diabetes in
pregnancy refers to any diabetes in pregnancy including gestational
diabetes mellitus, type 1 diabetes mellitus and type 2 diabetes mellitus.
Gestational diabetes mellitus is defined as glucose intolerance that
develops during pregnancy or that is diagnosed at an antenatal visit in
the second or third trimester (9,16,17). the global prevalence of
gestational diabetes varies from 1% to 14% (16,17).

5. Premature labor is defined as uterine contraction with cervical
dilatation before 37 weeks of gestation (14). Preterm labor occurs in 8%
- 10% of all pregnancies. The risk factor for all prenatal problem include;
low socioeconomic status, extreme age, substance abuse (alcohol,
smoking, cocaine) multiple gestation, history of preterm labor, low pre-
pregnancy weight (BMI < 20) (14).

This study aims to describe the frequency of risk factors among pregnant
women in third trimester and to study the association of the risk factors
with complication of pregnancy.

METHOD
A cross-sectional study was conducted in the antenatal care unit of
Baghdad Teaching Hospital between February and May 2021.The study
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setting involved Ministry of Health (MOH) and the Scientific Committee
at the department of Family and Community Medicine, College of
Medicine, University of Baghdad. The study Population included all
pregnant women in their third trimester who attended antenatal care
and consented to participate. Women with incomplete data or outside
the third trimester were excluded. Data Collection done by using
Structured questionnaires were used to collect information on
demographics (age, education, family income, occupation), obstetric
history(number of pregnancies, age of last delivery, previous history of
miscarriage, age at first pregnancy, birth spacing, use of intrauterine
device, diabetes mellitus, hypertension, anemia, preterm labor, cerclage,
heavy menstrual bleeding), History of current pregnancy, (Hb%, daily tea
intake, use of iron supplementation nausea and vomiting, pre-pregnancy
BMI, diabetes mellitus, hypertension, vaginal bleeding).

BMI calculated by using a person's height and weight. The formula is BMI
=kg/m2 where kg is a person's weight in kilograms and m2 is their height
in meters squared. A BMI of 25.0 or more is overweight, while the healthy
range is 18.5 to 24.9.

The data was collected and stored electronically; Statistical Analysis Data
were entered into SPSS version 23. Descriptive statistics (mean, standard
deviation, frequency, percentage) summarized the sample
characteristics. The chi-square test assessed associations between
categorical variables, and a p-value < 0.05 indicated statistical
significance.

Results

In the current study 353 pregnant women in the third trimester were
selected to participants, 195 (55.2%) were aged 21-30 years, 139 (39.5%)
had primary education, and 253 (71.7%) had family incomes below
500,000 IQD. The majority were housewives (88.1%) as in table 1 below
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Table 1: Demographical characteristics of pregnant women.

Demographic characteristic of pregnant No. %
women Total No.=353
Age groups (in years)
- Less than 20 46 13.0%
-21-30 195 55.2%
- Greater than 30 112 31.7%
Education
- llliterate 72 20.4%
- Primary 139 39.4%
- Secondary 103 29.2%
- Collage, high education 39 11.0%
Monthly income of family
- Less than 500000 253 71.7%
- 500000 -1000000 58 24.1%
- Greater than 1000000 15 4.2%
Current status of patient
- House wife 311 88.1%
- Employed 42 11.9%

Most pregnant women have more than 3 child (multiparas) 185 (44.8%),

higher birth spacing greater than 2 years 204 (57.8%), age at first

pregnancy higher in less than 20 years old 197 (55.8%) as shown in table2
Table 2: Obstetrical history of the patient.

Obstetrical history No. Total No.=353 %
Number of children

- Nil para 49 13.9%

- 1-3 146 14.4%

- More than 3 185 44.8%
Age of last delivery

- First child 57 16.1%

- Lessthan 1 year 82 23.2%

- 2years 33 9.3%

- Greater than 2 years 181 51.3%
Age at first pregnancy

- Less than 20 years 197 55.8%

- 20-30years 138 39.1%

- Greater than 30 years 18 5.1%
Birth spacing

- First child 47 13.3%

- Oneyear 102 28.9%

- Greater than 2 years 204 57.8%
Use of intrauterine device

- Yes 46 13.0%

- No 307 87.0%
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In the current pregnancy more than half of the pregnant women have
nausea and vomiting during the third trimester 246 (69.7%), most daily
tea intake less than 2 per day 215 (60.9%), the pregnant women not
having anemia before get pregnant 217 (61.5%), pre-pregnancy BMI
within normal 260 (73.7%), overweight 58 (16.5%), obese 17 (4.8%) as
shown in (table 3)

Table 3: History of current pregnancy.

History of current pregnancy No.
Total No.=353 %
Nausea and vomiting
- Yes 246 69.7%
- No 107 30.3%
Daily tea intake
- No 92 26.1%
- Lessthan?2 215 60.1%
- Greaterthan 3 46 13.0%
Anemia before getting pregnant
- Yes 136 38.5%
- No 217 61.5%
Pre-pregnancy body mass index
- Under weight 18 5.1%
- Normal 260 73.7%
- Over weight 58 16.4%
- Obese 17 4.8%

Anemia (Hb < 11 g/dL) was detected in 293 participants (83.0%),
hypertensive disorders in 73 (20.7%), diabetes mellitus in 52 (14.7%)
preterm birth 45 (12.7%) and 136 (38.5) has previous history of
miscarriage Gestational hypertension accounted for (18.1%) of all
hypertensive cases, while gestational diabetes constituted (12.5%) of
diabetic cases. Vaginal bleeding in the third trimester was reported by 50
women (14.2%) as in graph 1.
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graph 1: bar chart shows the percentage of the diseased and

non-diseased patients in pregnant women
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Significant associations were found between anemia and low income,
early first pregnancy, and normal BMI (p < 0.05) as in table 4,5.

Table 4: The association between Hb% and demographic characteristics
of pregnant women.

Hb% Total: 353 P - value
N and %
<11g/dl 211 g/dl

Age group
- less than 20 years 41 (14.0%) 5(8.3%) 46 (13.0% )
- 20-30vyears 158 (53.9%) 37 (61.7%) 195(55.2%) 0.400
- Greater than 31years | 94 (32.1%) 18 (30.0%) 112 (31.7%)
Education
- llliterate 60 (20.5%) | 12 (20.0%) 72 (20.4%)
- Primary 121 (41.3%) | 18 (30.0%) 139 (39.4%) | 0.076
- Secondary 85 (29.0%) 18 (30.0%) 103 (29.2%)
- Collage, high education 27 (9.2%) 12 (20.0%) 39 (11.0%)
Monthly income of family

0, 0, ()
Cssomeo (200 @000 zmz |
- 500000 -1000000 (25.3%) (18.3%) (24.1%) )
- Greater than 1000000 8 (2.7%) 7 (11.7%) 15 (4.2 %)
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Table 5: The association between Hb% and obstetric history of the
pregnant women.

Hb% Total: 353 P-
<11g/dI 211¢g/dl Nand % value
Number of children
- Nil para 39 (13.3%) 10 (16.7%) 49 (13.9%)
- 13 128 (43.7%) 18 (30.0%) 146 (41.4%) 0.146
- More than 3 126 (43.0%) 32 (53.3%) 185 (44.8%)
Age at first pregnancy
- Lessthan 20 165 (56.3%) 32 (53.3%) 197 (55.8%)
- 20-30years 117 (39.9%) 21 (35.0%) 138 (39.1%) 0.039
- Greater than 30 11 (3.8%) 7 (11.7%) 18 (5.1%)
History of miscarriage
- Yes 112 (38.2%) 24 (40.0%) 136 (38.5%) 0.797
- No 181(61.8%) 36 (60.0%) 217 (61.5%)
Birth spacing
- Nil para 37 (12.6%) 10 (15.4%) 47 (13.3%)
- Oneyear 85 (29.9%) 17 (28.3%) 102 (28.9%) 0.699
- Greater than 2 171 (72.6%) 33 (53.9%) 204 (57.8%)
Heavy menstrual bleeding
- Yes 40 (13.7%) 5 (8.3%) 45 (12.7%) 0.260
- No 253 (86.3%) 55 (91.7%) 308 (87.3%)
Use of intrauterine device
- Yes 38 (13.0%) 8 (13.3%) 46 (13.3%) 0.939
- No 255 (87.0%) 52 (86.7%) 307 (87.0%)
Anemia before getting
pregnant
- Yes 118 (40.3%) 18 (30.0%) 136 (38.5%) 0.136
- No 175 (59.7%) 42 (70.0%) 217 (61.5%)
Pre-pregnancy BMI
- Underweight 10 (3.4%) 8 (13.3%) 18 (5.1%)
- Normal 223 (76.1%) 37 (61.7%) 260 (73.7%)
- Overweight 49 (16.7%) 9 (15.0%) 58 (16.4%) 0.002
- Obese 11 (3.8%) 6 (10.0%) 17 (4.8%)
Nausea and vomiting
- Yes 205 (70.0%) 41 (68.3%) 246 (69.7%) 0.802
- No 88 (30.0%) 19 (31.7%) 107 (30.3%)
Daily tea intake
- No 75 (25.6%) 17 (28.3%) 92 (26.1%)
- Less than 2 per day 178 (60.8%) 37 (61.7%) 215 (60.9%) 0.719
- Greater than 3 per day 40 (13.7%) 6 (10.0%) 46 (13.0%)

About hypertension in the study, there was statistically significant
association between hypertension and age of the patient, birth spacing
and pre-pregnancy BMI, there p-value < 0.05 (0.004, 0.013, 0.000) as in
as in table 6.
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Table 6: The association between hypertensive disease and
characteristic of pregnant women.

Hypertensive disease
Total P-
Yes NO N=353 value
N and (%) N and (%)
Age group
8 (11%) 38 (13.6%) 46 (13.0%)
- less than 20 years 0.004
_ 20-30years 30 (41.1%) 165 (58.9%) 195 (55.2%) .
- Greater than 31 years 35 (47.0%) 77 (27.5%) 112 (31.7%)
Birth spacing
i 5 (6.8%) 43 (15.4%) 48 (13.6%)
- Nil para 0013
- Oneyear 15 (20.5%) 86 (30.7%) 101 (28.6%) .
- Greater than 2 53 (72.6%) 151 (53.9%) 204 (57.8%)
Pre-pregnancy BMI
6(8.2% 43 (15.4% 21 (5.9%
- Underweight ( ) ( ‘) ( )
- Normal 39 (53.4%) 86 (30.7%) 257 (72.8%) 0.000
- Overweight 23 (31.5%) 151 (53.9%) 54 (15.3%)
- Obese 5 (6.8%) 280 (79.3%) 21 (5.9%)

While

diabetes mellitus correlated with age, BMI, birth

spacing and highly

statistically significant association between diabetes mellitus hypertension

(p<0.05) asin table 7

Table 7: The association between diabetes mellitus and characteristic of
pregnant women.

Diabetes mellitus
Yes NO Total P-value
N and (%) N and (%) N=353
Age group
- less than 20 years 6 (11.5%) 40 (13.3%) 46 (13.0%)
- 20-30 years 20 (38.5%) 175 (58.1%) 195 (55.2%) 0.008
- Greater than 31 years 26 (50.0%) 86 (28.6%) 122 (31.7%)
Number of children
- Nil para 5 (9.6%) 44 (14. 6%) 49 (13.9%)
13 20 (38.5%) 126 (41.9%) 146 (41.4%) 0.444
- more than 3 27 (51.9%) 131 (43.5%) 158 (44.8%)
Birth spacing
42(14.09 47(13.39
- Nilpara 5(9.6%) (14.0%) (13.3%) 0.022
_ Oneyear 8(15.4%) 94(31.2%) 102(28.9%)
- Greater than 2 39(75.0%) 165(54.8%) 204(57.8%)
Pre'pregnancdy BMI " 6(11.5%) 15 (5.0%) 21 (5.9%)
- -nderwelg 28 (53.8%) 229 (76.1%) | 257 (72.8%) 0.010
- Normal
- Overweight 13 (250%) 42 (140%) 55 (156%)
- Obese 5 (6.8%) 15 (5.7%) 20 (5.7%)
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Hypertensive disease
- Yes 26 (50.0%) 47 (15.6%) 73 (20.7%) 0.000
- No 26 (0050.0%) 254 (84.4%) 280 (79.3%)

There was statistically significant association between vaginal bleeding
and hypertension their p-value < 0.05 as in table 8.

Table 8: The association between vaginal bleeding and characteristic of
pregnant women.

Vaginal bleeding
Yes NO Total P-
N and (%) N and (%) N=353 value

Age group
- less than 20 years 9 (18.0%) 37 (12.2%) 46 (13.0%)
- 20-30years 26 (52.0%) 169 (55.8%) 195 (55.2%) 0.530
- Greater than 31 years 15 (30.0%) 97 (32.0%) 112 (31.7%)
Education
- llliterate 8 (16.0%) 64 (21.1%) 72 (20.4%)
- Primary 22 (44.0%) 117 (38.6%) 139 (39.4%) 0.815
- Secondary ) 14 (28.0%) 89 (29.4 %) 103 (29.2%)
- Collage, high education

6 (12.0%) 33 (10.9%) 39 (11.0%)
Number of children
- Nil para 10 (20.0%) 39 (12.9%) 49 (13.9%)
- 13 17(34.0%) 129 (42.6%) 146 (41.4%) 0.308
- Greater than 4 23 (46.0%) 135 (44.6%) | 158 (44.8%)
Age of last delivery
- Fist child 13 (26.0%) 44 (15.0%) 57 (16.1 %)
- Lessthan 1 year 9 (18.0%) 73 (24.1%) 82 (23.2% 0.210
- 2years 5(10.0%) 28 (9.2 %) 33 (9.3%)
- Greater than 2 years 23 (46.0%) 158 (52.1%) 181 (51.3%)
Hypertensive disease
- Yes 19 (38.0%) 54 (17.8%) 73 (20.7%) 0.001
- No 31 (62.0%) 249 (82.2%) 280 (79.3%)
Diabetes mellitus
- Yes 9 (18.0%) 43 (14.2%) 52 (14.8%) 0.481
- No 41 (82.0%) 269 (85.8%) 301 (85.3%)

Discussion

Anemia in pregnancy remains a major problem in nearly all developing
and many industrialize countries the WHO estimated that 58% of
pregnant women in developing countries are anemic (12). In the current
study the patients who were suffering from anemia were 293 (83%) of
the total sample, and this is higher than that was reported by (Grace
Stephen et al.) (8), in the present study number of anemic cases 158
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(53.9% ) were in the age group of 21 — 30 years old , ( Agrawal J. et al. )
reported age of pregnant women was 74.2% in the age group of 21-35
years (18) , in this study anemia were more common in multiparous
women 128 (43.7% ), and this agree with ( Agrawal J. et al. ) who reported
that 68.6% were multiparas (18), The current study showed that the level
of education as primary education was most frequent 121 (41.3%) and
this agrees with (Agrawal J et al.) in India (18) . 165 (56.3%) were age less
than 20 years old at first pregnancy, (Amany Abdel Hafez et al.) reported
41.1% were age less than 20 years old at first pregnancy (12). The results
showed that all variables were not associated with Hb% level except
three of them were associated with Hb% that are (monthly income of the
family, age at first pregnancy, pre-pregnancy BMI) as in (table 3). Unlike
(A. Abbasi et al.) where there is significant association between Hb% and
most variables only three showed no significant association with Hb%
(previous history of miscarriage, nausea and vomiting and any
hemorrhagic disease (19).

In the present study there is 73 (20.7%) prevalence of hypertensive
disease was higher than that reported by (Chun ye et al.) the prevalence
of hypertensive disease in pregnancy was 5.22% (20) The present study
found a statistically significant association between hypertensive disease
in pregnancy and age higher BP among old age female more than 31 years
old unlike what reported by (Anita Nath et al.) were higher BP was
reported among women more than 28 years of age (21). Hypertension
in pregnancy is known to be associated with advancing maternal age.
(Chun ye et al.) reported risk of hypertensive disease in pregnancy was
1.8 times higher in those aged 35-39 years and 2.4 times higher in those
aged 40 years old and older (20). There is highly significantly association
between hypertensive disease in pregnancy and pre-pregnancy BMI
similar to (Chun ye et al.) was reported close relationship between
hypertensive disease in pregnancy and pre-pregnancy BMI, obese
women were at a higher risk of preeclampsia compere to those with
normal BMI (20)

In present study the main age group of pregnant women with diabetic
disease in pregnancy was greater than 31 years old. (Milln et al.)
Reported the main age group of the participant was 27 years (22). There
is significant association between diabetes mellitus and age, birth
spacing, pre-pregnancy BMI and hypertensive disease in pregnancy,
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(Milln et al.) reported that participant with hyperglycemia in pregnancy
had higher risk of hypertensive disorder in pregnancy compared to the
norm-glycemic participant (22), (Chun Ye) reported that gestational
diabetes mellitus is a risk factor for hypertensive disease in pregnancy
(20). Malgorzata Lewandowska reported gestational diabetes mellitus
had a statistical significant association with higher age and pre-pregnancy
BMI and hypertensive disease in pregnancy (23).In this study 50 (14.2 %)
have antepartum hemorrhage (Bener, et al.) was reported prevalence of
antepartum hemorrhage among Arab women residing in Qatar was
15.3% with 6.7% among Qatari women and 8.6 % among non-Qatari Arab
women (24) (Dazhi Fan et al.) Reported that between 20% and 78% of
women screened positive for antepartum hemorrhage (25).

In this study there is significant association between antepartum
hemorrhage and hypertensive disease in pregnancy (Bener et al.) was
reported no significant association with variables while there is
significant association with family history of hypertension (24).

Conclusion

This study reveals alarmingly high rates of anemia, hypertension, and

diabetes mellitus among third-trimester pregnant women in Baghdad.

Low socioeconomic status, young age at first pregnancy, and higher BMI

were major contributors. Integrating routine screening and early

intervention into antenatal care is crucial. Future research should explore
the effectiveness of targeted interventions aimed at improving
nutritional status and chronic disease prevention during pregnancy.

Recommendations:

1. Strengthen health education programs to raise awareness about
anemia, hypertensive disorders, diabetes mellitus, and vaginal
bleeding during the third trimester.

2. Implement preventive strategies starting from school health programs
to address anemia and promote preconception health.

3. Reinforce antenatal counseling on iron supplementation, nutrition,
and weight management before and during pregnancy.

4. Ensure timely access to effective antenatal and emergency obstetric
care for early detection and management of high-risk pregnancies.

5. Improve hospital readiness and adherence to evidence-based
guidelines for managing obstetric emergencies to reduce maternal
and neonatal complications.
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Abstract

This paper is concerned with introducing a new distribution called Topp-
Leone Burr Il (TL-BII) distribution. Some statistical properties such as
reliability function (rf), hazard rate function (hrf) reversed hazard
function (rhrf), the mean, variance, quantile function, median, skewness,
and kurtosis are studied. The moments and moment generating function,
order statistics are obtained. The method of maximum likelihood is used
for estimating the parameters of this distribution.

A simulation study is conducted to represent the flexibility of the
distribution and real data sets are used to demonstrate the applicability
of the suggested distribution.

Keywords: Topp-Leone, reliability, hazard, skewness, kurtosis.

Introduction

Generating family of distributions is a new improvement for creating and
extending the usual classical distributions. Several ways of generating
new distributions from classic ones have been developed. Hence, several
classes to generate new distributions by adding one or more parameters
have been proposed in the statistical literature. For example, Beta-G
distribution family that was introduced by Eugene et al. (2002),
McDonald class of distributions by Alexander et al. (2012), gamma-G type
1 by Zografos, k. et al. (2009). gamma-G type 2 by Ristic ,M M. and et al.
(2012), odd exponentiated generalized by Cordeiro, GM. et al. (2013),
exponentiated T-X by Alzaghal A et al. (2013), odd Weibull-G by
Bourguignon M. et al. (2014), exponentiated half-logistic by Cordeiro et
al. (2014), T-X{Y} quantile-based approach by Aljarrah et al. (2014),
Lomax G by Cordeiro et al. (2014), Kumaraswamy-G class of distributions
by Cordeiro et al. (2014), Kumaraswamy odd log-logistic-G by Alizadeh et
al. (2015), logistic-X by Tahir et al. (2016) and alpha power transformation
family of distributions introduced by Mahdavi and Kundu (2017).

These distributions allow us to analyze and interpret the data, identify
trends, estimate probabilities, and make informed decisions based on the
findings. The choice of a suitable statistical distribution is crucial because
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it determines how well the model aligns with the observed data and how
accurately it represents the real-life behavior of the items. A well-fitting
distribution provides valuable information that enables us to draw sound
conclusions about the item's performance, predict future outcomes,
assess risks, and make informed decisions. In summary, appropriate
statistical distributions are essential for modeling the real-life behavior
of items because they offer valuable data collected helps us draw
meaningful conclusions and make sound decisions based on the analysis
of the collected data (Sarker, 2021).

Burr Type Il distribution

Burr (1942) suggested twelve forms of cumulative distribution functions
which might be useful for fitting data. Abu-Salih, et al. (1997) derived
Bayes estimators of the parameters of Burr Il assuming two priors for
namely, quasi-prior and conjugate prior, and considering two types of
loss functions.

The random variable X with burr Type Il distribution has a cumulative
distribution function (cdf) given by

F(x,0)=(1+e ™) % —c0<X<0;68>0, (D

The one-parameter burr Type Il distribution with probability density
function (pdf) is defined as:

f(x,0)=0e*(1+e*) %, —0<X<o0;0>0, (2)

Where 6 is the shape parameter.

Topp- Leone Distribution

The Topp-Leone distribution was introduced by Topp and Leone in 1955.
The Topp Leone distribution (TLD) is a continuous lifetime model having
finite support and bathtub (U-shaped) hazard rate function; these features
distinguish it from the famous lifetime models such as gamma, Weibull,
or Log-normal distribution.

Furthermore, Nadarajah and Kotz (2003) pointed out that the TL
distribution provides bathtub shape of the hrf when 0 < 6 < 1. In
addition, if 8 = 1 the TL distribution has a non-increasing hazard
function.

Li (2016) provided the estimation of the parameter of TL distribution
under symmetric entropy loss function based on lower record values.
Reyad and Othman (2017) studied the Topp—Leone Burr XlI distribution
properties and applications. EL-Helbawy (2018) studied Bayesian
estimation for Topp—Leone Weibull distribution based on dual
generalized order statistics and proposed estimation under a finite
mixture of two — component Topp—Leone Rayleigh lifetime model.
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Behairy et al. (2020) studied Topp—Leone inverted Kumaraswamy
distribution properties and estimation and prediction.

A random variableXis distributed as the TL with parameter a denoted by
X~TL(0), with cdf as

Frp(x) = x*(2—x)%, 0<x<1, a>0 €))

The corresponding (pdf) is

fri(x) =2ax*"1(1—-x)(2 —x)* 1, 0<x<1 a>0 (4
where 8 is a shape parameter

The reliability function (rf) , hazard rate function (hrf) and reversed
hazard function (rhrf) are obtained. These functions of the TL distribution
are, respectively given by

Rpypyx)=1-Fx)=1-x*Q2-x*, 0<x<1, a>0, (5

f()  2ax*'(1-x)2-x)*"

b () = g5 = 1o 0<X<L @>0 (©)
and

o -1 _ —_ y)ya—1 —
thep (o = L00 J2axt A =0@ =07 20070, .y 5o

F(x) x% (2 — x)* T x(2-x)
Topp-Leone generalized family

Recently, applying new generators for continuous distributions became
more interesting. This methodology can improve fitness and determine
tail properties and let the new distribution more flexible to model real
data. These features are established by the results of many generators
such as beta distribution, generalized Kumaraswamy distribution,
generalized beta distribution and the exponentiated family of
distributions [See Eugene et al. (2002), Jones (2004), Cordeiro and de
Castro (2011), Alexander et al. (2012), AL-Hussaini and Ahsanullah
(2015)].

If arandom variable X is distributed as the (TL) and bound on [0, 1]. Topp-
Leone generalized family of distributions was inferred by Rezaei, et al.
(2016). Let X be a continuous random variable with (cdf) G(x). The (TLG)
distribution has (cdf) written by

Fric) = (1- (1-6)°) 0<x<ow, a>0  (8)
By differentiating, the corresponding (pdf) is

fric() = 2a g()(1 - () (1 - (1- G(x))z)a_l L0<x<m, 8 >0(9)

where g(x) = di—ix) and where « is a shape parameter.
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Topp Leone-Burr Type Il Distribution

One can construct T1 — BII distribution by combining (1) and (2) into (8)
and (9 hence the cdf and pdf of the Tl — BII are given respectively as
follows:

a
Feri-pm () = [1 -(1-a+ e_x)_g)z] , —oo<x<o,q8>0 (10)
fGa,0) =2a0e™™(1 + e—x)—6—1(1

—9 2 a-1
—(1+eﬂyﬂﬂ1—(r—«1+eﬁn )] —w<x
<oo,a,0 >0 (11)
Plots of pdf of distribution of different values of the parameters is given
in Figure 1.

T T T
— a:l’ =2
— 0=0.5, 6=1.5
o8k |— a=0.05, 0=2 -
o=2, 6=6
f(x,1,2)
— 0.6F .
£(x,0.5, 1.5)
O
o= f(x,0.05,2)
f(x,2,6) 0.4 4
0.21 1
MMMMMM i
o ___/ > “""""mk ,
- 10 -5 0 5 10

Figure 1: plots of pdf of the TL — BII distribution at different values of the
parameters a, 60

From Figurel it is noticed that the curves are approximately normal

increasing and then decreasing.

e The reliability function (rf) of the TL — Blldistribution is as
follows:

R(x;a,0)=1-F(x)=1-[1-1-0Q+e*)?*,—c0o< X <00,a,0 >

0 (12)

e The hazard function (hrf) of the (TL — BII) distribution is as
follows:
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_f(xa,0)
" R(x;a,0)

—6\2
2000 (14 e )P = 1+ e ) D)1= (1- (A +e) )]

1-[1-(1—-Q1+ex)?9)2]a
—o<X<o,q,6>0 (13)

The plots of h(x) function at different values of the parameters a, 8 are
displayed in Figure 2.

h(x; a,8)

a—-1

)

2 T T ,.-"'"'_-__" i ]
JI.-'_".r
1.5 : =
h(x, 1,1) H{F
h(x,2.5,5) ,-’Iz' '
h(x,.5,.6) | ff{ ) T
h(x,1.2,1.6) ! /
o /i
0.5 =
/e
//. f. A
0 LT L I
~10 _5 0 5 10

Figure 2: plots of h(x) for the TL — BII distribution at different values
of the parameters a, 8
From Figure 2 it is noticed that the curves are increasing at different
values for the parameters
e The reversed hazard function rhf is as follows:
f(x;a,0)
F(x;a,8)

B 200 (1 +e ) MA - (1+e)7) [1 - (1 ~((+ e_x))—e)z]“‘l
B [1-(1—=(1+e*)9)?]« )
=2a0e (1 +e ™)1 -1 +e™)?) (1 - (1 —((1+ e—x))_e)z)

—o<X<o,a,0>0 (14)
e The cumulative hazard function (Hf) is given by:

rh(x;a,0) =

-1
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Hf (x;2,0) = —InR(x)
=-mf{1-[1-(1-@+e®*)|}
a~—1
=m{1-[1-(1-a+e?)|}
1
= [1 -[1-Q-@1+ e—x)—G)Z]“] (15
e The " non - central moment of the TL — BII distribution is as

foIIow5'
_ 2i+1 = 1 _ 9] 2
+1) (16)
at r = 1, the first non — central moment (the mean) is:
11 .
_ a—1 21+1 i (0 —1—-0j\ _an 2
i,j,h=0
at r = 2, the second non — central moment is:
. o a—1y(2i+1 6—1-06j\ _ 4
i =200 550 (“ T ) (7] )0 (VT T e 2 )

atr =3, the third non — central moment is:

=0 S (T (PR e B

i,j,h=0
at r = 4, the third non — central moment is:

Ha
— 20 Z (0( : 1) (2i1‘_|' 1) (_1)i+j (_9 _hl - 9]) e—xh % (20)

i,j,h=0
e Atr = 2, the variance is as follows:

My =y — i - |
(eeogin () (7 ) e (07, T e ) -

2

(Zaezwh 0( i 1) (21 + 1)( )lﬂ( ;3_ gj) e (h+21)2 ) 1)

o Atr =3, the third central moment is as follows:
] ro 13
M3 = Hz = 3py g + 204
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(a0 3 T Y (e
<2“9,i T e (O Ty e (h+1)3>x\|
i |
(2“9_2 CTHET e (O ) e (h+ 12 > )
wafa S DI e (N e )

J
e Atr =, the fourth central moment is as follows:

rr2 14
Ha = W4 — Apzpg + 6pppun” — 3

2i+1 ivi (—0—1—06j\ _n 48
(T o (0T Y) e
1

(h+1)5

4 (20!9 SCn o(azT )(211+ )(_1)i+j (_9 _hl ) 9]) " oy )X
| (2aozmn (TN () o (T ) e )

6 (2a9 550 ( N 1) (211+ 1)( 1) (—e —hl - 91) exh (hf1)3):] _
i (20:9 ¥ in=0 (a ; 1) (Zi;- 1)( IS (_9 _hl - 9]) e (h+21)2)

3
- a—1y(2+1 i (—0—1—06j\ _ 2 \*
(20{0 Zi'j'hzo( i )( >( 1)W( h ]) e (h+1)2)

as = l% = <2a0 Z (“ : 1) (2"; 1) (L1)" (—e —: - Bj) -

i ] (h+1)3)
w (a—1)(2i+1 i (0 —1—0j\ _.n )
=0\ )( j )(_1)”( h )ex <h+1)2
w (a—1\(2i+1 wi(—0—1—6j\ _n 3
Y G [ G T W )e )/
L

OIS

]

S

™M

<

=

o
—~~ —~

] h (h+1)2
o (@—1\(20+1\, 0 —1—0f\ g 4 )_
(Z“BZU.'F"( i )( j )( D4 I( h ) e (h+1)?

3

w  (a—1\(2i+1 0-1-6j\ _w 2 )

(2a02i,}',h=0( i )( ] >( 1) +l( h ])e h(h+1)2) }
[ ]

The coefficient of kurtosis
a4 is obtained as follows:

eo = Erom () () o () e

[Ceozana () O ) o (7 1‘91) ) x

(o () (T ) oo (7T e )
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(03T ()0 (0 e i)
(20!92?01';[ O(a i 1) (21]+ 1)( D (_9 _}? - Hj) e (h+21)2>2

w  (a—1\(2i+1 i (=0 —=1—=0\ _n 2 \*
3(200 550 (7 1) (T ) o (0T ) e )

(55 P e (0 e )

2
2i+1 wi(—0—1—0\ _, 2
(20{92”*‘ 0 a ] 1)< lJ+ >( Dﬂ( h ]>e h(h+21)2> )

e The quantile function of the TL — BII distribution is obtained as
follows:

F(xi a, 0) =q
-1/6
(1 - [1 -1+ e—x)—g]Z)“ —qoxg=—1In [(1 _ (1 _ ql/“)l/z) 3 1]
At = 0.5, the median of the (TL — BII) distribution is given by:
172\~ 1/¢
m=—In [(1 — (1 _ 0_51/a) ) _ 1] 26)

e The mode of the (TL — BII) distribution is obtained using the
following equation:
f&x)=0-f"(x)
=200 [e (1 + €)% 2= (1+e) 0] 0(1 + )70
+te*A+e ™1 (1-1+e ™) (a
—D[2- A +e )] 7001 + e*) 0L (—e)
+e*2-(1+ e"‘)'g]a_l(l —(1+e™*) %) (~ba
—1)(1 + e ™) 02 2(—e7¥)
+ (1 +e™) 02— (1+e) )T (1= (14 ™)) (—e ™)
=0 (27)
It is noticed that the mode cannot be obtained in closed form. So that it
can be obtained numerically using R program.
The results of the mode are displayed in Table 1.

Tablel.: some values of the mode at different values
of the parameters a and 6

a 6 Mode
10 7 3.064843
4 6 2.45739

1 1 -0.6931469
0.5 1 -1.270219
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e Order statistics
Let X;, X5, ..., X, be i.i.d. random variables from the TL — BII (a,8)
distribution and X; denote the i order statistic. Then the pdf of X; from
TL — BII (a,0) is

|

frn(x) = o= 1;& i [FOOI™H1 = FQOI™ T f(x), =0 < x(1y < X(2)

< v < 00
n! 21 r—1
- m[[1 —(1-@+e® )] o
- -a+e )| 2a0e1+ e
a-1
—(1+e ™)) [1 - (1 —(a+ e-x))‘e)z] (28)
e Atr = 1 the smallest value of the order statistics is
fin (@) =n[1 = FE)I" T f(x), =00 < x(qy < xpy <+ < 0
—nft-[1- (= +e 0| 2apex(1+ e 01
a—1
—(1+e™)) [1 - (1 —(a+ e—x))‘e)z] ,—o0 < Xy
< (29)
e Atr = n the largest value of the order statistics is
fan(X) =n[1=FQ)]" " f(x), =00 < x(1) < X(z) <+ < 0
=n [[1 —(1-+ e—x)—e)z]a]r ' 2a0e™*(1 + ™) 071(1
a-—1
—(1+e)7) [1 - (1 —(a+ e—x))‘a)z] , =00 < X0
< o (30)
e Maximum likelihood estimation:
In this subsection, the ML method is used to estimate the shape
parameters, 8 , rf and hr f based on Type Il censored sample of TL — BII
(a,0) distribution. The confidence intervals (Cls) of the shape
parameters, rf and hrf are obtained.
Suppose that X1y, X(2), ..., X(n) is @ Type Il censored sample of size r
obtained from a life-test on n items whose lifetimes have a TL — BII
(a, 0) distribution. The LF is given by

! n—r
o L(a,0;x) = =5 Tlims £ (% @, 0)[RGxerys 6]

' T
i=1

- (1 + e 0)79) [[1 -(1-0a+ e"‘(”)‘e)z]a]n_r. (31)
the natural logarithm of L(a, ; x) is given by
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lxrin(2ad) — z X;

—(9+1)Zln(1+e—x<o) Zln(l—(1+e ¥)=9)

+(n—71)In[1 - (1 —(1+e*0)~ 9) & (32)
Equations 31,32 are differentiating with respect to the parameters «a, 6
and equating zero.

Since these equations cannot be solved in closed form, so that the
solutions are obtained numerically using program Mathematica.

Renyi Entropy

Entropy is a measure of randomness of a random variable, since the
entropy of variable X is the amount of information on uncertainty
contained in a random observation regarding its distribution. A large
value of entropy indicates that greater uncertainty in the data.

For a random variable X with TL-BIl distribution the Renyi entropy is
obtained as follows:

Ro(f) =
25@a0) 550 (71 (

5+2i5) (—95—5—91

j A ) (D (33)

(6+h)

Numerical study:

Simulation Study

A simulation study is conducted to evaluate the performance of ML

estimators of parameters, rf and hrffor TL-BIl distribution using

Mathematica 12 by the following steps:

1. Generating random samples of sizes (n = 30,50, 70.100.150,200)
based on Type Il censored sample {0% (complete sample) and 90%
at(@0 =11,a =1.2).

2. The transformation between the uniform distribution and TL-BII
distribution is

x = —In [(1 _ (1 _ ul/a)l/Z)—l/B ~ 1]

3. Repeat the previous steps m times where m = 1000 is the number
of repetitions

4. The performance of the resulting estimators is considered using MSE,
RMSE and the length of the confidence interval.

The result of the simulation is displayed in Tables 1 and 2.
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Table 1 The ML estimates, MSE, RMSE variance, bias and 95% confidence intervals of
the parameters of the TL-BIl distribution for different sample sizes in the case of

complete sample (0% censoring)

para ) ) Cl
n r MLE MSE RMSE Variance Bias
meter uL LL Length
20 20 0 1.10728 | 0.028877 | 0.154486 | 0.0288249 | 0.00727828 | 1.44005 | 0.774511 | 0.665534
a 1.19319 | 0.0145723 | 0.100597 | 0.014526 | -0.00680533 | 1.42942 | 0.956968 | 0.472454
5 0 0 1.03116 | 0.022073 | 0.135063 | 0.0173334 | -0.0688441 1.2892 | 0.773109 | 0.516094
a 1.23071 | 0.0080214 | 0.074635 | 0.0070785 | 0.0307066 1.39561 1.0658 | 0.329807
70 70 0 1.04428 | 0.0122251 | 0.100516 | .00912008 | -0.0557227 | 1.23146 | 0.857099 | 0.374357
a 1.16964 | 0.0072451 | 0.070932 | 0.0063234 | -0.0303599 1.3255 1.01378 | 0.311719
100 100 0 1.03156 | 0.0159734 | 0.114896 | 0.0112897 -0.068437 1.23982 | 0.823307 | 0.416513
a 1.20295 | 0.0068324 | 0.068882 | 0.0068237 | 0.00295272 | 1.36486 | 1.04105 | 0.323814
R . 0 1.08044 | 0.0094352 | 0.088304 | 0.0090525 | -0.0195621 | 1.26692 | 0.893954 | 0.372968
>0 >0 a 1.18582 | 0.0068390 | 0.068915 | 0.0066379 | -0.0141807 | 1.34551 | 1.02613 | 0.319379
200 200 [} 1.11297 0.015623 0.113627 0.0154542 0.0129673 1.35662 0.86931 0.487314
a 1.17978 | 0.0063597 | 0.066456 | 0.0059508 | -0.0202218 | 1.33098 | 1.02858 | 0.302396
Table 2 The ML estimates, MSE, variance, bias and 95% confidence intervals of the
parameters of the TL-BII distribution for different sample sizes in the case of complete
sample (90% censoring), (6 = 1.1,a = 1.2)
n P MLE MSE RMSE Variance Bias a
meter UL LL Length
30 27 0 1.10728 0.288779 | 0.154486 | 0.0288249 | 0.0072782 | 1.44005 | 0.774511 | 0.665534
o 1.19319 | 0.0145723 | 0.100597 0.014526 | -0.0068053 | 1.42942 | 0.956968 | 0.472454
5 a5 0 1.08799 | 0.0258783 | 0.146243 | 0.0257341 | -0.0120066 | 1.40241 | 0.773573 | 0.628841
a 1.20462 | 0.0089391 | 0.078789 | 0.0089177 | 0.004624 1.38971 1.01953 0.37018
20 o 0 1.09171 | 0.0170364 | 0.118658 0169678 | -0.0082868 | 1.34702 | 0.836403 0.5106
a 1.19212 | 0.0078600 | 0.0738808 | 0.0077979 | -0.0078799 | 1.3652 1.01904 0.3461
100 | 9 0 1.05417 | 0.0143508 | 0.108904 0.01225 -0.045834 1.2711 0.837234 | 0.433865
a 1.21239 | 0.0045463 | 0.0561891 | 0.0043927 | 0.012394 1.3423 1.08249 0.25981
150 | 135 0 1.01395 | 0.0229385 | 0.137686 | 0.0155342 | -0.0860486 | 1.25824 | 0.769664 | 0.48857
a 1.21343 | 0.0072685 | 0.0710465 | 0.0070882 | 0.134261 1.37844 1.04841 0.33003
200 | 180 0 1.07079 | 0.0089407 | 0.0859596 | 0.0080876 | -0.0292078 | 1.24706 | 0.894527 | 0.352531
a 1.20021 | 0.0047183 | 0.0572416 | 0.0047182 | 0.0002122 | 1.33484 1.06558 | 0.269263

From Tables 3,4 it is observed that:

As the sample size n increases, the ML estimates of the TL-BII
distribution become close to the population parameter values

which are (8 = 1.1,a = 1.2), in most cases.

The MSE, RMSE variance and length of the Cls decrease, the bias
approaches to zero and Cls become narrower, in most cases, as the

sample size increases.
An application using real data
This application is given by Dulal K. Bhaumlk et al. (2009). The data refers
to the vinyl chloride data obtained from clean upgradient monitoring
wells in mg/I:
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Real data set is displayed as follows

51 1.2 1.3 0.6 0.5 2.4 0.5
1.1 8 0.4 2 0.5 53 3.2
2.7 2.9 2.5 2.3 1.8 0.9 2
4 6.8 1.2 0.4 0.2 0.8 0.6
0.1 0.9 0.1 1 0.4 0.2
The descriptive statistics of this data are obtained in Table 3
Table 3: the descriptive statistics
n Min Max Range Mean | Standard | mode | Skewness | Kurtosis
deviation
34 1 8 7.9 1.8794 | 1.95259 | 0.4 1.679 2.535

From table 3 it is noticed that the skewness measure is positive, which
indicates that the distribution of the data is skewed to the right. Also, the
kurtosis measure value is less than 3, thus the distribution of the data
indicates a platykurtic distribution, meaning the data spread out with a

flatter peak.

Plots of P.P. and Q.Q. are displayed in Figure 3,4
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Figures 3 and 4 display that the TIGTL-BIII distribution fits the data.
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Abstract
Background
Modern engineers experience the need to solve difficult problems which
involve assessing the performance of structural metamaterials and
evaluating extensive civil infrastructure systems. The systems require
solutions for generalized eigenvalue problems which handle more than
one billion degrees of freedom (N > 10°) that appear in fields such as
advanced materials vibration analysis and massive power grid stability
evaluation. Traditional solvers—restarted Arnoldi and Lanczos
algorithms implemented in established libraries like ARPACK and SLEPc—
struggle at this scale. The system reaches a "Scaling Wall" which results
in  memory requirements to increase at super-linear rates and
computation time to increase drastically because of Krylov subspace
orthogonality loss and memory-constrained matrix operations. Systems
become unable to perform real-time analysis while they face challenges
with high-throughput assessment in safety-critical environments.
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Methods

The research introduces an innovative hybrid framework that bridges
machine learning and classical numerical methods. The system uses
Fourier Neural Operators (FNOs) as preconditioners which operate
without resolution dependency to produce initial solutions of high
accuracy. The system uses a biconvex Physics-Informed Neural Network
(PINN-ACS) to achieve exact solution improvements. The system uses
Alternating Convex Search (ACS) to restrict updates to linear output
layers which eliminates the need to handle complex non-convex
problems and spectral bias present in deep networks. The system
achieves high precision with a machine-epsilon value of 10 through
Ozaki splitting which uses mixed-precision calculations to simulate
double-precision operations on fast Tensor Cores. The system starts its
"Predictive-Refinement" handshake by using neural predictions and
transfers control to deterministic solvers which provide the final accuracy
point.

Results

The benchmarks for locally resonant metamaterials and Kirchhoff-Love
plate problems demonstrate an extraordinary performance
improvement which achieves 500 times faster results than traditional
Adam-optimized PINN methods. The training costs of this system become
cost-effective after solving 787 problems at N = 10°. The method achieves
exascale performance through its ability to bypass scouting restrictions
and its preservation of numerical stability.

Conclusion

The research combines SciML with established eigensolvers to create a
system that computes eigenvalues through an optimized memory
process. The system enables real-time vibration isolation and structural
health monitoring and multiphysics simulations through its warm start
feature that reduces necessary iterations and its ability to use hardware
acceleration. Researchers working on extensive spectral problems now
possess an effective solution that delivers fast results with precise output
and scalable performance, which establishes a new standard for high-
fidelity engineering assessment.

Keywords: Machine learning; Eigenvalue problems; Large-scale systems;
Rapid numerical method; Numerical eigensolvers; High-dimensional
computation; Scientific computing
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Introduction

The primary computational challenge for designing engineering systems
requires solving generalized eigenvalue problems which are expressed
through the equation Ax = ABx. The process of increasing discretization
fidelity for capturing high-frequency wave propagation together with
localized failure modes, leads to system dimension N reaching more than
1079 degrees of freedom. This shift transforms spectral analysis into a
memory-bound challenge which requires more than 1079 degrees of
freedom to analyze [1]. Standard Krylov subspace methods, such as the
Implicitly Restarted Arnoldi Method (IRAM) implemented in libraries like
ARPACK and SLEPc, enable convergence for finding extreme eigenvalues,
but the methods fail to solve interior problems because of their costly
shift-and-invert transformations, which cause subspace stagnation at
exascale [2]. The development of scientific machine learning (SciML)
technologies provides a solution to this problem, because neural
operators like FNOs create resolution-independent mappings between
parameters and solution states. Stand-alone deep learning methods
display an Accuracy Ceiling because they achieve maximum performance
with residual errors that reach 107{-3} due to their spectral bias which
gives more importance to low-frequency elements than to high-
frequency components that scientists use to investigate structural
failures according to reference 3. The research uses a Predictive-
Refinement framework which employs PINNs as deterministic pre-
conditioners to eliminate eigenvalue search costs while solving the
problem through localized refinement which can be executed on mixed-
precision hardware through parallel processing according to reference 4.
The Biconvex-Deterministic Handshake Protocol establishes a
mathematical framework which enables neural models to integrate with
traditional solvers for solving high-dimensional eigenvalue problems [5].
The analysis of structural metamaterials and civil engineering systems
demands eigenvalue solutions that exceed one billion degrees of
freedom. The power of restarted Arnoldi and Lanczos algorithms
becomes limited when their memory requirements and solution time
increase more quickly than their original design performance after Krylov
subspaces lose their orthogonality [7]. The article presents a hybrid
numerical framework which combines Fourier Neural Operators (FNOs)
and biconvex Physics-Informed Neural Network (PINN-ACS) for numerical
analysis of engineering problems. The framework restricts neural training
to the linear output layer which transforms the non-convex optimization
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landscape into a sequence of analytically solvable convex sub-problems
that guarantee monotonic convergence [8]. The predictive-refinement
architecture achieves machine-epsilon precision 10¢ through mixed-
precision Ozaki splitting while reducing the time-to-solution by a factor
of 500 compared to standard gradient-based solvers. The analysis shows
that N=10"1> serves as the crossover point because all offline training
expenses become recovered after 12 parametric solves thus making this
method an efficiency benchmark for engineering simulations with high
throughput. [9].
The processing bottleneck of high-fidelity engineering system design
typically involves the generalized eigenvalue problems:
Ax = ABx (1)

The study addresses two distinct problems which include analyzing
vibration patterns of trichiral honeycomb metamaterials and evaluating
the stability of power grids that operate with terabyte-level capacity. The
process of increasing discretization accuracy to track high-frequency
wave movement together with specific failure patterns leads to system
dimensions which exceed 10 ° degrees of freedom. The spectral analysis
process in this domain changes from requiring computational resources
to needing memory resources which reveals the performance restrictions
of conventional numerical linear algebra methods [10][11].
The Scaling Wall creates an obstacle which prevents real-time system
analysis performance. The Implicitly Restarted Arnoldi Method (IRAM)
which libraries ARPACK and SLEPc implement together with standard
Krylov subspace techniques delivers convergence results for extreme
eigenvalues of matrices with good conditioning. Shift-and-invert spectral
transformations create heavy computational costs for interior eigenvalue
problems which structural mechanics needs to solve. The cost to keep
basis vectors orthogonal at exascale level requirements increases at a
super-linear rate [12][13]:

Complexity = O(N - m?) (2)
The equation states that m represents the dimension of the subspace.
The process of loading sparse matrix elements needed for repeated
matrix-vector products requires specific memory bandwidth which
creates an unbreakable latency barrier that prevents any gains from
parallel processing.
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Figure 1: A log-log plot shows how the computational expenses of
standard Krylov solvers differ from those of the new hybrid method as
system size grows. The 'Scaling Wall' visual boundary exists at the point
where conventional methods reach their operational limits beyond linear
performance.

The boundary which exists between two fields of study receives a
solution through scientific machine learning (SciML) progress which
enables researchers to surpass it. Neural operators, especially Fourier
Neural Operators (FNOs), possess the capacity to acquire knowledge
about how system parameters lead to various solution states without
losing their efficiency throughout different resolution levels [13]. Deep
learning methods function as independent systems but they establish a
maximum accuracy limit. The models accomplish an initial reduction of
the residual norm to about 107(-3) during the first milliseconds but the
stochastic formulations cannot achieve the 10/(-16) precision needed for
verifying safety-critical engineering requirements [1].

The network proceeds to inhibit its progress because spectral bias causes
it to dedicate processing resources toward low-frequency patterns while
it cannot handle the high-frequency patterns which define structural
failure [14][15].

The Predictive-Refinement architecture serves as the solution to this
existing problem. The framework uses machine learning as a specific pre-
conditioner which functions as a fixed mathematical model instead of
using it for numerical analysis. The biconvex neural network formulation
produces a spectrally exact initial subspace which provides a warm start
to the Krylov process. The method eliminates the costly scouting stage in
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the eigenvalue search process, which leads to a localized refinement task
that scientists can parallelize using mixed-precision hardware
components. The following sections present the mathematical proof for
the Biconvex-Deterministic Handshake Protocol, which demonstrates
that neural model integration with traditional solvers serves as an
effective solution to the curse of dimensionality [17][18].

2. Literature Review

The Predictive-Refinement architecture serves as the solution to this
existing problem. The framework uses machine learning as a specific pre-
conditioner which functions as a fixed mathematical model instead of
using it for numerical analysis. The biconvex neural network formulation
produces a spectrally exact initial subspace which provides a warm start
to the Krylov process. The method eliminates the costly scouting stage in
the eigenvalue search process, which leads to a localized refinement task
that scientists can parallelize using mixed-precision hardware
components. The following sections present the mathematical proof for
the Biconvex-Deterministic Handshake Protocol, which demonstrates
that neural model integration with traditional solvers serves as an
effective solution to the curse of dimensionality.

Banderwaar, et al. (2025)[19], presented a study employs biconvex PINN
with alternating convex search (ACS), offering advantages like 500x faster
convergence and mesh-free computation for high dimensions, though it
requires initial eigenvalue estimates and is limited by shallow network
capacity. Results demonstrate high accuracy for 1D/2D eigenpairs in
parallel processing. Katende, R. (2024)[20], proposed an algorithm uses
decentralized neural network agents with inter-agent communication,
providing scalability to massive matrices and fault tolerance, but
coordination introduces delays and it underperforms for non-smallest
eigenvalues. It outperforms centralized methods in accuracy and speed
with guaranteed convergence. Han, J. (2020)[21], introduced a deep NN
ansatz with fixed-point loss handles high dimensions effectively and
yields accurate eigenfunctions, despite optimization variability. It excels
in Fokker-Planck and Schrodinger problems. Ben-Shaul, I. et al.
(2023)[22], introduced an unsupervised NN solver delivers end-to-end
learning with smooth approximations, offset by heavy training demands.
It succeeds for 1D/2D Laplacian operators. Yoo, S. (2024)[23], suggested
a PINNs for engineering eigenvalues converge without local minima and
handle multiplicity robustly, though scaling poses challenges. Validation
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occurs through diverse case studies. Rowan, C. et al. (2024)[24],
introduced neural networks incorporate Rayleigh quotient and Gram-
Schmidt orthogonalization for nonlinear handling and fast
differentiation, sensitive to orthogonality enforcement. It outperforms
power methods and penalty approaches. Bonder, J. F., & Salort, A. M.
(2025)[25], proposed a dimension-independent PINNs compute arbitrary
eigenvalues without priors and adapt to nonlinear cases, incurring
training overhead. Solutions are accurate for elliptic problems.
Leimkuhler, O., et al. (2025)[26], proposed a hybrid quantum-classical
tensor network solver supports arbitrary geometries effectively for
ground states, requiring quantum hardware and limited to electronic
structures. It characterizes states beyond classical limits. Li, H. et al.
(2025)[27], introduced a subspace learning with Rayleigh-Ritz post-
processing and Spectral Indicator Method tackles spectral instability,
challenged by data generation. It approximates parameter-to-solution
maps for Steklov eigenvalues. Wang, H., et al.(2025)[28], supposed a
spectral transformation-enhanced deep learning mitigates the curse of
dimensionality and exploits eigenvalue gaps, requiring prior spectral
knowledge. It improves precision over PMNN and NeuralEF baselines.
Jiang, J. et al. (2024)[29], presented a machine learning for high-precision
Schrodinger eigenvalues includes effective generalization error analysis,
focused narrowly on quantum problems. It achieves low errors in
guantum systems. Wang, H. et al.(2025)[30], supposed a Chebyshev
filtered subspace iteration with truncated FFT sorting yields up to 95x
speedup leveraging spectral correlations, best for sequential problems. It
is 3.5x—20x faster than Eigsh and LOBPCG on Helmholtz datasets. Das, B.,
et al. (2025)[31], introduced PINNs for nonlocal operators mark a robust
first application, specific to nonlocal contexts. They solve beam vibration
eigenvalues effectively. Jiang, J. et al. (2022)[32], presented a FieldTNN
deep networks address high-dimensional Maxwell problems, limited to
electromagnetic domains. They compute relevant eigenvalues
accurately. Boahen, E., et al. (2025)[33], presented a sparse
approximation via neural networks enables one-pass processing rapidly,
restricted to sparse top eigenvectors. It accelerates top eigenvector
computation. Sun, P., & Yang, L. (2022)[34], suggested a generalized
eigenvalue ELM provides rapid classification, focused primarily on
classification tasks. The system provides better results than basic ELM
through its enhanced accuracy. Nooraiepour, M. et al. (2025)[35],
developed a bayesian neural networks system which executes
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uncertainty quantification for eigenvalues through
parametric design. They deliver principled eigenvalue estimates. Wang,
H. et al. (2025)[36], introduced a subspace filtering accelerates dataset
creation, requiring tuned filters. It achieves 20x speedup on large
datasets. Wang, E., & Wang, Z. (2024)[37], presented a study on matrix
eigenvalue approximation solving model. AEHSSR. Machine learning
approximation models solve rapidly, limited to approximations. The
model performs effectively on test matrices. Machine learning has
revolutionized rapid numerical solutions for eigenvalue problems in
large-scale systems from 2020 to 2025, primarily via physics-informed
neural networks (PINNs), deep neural networks (DNNs), and hybrid

its dedicated

approaches that outperform traditional solvers in speed and
dimensionality handling.
Author(s) & | Method / Advantages Limitations Main
Year Approach Results/
Applications
Banderwaar | Biconvex PINN 500x faster Requires initial | High
,etal. with Alternating | convergence, eigenvalue accuracy for
(2025) Convex Search mesh-free, estimates, 1D/2D
(ACS) supports high limited by eigenpairs
dimensions shallow with parallel
networks processing
Katende, R. Decentralized Scalable to Coordination Outperforms
(2024) NN agents with massive delays, weak centralized
inter-agent matrices, fault- | for non- methods in
communication | tolerant smallest speed and
eigenvalues accuracy
Han, J. Deep NN ansatz | Effective in Optimization Performs
(2020) with fixed-point | high variability best in
loss dimensions, Fokker—
accurate Planck and
eigenfunctions Schrodinger
problems
Ben-Shaul, I. | Unsupervised End-to-end Heavy training | Effective for
et al. (2023) | NN solver learning, demand 1D/2D
smooth Laplacian
approximation operators
s
Yoo, S. PINNs for Avoids local Scaling Verified via
(2024) engineering minima, robust | challenges diverse
eigenvalues to eigenvalue engineering

multiplicity

case studies
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Rowan, C. et | NN using Nonlinear Sensitive to Outperforms
al. (2024) Rayleigh handling, fast orthogonality | power and
quotient and differentiation | enforcement penalty
Gram-Schmidt methods
orthogonalizatio
n
Bonder, J. F. | Dimension- Computes Training Accurate
& Salort, A. independent arbitrary overhead solutions for
M. (2025) PINNs eigenvalues, elliptic PDEs
adapts to
nonlinear
problems
Leimkuhler, | Hybrid Handles Requires Characterize
O.etal. quantum-— arbitrary quantum s ground
(2025) classical tensor geometries, hardware, states
network solver explores limited to effectively
quantum limits | electronic
structures
Li, H. et al. Subspace Tackles Data Approximate
(2025) learning + spectral generation s Steklov
Rayleigh—Ritz + instability challenges eigenvalue
Spectral maps
Indicator
Method
Wang, H. et | Spectral Mitigates curse | Needs prior Higher
al. (2025) transformation— | of spectral precision
enhanced deep dimensionality, | knowledge than PMINN
learning leverages and
eigenvalue NeuralEF
gaps
Jiang, J. et Machine High precision, | Focused on Achieves low
al. (2024) learning for thorough error | quantum- errors in
Schrodinger analysis specific quantum
eigenvalues problems systems
Wang, H. et | Chebyshev- Up to 95x Best for 3.5x-20x%
al. (2025) filtered speedup, sequential faster than
subspace leverages tasks Eigsh and
iteration + spectral LOBPCG
truncated FFT correlations (Helmholtz
sorting cases)
Das, B. et al. | PINNs for Robust first Specific to Solves beam
(2025) nonlocal application to nonlocal vibration
operators nonlocal systems eigenvalues
contexts efficiently
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Jiang, J. et FieldTNN for Handles high- Limited to EM | Accurate
al. (2022) Maxwell dimensional domains computation
problems electromagneti of Maxwell
c systems eigenvalues
Boahen, E. Sparse neural Rapid one-pass | Restricted to Accelerates
et al. (2025) | network processing sparse top top
approximation eigenvectors eigenvector
detection
Sun, P. & Generalized Fast Specific to Improves
Yang, L. eigenvalue classification classification accuracy
(2022) Extreme tasks over
Learning standard
Machine (ELM) ELM
Nooraiepou | Bayesian neural | Provides Limited to Produces
r, M. et al. networks for uncertainty specified principled
(2025) eigenvalue guantification, | parametric probabilistic
uncertainty parametric models eigenvalue
adaptability estimates
Wang, H. et | Subspace 20x faster Needs tuned Efficient for
al. (2025) filtering method | dataset filters large
generation datasets
Wang, E. & AEHSSR matrix Rapid Limited to Performs
Wang, Z. eigenvalue approximate approximation | efficiently on
(2024) approximation solutions s test matrices
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Figure 3: Radially Averaged Power Spectral Density (RAPSD) of prediction
errors. Standard neural networks exhibit high error power at higher
frequencies, leading to an optimization stall that smoothing cannot

resolve.
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Il. Mathematical Framework and Algorithmic Integration
3. Biconvex Reformulation and Analytical Optimality
Transforming the non-convex Physics-Informed Neural Network (PINN)
loss into a biconvex structure addresses the instability inherent in
gradient-based optimization for stiff spectral problems. The energy
functional L(4, w) for the differential eigenvalue problem comprises the
weighted sum of the physics residual, boundary condition violations, and
orthogonality constraints:
L(A4w) = |ID[u(x; w)] + Ah(u(; w)IG + apcllBuCx; w)lli3q +
Xorth Zk 2?:1 (u, uj>2 (3)
The process of simultaneous network weight optimization together with
eigenvalue A optimization results in the creation of a non-convex
landscape which leads to the discovery of local minimum points. The
training process establishes a permanent feature map ®(x)through its
restriction to the linear output layer wl*] while maintaining fixed status
for all hidden layers. As a result, the network output develops into a
linear expansion of its components.
u(x) = ¢x)Twll (4)
This linearization guarantees that minimizing L through weight w
optimization for fixed eigenvalue A, leads to a linear least-squares
problem. The weight vector w®needs to be fixed because this action
simplifies the process of finding optimal A through a scalar quadratic
solution. The structure of Alternating Convex Search (ACS) enables it to
maintain optimal analytical results during each update process.
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Figure 4: The loss landscape of L(A,w). shows its shape through a
conceptual visualization. The surface shows a "valley" structure which
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displays convexity along the w-axis when A remains constant and shows
convexity along the A -axis when w stays the same. The red trajectory
shows the path of Alternating Convex Search (ACS) which descends
through orthogonal analytical updates instead of using gradient descent.
The procedure for weight updates uses the Moore-Penrose
pseudoinverse method. The design matrix G(A) results from applying the
differential operator to the feature map ®. The optimal weight vector
follows the expression:
wtD = [6AO)TGAD) +yI] T 6(AD)Ty

(5)
The Tikhonov regularization term vy (typically 10® provides system
stabilization which protects against ill-conditioning problems that arise
from high-order operators. [5].

Theorem 1: Monotonic Convergence of PINN-ACS

The loss value after the t iteration of the Alternating Convex Search can
be expressed as L(Y). The following inequalities hold because each sub-
problem requires strictly convex solutions which the analytically optimal
operator provides for solving:

LOA®, wEDY < L(A®, w(©) (6)
and
L(A(t+1),w(t+1)) < L(/l(t),w(t-"l)) (7)

The sequence {L(®M},cy is monotonically non-increasing. Since L is
bounded below by zero, the sequence converges to a limit value L*.

The proposed method of this theorem needs to be distinct from standard
gradient descent because standard gradient descent lacks convergence
proof for solving non-convex spectral problems. The analytical updates
reach the global minimum of the current convex slice, which enables
them to overcome vanishing gradients that hinder optimization progress
at high-frequency modes.
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Figure 5: The flowchart displays a system which updates through pre-
defined deterministic processes. The method differs from stochastic
gradient descent because all its steps use closed-form solutions which
maintain system stability.

4. DeepF-fNet Architecture and Deterministic Integration

The biconvex optimization method needs a neural framework that can
transform spectral needs into their corresponding physical
characteristics. The DeepF-fNet framework develops two linked neural
operators which include the Inverse Eigenvalue Problem Solver and the
Wave Equation Solver. The dual-stream structure controls the stochastic
search process by restricting geometric parameter exploration to the
fundamental principles of the harmonic wave equation.

The IEPS functions as the design optimization system's inference engine.
The system uses target dispersion curves which define the required
bandgap characteristics of a trichiral honeycomb metamaterial to
calculate the geometric parameter vector p = [r,L,s]T,. The WES
functions as a forward surrogate which converts the predicted
parameters p into their corresponding eigenfunctions u(x). The WES
system implements a Hard-Constraint Projection Layer to ensure that all
physical methods stay within acceptable limits. The layer uses network
output projection to nullify the boundary operator B through its null
space:
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uadmissible(x) = PnuII(B) [NWES(x; W)] (8)
This projection requires all potential solutions to meet Dirichlet or
Neumann conditions before conducting loss assessments which leads to
stable training results for high-order biharmonic operators [6].

Target
Dispersion
Curves

~——

Physics-
Informed
Loss

- -1

Parameters
fr.Ls)

IEPS
(CNN-1D)

Eigenfunctions

u(x) ' Blu)=0
~ WES ». | Projection
(DeepONet) > Layer

Iinverse Path Forward Path
(Inference) (Verification)

Figure 6: The architectural coupling of the Inverse Eigenvalue Problem
Solver (IEPS) and the Wave Equation Solver (WES). The IEPS inverts the
spectral target to find geometric parameters, while the WES verifies
physical consistency through a hard-constraint projection layer.
The Deterministic Handshake Protocol governs the transition from
stochastic approximation to high-precision numerical results. While
DeepF-fNet provides initial eigenpair estimations with residuals typically
between 1073 and 1078, neural operators do not independently reach
the machine-epsilon accuracy required for safety-critical verification. The
protocol utilizes the neural output @ as a spectrally enriched initial guess
vector v, for a deterministic iterative solver. This mapping utilizes the
neural operator as a high-fidelity pre-conditioner for the restarted
Lanczos method.
By initializing the Krylov subspace with a vector exhibiting significant
overlap with the target eigenmode, the solver bypasses the iterations
usually required to locate the spectral region:

vy = ﬁ:ﬁvj+1 = Av; = X]_; hijv; (9)
This process reduces the condition number of the projected system and
prevents the propagation of non-physical neural predictions through
immediate numerical verification. If the initial residual ||Av, — Av4||»
exceeds a divergence threshold 7 = 1071, the protocol discards the
neural guess and reverts to a standard random start. This mechanism
ensures that the system convergence rate matches or exceeds classical
solver performance.
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Figure 7: The system connects stochastic neural inference with
deterministic Krylov refinement through its established logic flow. The
neural output is verified against a residual threshold before seeding the
Lanczos process, which protects the system from spectral bias risks.

lll. Performance Benchmarking and Convergence Analysis

V. Validation via Locally Resonant Metamaterials

The DeepF-fNet framework underwent rigorous empirical validation via
tests that used a locally resonant metamaterial (LRM) benchmark. The
LRM unit cell system, which designers built to protect against vibrations,
combines a host structure made from C30 steel with an attachable local
resonator that uses trichiral honeycomb geometry constructed from
PA12 nylon.

Material properties are critical for simulation fidelity: PA12 nylon exhibits
a density of 1010 kg/m, an elastic modulus of 1.215 GPa, and a Poisson's
ratio of 0.29. The host material C30 steel has a density of 7850 kg/m [
and an elastic modulus of 212 GPa[7]. The parameters create a physical
framework that establishes the dynamic behavior of the simulated
metamaterial in motion.

The DeepF-fNet architecture includes an Inverse Eigenvalue Problem
Solver (IEPS) together with a Wave Equation Solver (WES). The IEPS
process determines the best structural parameters that include the
resonator radius r and the ligament length L and the thickness s. The
system achieved a Mean Squared Error (MSE) of 2.74x10% m when tested
with labeled ground-truth data which resulted in a root mean square
deviation of 0.166 mm for the estimated geometric parameters. This
precision is vital for inverse design in metamaterials. The WES system
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produced a forward prediction MSE result of 10°*> m. The result shows a
nodal displacement root mean square deviation of 0.0374 um8. The
framework demonstrates its ability to perform both inverse design and
forward physical simulation at high accuracy. The main goal of this
validation tested how efficiently the SICE4 algorithm processes data
while using the DeepF-fNet framework to compare against standard
Genetic Algorithms (GA) methods. The benchmark test determined the
best material properties for achieving a specific target frequency of 200
Hz. The Genetic Algorithm required 7690 s of CPU time for this task. The
SICE4 algorithm completed the identical optimization in 0.0157 s[9]. The
complete speed difference shows that the system operates 500000 times
faster than the Genetic Algorithm. The DeepF-fNet framework became
highly appropriate for complex real-time and semi-active vibration
isolation systems because its enhanced performance enables instant and
accurate parameter changes that support changing work conditions.
The first bandgap assessment shows DeepF-fNet achieves high accuracy
for lower eigenfrequencies which proves its effectiveness for precise
vibration control. The analysis showed that higher eigenfrequency
predictions resulted in reduced accuracy because physics-informed
neural networks for inverse problems exhibit spectral bias. The SICE4
algorithm shows excellent performance because it successfully performs
its designed vibration isolation tasks. The most effective bandgaps for
external excitation damping purposes appear mainly at lower frequency
ranges. DeepF-fNet showed that its machine learning surrogates can
replace expensive stochastic search methods in high-dimensional design
space while maintaining essential accuracy in important design areas
which leads to faster metamaterial development.
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Figure 8: The bar chart shows time-to-solution results for a 200 Hz target
frequency which uses a logarithmic scale for its presentation. SICE4
achieves a speedup factor of approximately 5 X 10> . The information
comes from Tollardo et al. 2024.

Mincratie Local
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Figure 9: The LRM unit cell diagram shows the C30 steel host structure
and the PA12 nylon trichiral honeycomb resonator through its visual
representation. The geometric parameters r L and s are shown through
their graphical representation. The information comes from the study
conducted by Tollardo and his colleagues in the year 2024.

VI. Precision Scaling and Hardware Optimization

Neural solvers face a problem because they cannot decrease residuals,
which causes their progress to stop when they reach a residual value of
103 hecause deep neural networks possess spectral bias and standard
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activation functions operate at limited accuracy. The system recovers
machine-epsilon requirements of 2.22x107(-16) through an execution
method that uses the Ozaki splitting technique to eliminate double-
precision (FP64) hardware latency. The method breaks down high-
precision sparse operator-vector products into basic low-precision
integer and floating-point calculations. The solver performs its heavy
computational work on FP16 and BF16 Tensor Cores through the Chinese
Remainder Theorem, which allows it to track residuals accurately during
the correction process with multiple moduli representation of quantized
values.

The benchmarks for GPU architectures show that software-emulated
double precision achieves better performance than native FP64 units
when the system runs multiple low-precision operations for each double-
precision unit. The system uses 14 moduli for product reconstruction
which enables the hybrid solver to eliminate memory bandwidth
limitations that affect double-precision Sparse System-Vector
Multiplication (SpSVM). The hardware-based scheduling system enables
the neural operator's initial guess to reach complete precision with
extremely low time consumption.

The main objection against deep learning methods used in spectral
analysis emerges from their requirement for extensive initial training
which must be performed before any practical use. Training the Eigen-
Neural-Operator (ENO) on the Kirchhoff-Love Plate dataset takes 7.6
hours to complete 200 training epochs when using an NVIDIA RTX 4090
system. The online inference process together with the Kernel Density
Estimation (KDE) construction for a system whose dimension equals
N=50,000 requires 1.5 seconds to complete while standard Arnoldi
scouting takes 11.78 seconds. The combined use of accelerated solver
convergence and other methods results in a total time reduction of 34.77
seconds through each solving process.

Break-Even Analysis
The number of solves S required to amortize the training cost is
calculated by:

— Tirain
§ = o (10)
For the Kirchhoff-Love Plate:
27,360s

=177 ~ 787 solves
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Beyond this threshold, the hybrid method becomes computationally
efficient.

The analysis establishes that a Dimensional Crossover Singularity exists
at N=10”5. The super-linear development of iterative Krylov techniques
becomes worth the training expenses at this particular scale. The system
reaches its break-even point after 787 parametric solves at the N=50,000
benchmark which leads to a 5.63x end-to-end performance
improvement. The amortization approach shows that high-throughput
engineering research which includes structural optimization and real-
time health monitoring must treat neural training computational costs as
initial expenses which will decrease total wall-clock duration. The
efficiency improvement becomes most apparent in exascale systems
when N reaches 1079 because the neural component inference expense
grows at a linear rate while traditional scouting methods become
increasingly complex.

261 - — 877
3 Arnoldi Scouting (Traditional) y

—e— DeepContour-EV (Hybrid)

204

61§ | Crossover Point
(787 Solves)

Cumulative Computation Time (Hours)
=
[+
0
w
<
P
a3} \P
- &

0 500 1000 1500 2000
Number of Problems Solved

Figure 10: Projection of cumulative computation time for traditional
Arnoldi scouting versus the hybrid framework. The intersection at 787
solves represents the break-even point for an N=50,000 system. Data
derived from Chen et al. (2025).

VII. Conclusions and Amortized Stability Proof

Resolving spectral problems in systems exceeding 10° degrees of
freedom require a departure from traditional iterative ortho-
normalization. This study identifies the computational scaling bottleneck
not as an absolute limit, but as a threshold where hybrid predictive-
refinement architectures outperform direct numerical linear algebra. The
biconvex reformulation of the physics-informed loss landscape provides
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the mathematical foundation for this efficiency. By restricting training to
the linear output layer, the framework eliminates the non-convex
landscapes that typically cause gradient-based solvers to stall at a 1073
accuracy ceiling.
Amortized Stability Proof: Theorem 1
Let L(A,w) be the PINN loss function. By fixing the hidden layer
parameters 6, the eigenfunction assumes the linear form u = dw. The
resulting sub-problems for w and A are convex quadratic forms. Using the
Moore-Penrose update:

wtD = A0y y (11)
The Alternating Convex Search (ACS) method executes its process by
utilizing half-step intervals which maintain the condition LA((t+1))<LA((t))
for every point in time. The sequence reaches its limit LA* through a
process of continuous decrease because L represents the total of squared
residuals which maintain a minimum value of zero. The method achieves
numerical  stability without requiring any hyperparameter
adjustments[11].
The stability of the system has been experimentally proven to accelerate
the resolution of large-scale partial differential equations (PDEs) by 500
times when compared to traditional Adam-based optimization methods.
The Deterministic Handshake Protocol ensures the stochastic neural
estimate remains within the basin of attraction required for high-
precision refinement. The solver reaches machine-epsilon accuracy
[10]7(-16) through Ozaki splitting which simulates FP64 arithmetic on
high-throughput Tensor Cores while preserving O(N) inference
complexity of the Fourier Neural Operator system.
The economic viability of this method is established at the dimensional
crossover point of N = 10°. At this scale, twelve parametric solves
sufficiently amortize the 7.6 to 14.21-hour training overhead of the
Eigen-Neural-Operator. For exascale systems where N > 10°, the hybrid
framework provides a path for real-time analysis. Traditional spectral
method costs increase super-linearly, whereas neural inference requires
0.008 seconds per solve.
Future research involves extending the SICE4 algorithm to non-linear
operators, such as those governing large-deformation elasticity.
Incorporating binned spectral power loss will further mitigate spectral
bias in multi-bandgap targets. Physics-constrained neural pre-
conditioners serve as the foundation for safety-critical structural health
monitoring and high-fidelity metamaterial design.
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Figure 11: Comparative loss decay for a 2D Helmholtz problem. The PINN-
ACS method (IBM Blue) exhibits monotonic descent to 10712 residuals,
while standard Adam optimization (Vermillion) oscillates and stalls at
1073. Data verified via numerical simulation of a 2500-node unit square.
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parametric studies exceeding the crossover point.
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Useful Links and Research Guides

ARPACK Software Package: Provides implementations of Krylov
subspace  methods for large-scale eigenvalue problems.
https://www.caam.rice.edu/software/ARPACK/

Julia Language and Ecosystem: A high-performance dynamic language
for technical computing, crucial for the differentiable programming
approach. https://julialang.org/

MIT Department of Mathematics - Course Catalog: Lists advanced
courses in scientific machine learning, numerical linear algebra, and
sparse matrix methods. https://student.mit.edu/catalog/m18a.html
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The Crunch Group, Brown University - Weekly Seminar Spotlight: A
resource for current research trends in scientific machine learning,
including methods for mitigating spectral bias in neural networks.
https://sites.brown.edu/crunch-group/weekly-seminar-spotlight/
NeurlPS-ML4PS-2025 GitHub Repository: Hosts code implementations
for Physics-Informed Neural Networks using Alternating Conditional
Sampling (PINN-ACS). https://github.com/NeurIPS-ML4PS-
2025/PINN_ACS CODES

PETSc and SLEPc Libraries: Essential software packages for large-scale
scientific computing, providing robust solvers for linear systems and
eigenvalue problems. https://petsc.org/ and https://slepc.upv.es/

Oak Ridge National Laboratory (NCSC) - Mixed-Precision Survey: A
comprehensive overview of mixed-precision techniques in scientific
applications. https://arxiv.org/pdf/2412.19322

V2DFT Dataset: A large-scale dataset for quantum chemistry, providing
Hamiltonian and overlap matrices crucial for quantum eigenvalue
problem research. https://github.com/AIRI-Institute/nablaDFT
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