






 2023 اذار  –عشر  الثامنالعدد ______         __           مجلة العلوم الاحصائية _____________ 

42 
 

 
 ننتقل الى أختبار أستقرارية النموذ 

ً
ا (، إذ تشير نتائج الشكل )( الخاص بالمجموع ARDLج المقدر )واخير

ي داخ  ل ح  دود القيم الحرج  ة عن  د مس                توى معنوي  ة )
 
اكمىي للبواف %( وه  ذا ي  دل عل اس                تقراري  ة 5الي 

ي النموذج. 
 
ات الداخلة ف  المتغير

ي )2شكل )
 
اكمىي للبواف  ( للنموذج المختار CUSUM( المجموع الي 
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CUSUM 5% Significance 
Eviews9        نامج المصدر: الجدول من اعدادالباحثة بالاعتماد عل النتائج الاحصائية لير  

 

 الاستنتاجات
 :  من خلال سير الدراسة تم التوصل الى العديد من الاستنتاجات وهي

بينت نتائج تحليل الاستقرارية للبيانات قيد الدراسة ان عرض النقد والاجور والسكان والانفاق  .1
ات مستقرة عند المستوى وان سعر الصرف الموازي وسعر الفائدة الاسته لاكي العائلي هي متغير

ات  ادات والصادرات هي متغير والانفاق الاستهلاكي الحكومي والناتج المحلي الاجمالىي والاستير
ي حير  أن المتغير  التابع )الرقم القياسي للاسعار المستهلك( قد 

مستقرة عند الفرق الاول ، ف 
ي التقدير.  ARDLعند الفرق الاول، لذا تم استخدام طريقة  استقر 

 
 ف

اته لنموذج المختار ببينت نتائج  اختبار الحدود  .2 وعدم وجود علاقة طويلة الاجل بير  متغير
ي وان النموذج المقدر خالىي من مشكلة عدم تجانس التباين

 
 . وجود ارتباط تسلسلي بير  البواف

ات المستقلة سعر الصرف ال .3 ادات والصادرات وسعر الفائدة ذات اثر ان المتغير موازي والاستير
ادت والصادرات  ي الاجل القصير اما الناتج المحلي الاجمالىي والاستير

 
كبير عل معدل التضخم ف

ي الاجل الطويل. 
 
 وسعر الفائدة والانفاق الحكومي هي ذات الاثر الاكير ف

 

 التوصيات
ي  .1

السوق وذلك بوضع حوافز للادخار للتقليل من  محاولة التأثير عل كمية النقود المتداولة ف 
 السيولة النقدية ومن ثم تحجيم التداول النقدي. 

ي جانب العرض لمواجه التضخم، ومن ثم تفعيل  .2
زيادة الانتاج ورفع مستوى الانتاجية يعملان ف 

ة يؤدي الى  ي وخاصة الحكومي واعادة الحياة للمؤسسات ذات الانتاجية الكبير القطاع الانتاجر
ادات من الخارج بالاضافة س  من الاعتماد عل الاستير

ً
ي الانتاج المحلي بدلا

د النقص الحاصل ف 
 الى ان هذا يساعد عل سحب جزء من البطالة وتشغيل الايدي العاملة المحلية. 
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ي  .3
ي عوائد النفط الى العوائل ذوي الدخول المنخفضة الت 

 
توجيه جزء من الزيادات الحاصلة ف

ي الاسعار مما ينعكس بصورة سلبية عل تلك العوائل فيجب توسيع تواجه ارتفاعات كب
 
ة ف ير

ي تقع عند خط الفقر. 
 شبكة الحماية الاجتماعية لتشمل اكير عدد ممكن من العوائل الت 

ي ودخول  .4
ي حسب المناطق المحددة بالبناء السكت 

ي مجال البناء العمودي والافق 
 
التوسع ف

ي هذا المجال للقضاء ع
 
ي القطاع الخاص ف

ي اسعار وايجارات المبان 
 
ة ف ل الارتفاعات الكبير

ة عل ارتفاع اسعار هذا القطاع وانعكاس ذلك عل المستوى  السكنية مما ينعكس بصورة كبير
 العام للاسعار بصورة عامة. 

 

 الملاحق
 (1جدول )

ون ) -نتائج اختبار السكون للسلاسل الزمنية بأستخدام اختبارفليب  (Philips-Perronبير
 2020-1980( للمدة Levelsد المستوى )عن

 القيم الحرجة
بدون حد ثابت 
 وبدون اتجاه عام

GDP 1 واتجاه عام بحد ثابت بحد ثابت

 
الناتج المحلي 

 الاجمالىي 
0.227857 -0.620763 -2.063497   

عند مستوى 
 1%معنوية

-2.624057 -3.605593 -4.205004   

عند مستوى 
 5%معنوية

 غير مستقر 3.526609- 2.936942- 1.949319-

عند مستوى 
 10%معنوية

-1.611711 -2.606857 -3.194611   

      

EX 2.396773- 1.195503- 0.542142- الصادرات

 

2 

عند مستوى 
 1%معنوية

-2.624057 -3.605593 -4.205004 
  

عند مستوى 
 5%معنوية

-1.949319 -2.936942 -3.526609 
 غير مستقر

عند مستوى 
 10%ةمعنوي

-1.611711 -2.606857 -3.194611 
  الصادرات

      

ادات  imp 3 2.224846- 0.500369 1.002301 الاستير

عند مستوى 
 1%معنوية

-2.624057 -3.605593 -4.205004 
 الواردات

عند مستوى 
 5%معنوية

-1.949319 -2.936942 -3.526609 
مستقر  غير

عند مستوى 
 10%معنوية

-1.611711 -2.606857 -3.194611 
 عرض النقود

     

 M 4 0.571099- 1.819218 2.868618  عرض النقود

عند مستوى 
 1%معنوية

-2.624057 -3.605593 -4.205004  

عند مستوى 
 5%معنوية

 مستقر 3.526609- 2.936942- 1.949319-



 2023 اذار  –عشر  الثامنالعدد ______         __           مجلة العلوم الاحصائية _____________ 

48 
 

 



Journal of Statistical Sciences                                      Edition No.:18, March 2023 

49 
 

 
 

ENDPOINT-INFLATED POISSON DISTRIBUTION 
H. A. Abd EL-Hady, A. T. El-Ghanam and A. E. Abu-Hussien 

Statistics Department, Faculty of Commerce, AL-Azhar University (Girls' Branch), 
Cairo, Egypt 

 

 

 11/10/2022 تاري    خ استلام البحث: 

 24/11/2022  تاري    خ قبول البحوث: 

ي العدد 
 
 2023  مارس / اذار : عشر  الثامننشر البحث ف

 

وني  2522-64X/519.2 (: Online) ةرمز التصنيف ديوي / النسخة الالكتر

 2519-948X/519.2 (: Print) رمز التصنيف ديوي / النسخة الورقية

 

 

  



Journal of Statistical Sciences                                      Edition No.:18, March 2023 

50 
 

ENDPOINT-INFLATED POISSON DISTRIBUTION 
H. A. Abd EL-Hady, A. T. El-Ghanam and A. E. Abu-Hussien 

Statistics Department, Faculty of Commerce, AL-Azhar University (Girls' Branch), 
Cairo, Egypt 

 

Abstract 
 

This article is concerned with Endpoint-Inflated Poisson distribution for modeling count 
data with large frequencies of zeros and right-endpoint 𝑚. The proposed model is said 
to be inflated since it allows for positive probability mass at some points (zero and 𝑚). 
The model is a mixture of three distributions, a degenerate distribution with a unit point 
mass at zero, a degenerate distribution with a unit point mass at 𝑚 which assign higher 
probabilities to 0 and 𝑚 and the other counts are defined by the Poisson distribution. 
Some of its properties is discussed. The maximum likelihood and moment approaches 
are utilized to derive point estimates and confidence intervals for the distributional 
parameters. The elements of the Hessian matrix, the Fisher information matrix and the 
variance-covariance matrix of the maximum likelihood estimators are derived. An 
application using two real data sets is presented. The performance of the model and its 
sub-models is assessed using goodness of fit test and different information criteria. 

Keywords: Count data; Poisson distribution; Zero-Inflated Poisson distribution; 

Endpoint-inflated Poisson distribution; Zero- one Inflated Poisson 

distribution; Maximum likelihood estimators; Moment estimators. 
 

1. Introduction 
 

Many studies in different areas involve nonnegative integer values. The Poisson models 
are the most used tools for modeling count data. In practice, however, count data are 
often over dispersed, the variance can be greater than the average value. One frequent 
manifestation of over dispersion is that the incidence of zero counts is greater than 
expected for the Poisson distribution. Motivated by this fact, some studies have focused 
on inflated distributions for modeling count data with large frequencies of zeros that 
cannot be explained by models based on standard distributional assumptions. Inflated 
distributions can be thought as finite mixture distributions which involve a finite number 
of components to deal with the nature of the data. Mixture distributions arise when 
each distribution separately cannot describe the data. Some of these studies are 
interested in zero-inflated and others are interested in zero-and-one inflated families of 
models.  

Zero-inflated distributions have been developed to fit count data with large frequencies 
of zeros that cannot be explained by models based on standard distributional 
assumptions. Such data are common in many fields including medicine, public health 
studies, epidemiology, ecology, sociology, psychology, econometrics, agriculture, 
engineering, manufacturing, and road safety. This method is based on an assumption 
that the random variable is generated by a mixture of two distributions, one is the 
discrete distribution and a degenerate distribution with a unit point mass at zero [see 
Mullahy (1986) developed zero inflated family of models, Lampert (1992)  extended 
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zero-inflated Poisson (ZIP) distribution]. Many studies build regression models based on 
Zero-inflated distributions to clarify the relation between the covariates and the 
response variable. [see Lampert (1992) used a parametric ZIP regression model to study 
the effects of covariates with parameters of interest via appropriate link functions, 
Ridout et al. (2001) derived a score test for testing a ZIP regression model against zero-
inflated negative binomial (ZINB) alternatives which the non-zero part of the count data 
is over dispersed and another distribution such as ZINB may be more appropriate than 
ZIP, Diop and Dupuy (2014) developed zero inflated Bernoulli (ZIBER) regression model 
to fit binary data that contain too many zeros. Fitriani et al. (2019) presented Simulation 
on the ZINB to model over dispersed Poisson distributed data, Diallo et al. (2019) 
presented estimation in zero-inflated binomial (ZIB) regression with missing covariates]. 

Zero-and-one inflated distributions have been developed to fit count data with excess 
zeros and ones simultaneously. For example, most car owners will claim zero or one 
time in the insurance period; one may be infected by some virus for at most one-time 
due to the generation of corresponding antibodies once after the infection, so the count 
of one can be underestimated by zero-inflated models. There are many ways to build  
zero-and-one inflated models and one of these methods is based on an assumption that 
the random variable is generated by a mixture of three distributions, one is the discrete 
distribution, a degenerate distribution with a unit point mass at zero, and a degenerate 
distribution with a unit point mass at one [see Edwin (2014) considered zero-one 
inflated geometric (ZOIG) distribution in analysis of a real life.  Alshkaki (2016) 
introduced zero-and-one inflated power series distributions, Poisson, binomial, 
negative binomial, geometric and logarithmic series distributions. Alshkaki (2016) 
discussed properties and parameters estimators of zero-and-one inflated Poisson (ZOIP) 
distribution. Alshkaki (2016) provided mathematical properties of zero-one inflated 
logarithmic series (ZOILS) distribution. Alshkaki (2016) provided mathematical 
properties of zero-one inflated negative binomial (ZOINB) and zero-one inflated 
binomial (ZOIB) distributions.  Zhang et al. (2016) studied the likelihood based ZOIP 
model without covariates. Tang et al. (2017) studied the statistical inference for (ZOIP) 
distribution. Liu et al. (2018) derived the objective Bayesian estimation of ZOIP model, 
Alshkaki (2019) drive a combined estimation method to estimate the parameters of the 
(ZOINB) distribution, Tlhaloganyang et al. (2019) derived Structural properties of zero-
one-inflated negative-binomial crack (ZOINBCR) distribution].To investigate the relation 
between the covariates and the response variable, many studies build regression 
models based on zero-and-one inflated distributions [see Deng et al. (2015) introduced 
generalized endpoint-inflated binomial model, Liu et al. (2018) introduced zero-and-one 
inflated Poisson regression model]. 

In this article, endpoint-inflated model was developed to fit count data to handle 
variability from both excessive zeros and excessive right-endpoint 𝑚 compared with 
other observations in the data .Such data are common in many fields including 
psychological, social, and public health related research. For example, many patients go 
to the cosmetology many times when others never visit; the number of days that 
individuals employ may be zero due to unemployment and may be many days; patients 
may be infected by the virus and have not received any doses of  prescription 
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medication for lake of detection while others have received multiple doses for early 
detection; the number of days people with psychiatric problems spent in hospitals 
exceeds months while others are not fully hospitalized. The proposed  model is 
suggested based on the strategy of inclusion an extra parameter, which is an extension 
of zero- inflated models through addition of the right-endpoint inflation parameter to 
provide alternative distributions for modeling count data that is found to be 
characterized by excessive zero and excessive right-endpoint counts. The model is 
based on an assumption that the random variable is generated by a mixture of three 
distributions, one is the discrete distribution, a degenerate distribution with a unit point 
mass at zero, and a degenerate distribution with a unit point mass at 𝑚, so the model 
is said to be inflated since it allows for positive probability mass at some points [zero 
and 𝑚]. 

The endpoint-inflated Poisson distribution is a mixture of three distributions, a 
degenerate distribution with a unit point mass at zero, a degenerate distribution with a 
unit point mass at 𝑚 which assign higher probabilities to zero and 𝑚 and the other 
counts are defined by the Poisson distribution.This article unfolds as follows; Section 2 
presents the endpoint-inflated Poisson distribution. The main properties of the 
distribution such as the mean, variance, moment generating function, and the 
probability generating function are obtained in Section 3. Section 4 discusses the 
maximum likelihood estimators. The elements of the Hessian matrix, the Fisher 
information matrix and the variance-covariance matrix of the maximum likelihood 
estimators are derived in Section 5. In Section 6 the moment estimators are presented. 
Estimation of the parameters of the endpoint-inflated Poisson distribution  and its sub-
models as well as fitting their frequencies were presented in Section 7 using two 
different sets of data representing; the number of infected cases with Covid 19 in Africa 
data,  the number of weekly worked days in Egypt data. Finally, some concluding 
remarks were given in section 8.  

2. Endpoint-Inflated Poisson Distribution 
 

Let 𝑌 be a discrete random variable has an endpoint-inflated Poisson distribution, 
denoted by EIP(𝜑0, 𝜑1, 𝜆), the model can be expressed as a mixture of three 
probability functions as follows: 

𝑓(𝑦; 𝜑0, 𝜑1, 𝜆) = 𝜑𝑜𝑓1(𝑦) + 𝜑1 𝑓2(𝑦) + 𝜑2 𝑓3(𝑦),                                           (1) 

where 

𝑓1(𝑦) = 𝑝 (𝑦 = 0) = 1,    for   𝑦 = 0.                                                                   (2) 

is a degenerate probability function with a unit point mass at zero,  

𝑓2(𝑦) =  p (y = 𝑚) = 1,    for  y = 𝑚.                                                                (3) 

is a degenerate probability function with a unit point mass at 𝑚, 

𝑓3(𝑦) =
𝑒−𝜆𝜆𝑦

𝑦!
 , for   𝑦 = 0,1,2, …    ,      𝜆 > 0                                                   (4) 
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is the probability mass function (pmf) of the Poisson distribution, denoted by PD(𝜆), 
𝜑𝑜 ∈ [0,1], 𝜑1 ∈ [0,1] denote the unknown proportion for incorporating extra zeros 
and extra right-endpoint 𝑚, respectively and 𝜑2 = 1 − 𝜑0 − 𝜑1 ∈ [0,1].  

then 

𝑓(𝑦; 𝜑0, 𝜑1, 𝜆)

=

{
  
 

  
 
𝜑𝑜 + 𝜑2𝑒

−𝜆         if  𝑦 = 0,                                                                                      

𝜑2
𝑒−𝜆𝜆𝑦

𝑦!
,        if  𝑦 = 1,2, … ,𝑚 − 1,𝑚 + 1,                            (5) 
                                                                           

𝜑1 + 𝜑2
𝑒−𝜆𝜆𝑚

𝑚!
   if  𝑦 = 𝑚,                                                                                        

                                     

 

The model (5) is a three-component mixture model with two degenerate distributions 
at 𝑦 = 0 and 𝑦 = 𝑚, and the PD(𝜆). Figure 1 shows some different EIP(𝜑0, 𝜑1, 𝜆) 
probability mass functions along with the corresponding values of (𝜑0, 𝜑1, 𝜆). It is 
noteworthy that the probability functions can display different shapes depending on 
the values of the three parameters. In particular, when  𝜑0 = 0, the EIP(𝜑0, 𝜑1, 𝜆) in 
(1) is reduced to right-endpoint inflated Poisson distribution, denoted by REIP (𝜑1, 𝜆) 
when 𝜑1 = 0, the EIP(𝜑0, 𝜑1, 𝜆) in (1) is reduced to zero inflated Poisson distribution, 
denoted by ZIP (𝜑0, 𝜆) which is proposed by Lampert (1992), when  𝜑0 = 𝜑1 = 0, the 
EIP(𝜑0, 𝜑1, 𝜆) in (1) becomes the  PD(𝜆) in (4). Also, the subset models can 
accommodate, inflation-inflation (𝜑0 > 0, 𝜑1 > 0), inflation- deflation (𝜑0 > 0, 𝜑1 =
0), deflation- inflation(𝜑0 = 0, 𝜑1 > 0). However, the model can also be used to fit the 
data with zero deflation (𝜑0 = 0) and 𝑚 deflation  (𝜑1 = 0). 
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Figure 1 Endpoint-inflated Poisson Probability Mass Functions for different combination 
of (𝝋𝟎, 𝝋𝟏, 𝝀) and 𝒎 

The cumulative distribution function (cdf) of the EIP(𝜑0, 𝜑1, 𝜆) is given as: 
𝐹(𝑦; 𝜑0, 𝜑1, 𝜆) = 𝑃(𝑌 ≤ 𝑦)

=∑𝑓(𝑦; 𝜑0, 𝜑1, 𝜆),        𝑦 = 0, 1,2, ….                                     (6)

𝑌≤𝑦

 

 

3. Some Properties of the Endpoint-Inflated Poisson Distribution  
  

The rth moment about the origin of the random variable 𝑌 can be obtained as follows: 

𝐸(𝑌𝑟) = 𝜑1𝑚
𝑟 + 𝜑2∑𝑦𝑟

𝑒−𝜆𝜆𝑦

𝑦!

∞

𝑦=0

,     𝑟 = 1,2, …                                 (7) 

The mean and variance respectively, are given by: 

𝐸(𝑌) = 𝜑1𝑚 + 𝜑2 𝜆,                                                                                     (8) 

 𝑉(𝑌) = 𝜑1𝑚
2+𝜑2(𝜆

2 +  𝜆) − (𝜑1𝑚 +𝜑2 𝜆),
2                                    (9) 

 

The moment generating function and the probability generating function, respectively, 
are given by 

𝑀𝑦(𝑡)   = 𝜑𝑜 + 𝜑1𝑒
𝑚𝑡 + 𝜑2 𝑒

𝜆(𝑒𝑡−1).                                                         (10) 

𝐺𝑦(𝑡)   = 𝜑𝑜 + 𝜑1𝑡
𝑚 + 𝜑2 𝑒

𝜆(𝑡−1)                                                               (11) 

By substituting 𝜑𝑜 = 0, 𝜑1 = 0 and 𝜑0 = 𝜑1 = 0, respectively, the main properties of 
the sub-models, REIP (𝜑1, 𝜆), ZIP(𝜑0, 𝜆) and PD(𝜆),respectively, can be obtained as 
special cases of the main properties of the EIP(𝜑0, 𝜑1, 𝜆). 

4. The Maximum Likelihood Estimators of the parameters  
  

The maximum likelihood estimation (MLE) method is used to estimate the parameters 
of the EIP(𝜑0, 𝜑1, 𝜆). 
Let 𝑦1, … , 𝑦𝑛 be a random sample of size 𝑛 drown from 𝑓(𝑦; 𝜑0, 𝜑1, 𝜆) in (5). 
The likelihood function of the observed sample is given by: 

𝐿 (𝜃; 𝑦) =∏𝑓(𝑦𝑖 ; 𝜑0, 𝜑1, 𝜆),                                                                    (12) 

𝑛

𝑖=1

 

 

where 𝜃 = (𝜑0, 𝜑1, 𝜆).  

The likelihood function of  EIP(𝜑0, 𝜑1, 𝜆) is derived by substituting (5), in (12). 

𝐿 (𝜃; 𝑦) = [𝜑𝑜 + 𝜑2𝑒
−𝜆]

𝐼𝑜
 [𝜑1 + 𝜑2

𝑒−𝜆𝜆𝑚

𝑚!
]

𝐼1

∏(𝜑2
𝑒−𝜆𝜆𝑦

𝑦𝑖!
).          (13) 

𝐼2

𝑖=1

 

where  

 𝐼𝑜 =  𝐼𝑜(𝑦) =⋕ {𝑖:  𝑦𝑖 = 0} ,  

 𝐼1 =  𝐼1(𝑦) =⋕ {𝑖:  𝑦𝑖 = 𝑚}1, 
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and  

𝐼2 = 𝑛 − 𝐼𝑜 − 𝐼1. 

Here ⋕ 𝕩   is used to denote the number of elements of the set 𝕩. 
The natural logarithm of (13) can be obtained as follows: 

ℓ(𝜃) = 𝑙𝑛 𝐿 (𝜃; 𝑦)

= 𝐼𝑜 𝑙𝑛(𝜑𝑜 + 𝜑2𝑒
−𝜆) + 𝐼1𝑙𝑛 (𝜑1 + 𝜑2𝑒

−𝜆
𝜆𝑚

𝑚!
) + 𝐼2𝑙𝑛(𝜑2) − 𝐼2𝜆

+∑𝑦𝑖 

𝐼2

𝑖=1

𝑙𝑛(𝜆) 

−∑𝑙𝑛 𝑦𝑖!

𝐼2

𝑖=1

.                  (14)  

The elements of the score vector for 𝜑0, 𝜑1 and 𝜆  can be obtained by taking the first 
partial derivatives of the log likelihood function (14) with respect to the unknown 
parameters  𝜃 = (𝜑0, 𝜑1, 𝜆), as follows: 

𝜕ℓ(𝜃)

𝜕𝜑0
=

(1 − 𝑒−𝜆)

𝜑𝑜 + 𝜑2𝑒
−𝜆
𝐼𝑜 −

(𝑒−𝜆
𝜆𝑚

𝑚!
)

𝜑1 + 𝜑2𝑒
−𝜆 𝜆

𝑚

𝑚!

𝐼1 −
1

𝜑2
𝐼2,                                     (15) 

𝜕ℓ(𝜃)

𝜕𝜑1
= −

𝑒−𝜆

𝜑𝑜 + 𝜑2𝑒
−𝜆
𝐼𝑜 +

(1 − 𝑒−𝜆
𝜆𝑚

𝑚!
)

𝜑1 + 𝜑2𝑒
−𝜆 𝜆

𝑚

𝑚!

𝐼1 −
1

𝜑2
𝐼2,                                 (16) 

𝜕ℓ(𝜃)

𝜕𝜆
= −

𝜑2𝑒
−𝜆

𝜑𝑜 + 𝜑2𝑒
−𝜆
𝐼𝑜 +

𝜑2𝑒
−𝜆 (

𝑚𝜆𝑚−1

𝑚!
−
𝜆𝑚

𝑚!
)

𝜑1 + 𝜑2𝑒
−𝜆 𝜆

𝑚

𝑚!

𝐼1 − 𝐼2 +
∑ 𝑦𝑖 
𝐼2
𝑖=1

𝜆
        (17) 

From (15), (16) and (17), the score vector for 𝜑0, 𝜑1 and 𝜆  can be written as follows: 

𝑈(𝜃) = (
𝜕ℓ(𝜃)

𝜕𝜑0
,
𝜕ℓ(𝜃)

𝜕𝜑1
 ,
𝜕ℓ(𝜃)

𝜕𝜆
 )

𝑇

.  

The ML estimators of 𝜑0, 𝜑1 𝑎𝑛𝑑 𝜆  can be obtained as the solution of the nonlinear 
system [see Alshkaki (2016)]. 

(
𝜕ℓ(𝜃)

𝜕𝜑0
,
𝜕ℓ(𝜃)

𝜕𝜑1
 ,
𝜕ℓ(𝜃)

𝜕𝜆
 )

𝑇

= 0.   

let 

𝑝0 = 𝜑𝑜 + 𝜑2𝑒
−𝜆,                                                                                                       (18) 

𝑝1 = 𝜑1 + 𝜑2𝑒
−𝜆
𝜆𝑚

𝑚!
.                                                                                                (19) 
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and they can be replaced by their sample relative frequencies, i.e. their sample 
estimates which are the proportion of zeros and the proportion of 𝑚s in the sample as 
follows:  

𝑝0̂ =
𝐼𝑜
𝑛
,                                                                                                       (20) 

𝑝1̂ =
𝐼1
𝑛
.                                                                                                      (21) 

By substituting (18) to (21) in (15) and setting to zero, 𝜑2 can be estimated as follows: 

𝜑̂2 =
𝐼2

𝑛 (1 − 𝑒−𝜆 − 𝑒−𝜆
𝜆𝑚

𝑚!
)
.                                                                  (22) 

By substituting (18) to (21) in (17), 𝜆 can be estimated using: 

𝒜(𝜆̂) = 0,                                                                                                          (23) 

     

𝒜(𝜆̂) = (∑𝑦𝑖 

𝐼2

𝑖=1

− 𝐼2𝜆̂) (𝑒
𝜆̂ − 1 −

𝜆̂𝑚

𝑚!
) + 𝜆̂ (−1 +

𝜆̂𝑚−1

(𝑚 − 1)!
−
𝜆̂𝑚

𝑚!
).         (24) 

Hence, (24) can be solved by any numerical procedure, to obtain 𝜆 ̂numerically,  
Similarly, using (18) to (24), 𝜑𝑜 and 𝜑1can be estimated respectively as follows: 

𝜑̂𝑜 =
1

𝑛
[𝐼𝑜 −

𝐼2

𝑒𝜆 ̂ − 1 −
𝜆 ̂𝑚

𝑚!

],                                                                              (25) 

and 

𝜑̂1 =
1

𝑛
[𝐼1 −

𝜆 ̂𝑚

𝑚!
𝐼2

𝑒𝜆 ̂ − 1 −
𝜆 ̂𝑚

𝑚!

].                                                                            (26)  

 

The maximum likelihood (ML) estimators for 𝜑1, 𝜆 of  REIP(φ1, 𝜆), 𝜑0, 𝜆 of  ZIP (𝜑0, 𝜆), 
and 𝜆 of PD(𝜆), can be obtained by substituting  𝐼0 = 𝜑0 = 0 ,  𝐼1 = 𝜑1 = 0 and  𝐼0 =
𝜑0 =  𝐼1 = 𝜑1 = 0, respectively   in (14) and taking the partial derivatives with respect 
to the unknown parameters  𝜃 = (𝜑1, 𝜆), 𝜃 = (𝜑0, 𝜆) and 𝜆, respectively, and following 

the same steps as before.  
 

5. The variance-covariance matrix 
 

The variance-covariance matrix of the ML estimators of the  EIP(𝜑0, 𝜑1, 𝜆) , is the 
inverse of Fisher information matrix, the elements of the Fisher information matrix can 
be obtained by taking the negative expectation of the Hessian matrix. 
 

The elements of the Hessian matrix of the ML estimators of the EIP(𝜑0, 𝜑1, 𝜆), are 
obtained by taking the second derivatives of the natural logarithm of the likelihood 

function, ℓ(𝜗)  in (14) with respect to the unknown parameters, 𝜃 = (𝜑0, 𝜑1, 𝜆),  as 

follows [see Appendix A]: 

https://en.wikipedia.org/wiki/Derivative
https://en.wikipedia.org/wiki/Natural_logarithm
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[𝐽(𝜃)]
𝑖,𝑗
= [

𝜕2

𝜕𝜃𝑖𝜕𝜃𝑗
ℓ(𝜃)]|

𝜃̂𝑖,𝜃̂𝑗,

,                                                                     𝑖, 𝑗 = 1,2,3. 

the Hessian matrix can be written as follows: 

𝐽(𝜃) =    (   

𝐽𝜑𝑜𝜑𝑜 𝐽𝜑𝑜𝜑1 𝐽𝜑𝑜𝜆
𝐽𝜑1𝜑0 𝐽𝜑1𝜑1 𝐽𝜑1𝜆
𝐽𝜆𝜑0 𝐽𝜆𝜑1 𝐽𝜆𝜆

).                                                                       (27) 

The elements of the two 2x2 Hessian matrices of the ML estimators for  
 REIP(𝜑1, 𝜆) and ZIP(𝜑0, 𝜆)can be obtained as special cases of (27) when 𝐼0 = 𝜑0 = 0 
and  𝐼1 = 𝜑1 = 0,respectively. 
 

The elements of the Fisher information matrix of the ML estimators of 
the EIP(𝜑0, 𝜑1, 𝜆),are obtained by taking the negative expectation of the Hessian 
matrix (27) as follows [see Appendix B]: 

[Κ(𝜃)]
𝑖,𝑗
= −𝐸 [

𝜕2

𝜕𝜃𝑖𝜕𝜃𝑗
ℓ(𝜃)]|

𝜗̂𝑖,𝜗̂𝑗,

, 

Where: 𝑖, 𝑗 = 1, 2, 3.  and 𝜃 = (𝜑0, 𝜑1, 𝜆) the Fisher information matrix can be written 

as follows: 

Κ(𝜃) =    (   

Κ𝜑𝑜𝜑𝑜 Κ𝜑𝑜𝜑1 Κ𝜑𝑜𝜆
Κ𝜑1𝜑0 Κ𝜑1𝜑1 Κ𝜑1𝜆
Κ𝜆𝜑0 Κ𝜆𝜑1 Κ𝜆𝜆

).                                      (28) 

 

The elements of the two 2x2 Fisher information matrices of the ML estimators for  
 REIP(𝜑1, 𝜆) and ZIP(𝜑0, 𝜆)can be obtained as special cases of (28) when 𝐼0 = 𝜑0 = 0 
and  𝐼1 = 𝜑1 = 0,respectively. 

The variance-covariance matrix of the ML estimators of the EIP(𝜑0, 𝜑1, 𝜆),  is the 
inverse of Fisher information matrix (28), can be obtained as follows [see Appendix c]: 

Κ(𝜃)
−1
=

1

|Κ(𝜃)|
𝑎𝑑𝑗 Κ(𝜃) ,                                                             (29) 

where 

|Κ(𝜃)| is the determinant of Κ(𝜃),                                              (30) 

and 

𝑎𝑑𝑗 Κ(𝜃) is the adjoint of Κ(𝜃).                                                        (31) 

the variance-covariance can be written as follows: 
 

𝑘(𝜃)−1 = (
𝐾𝜑𝑜𝜑𝑜 𝐾𝜑𝑜𝜑1 𝐾𝜑𝑜𝜆

𝐾𝜑1𝜑0 𝐾𝜑1𝜑1 𝐾𝜑1𝜆

𝐾𝜆𝜑𝑜 𝐾𝜆𝜑1 𝐾𝜆𝜆

),                                               (32) 

 

The diagonal elements, 𝑘𝚤𝚤 of the variance-covariance matrix, 𝑘(𝜃)−1  in (32) are the 

variance of the ML estimators,  (𝜑̂0, 𝜑̂1, 𝜆̂)  and the square roots of the diagonal 

elements of the variance-covariance matrix, are the standard errors of the ML 

estimators, (𝜑̂0, 𝜑̂1, 𝜆̂). 
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It can be noticed that, the elements of the two, 2 × 2 variance-covariance matrices  
for REIP(𝜑1, 𝜆) and  ZIP(𝜑0, 𝜆), can be obtained as special cases of (32) when 𝐼0 =
𝜑0 = 0 and  𝐼1 = 𝜑1 = 0, respectively, with diagonal elements of each are the variance 

of the ML estimators, (𝜑̂1, 𝜆̂) and (𝜑̂0, 𝜆̂) and the square roots of the diagonal elements 

are the standard errors of the ML estimators, (𝜑̂1, 𝜆̂) and (𝜑̂0, 𝜆̂)  of the ZIP(𝜑0, 𝜆) and 

REIP(𝜑1, 𝜆), respectively. 

The variance of the ML estimator, (𝜆̂) of   the PD(𝜆) can be obtained as follows: 

V(𝜆̂) =
1

−𝔼(
𝜕2ℓ(𝜃)

𝜕𝜆 2
)

=
𝜆̂

𝑛
,                                                                    (33) 

then, the standard error of the ML estimator, 𝜆̂ is the square root of this variance. 

Thus, (1 − α)100%  asymptotic confidence intervals (CIs) of 𝜑̂0, 𝜑̂1 and 𝜆̂  can be 
obtained as follows:  

𝜃̂  ± 𝑧α
2
(𝑘𝚤𝚤)

1
2,                                                                                                   (34) 

𝜃̂ = (𝜑̂0, 𝜑̂1, 𝜆̂), and 𝑧α represent the α𝑡ℎ quantile of the  𝑁(0, 1) distribution. 

 

6. The Moment Estimators of the parameters 
 

The moment estimation (ME) method is used to estimate the parameters of 
the  EIP(𝜑0, 𝜑1, 𝜆 ). The first three distribution moments about the origin for the 
EIP(𝜑0, 𝜑1, 𝜆) can be found to be, 
𝜇1
′ = 𝜑1𝑚 + 𝜑2 𝜆, 

𝜇2
′ = 𝜑1𝑚

2 + 𝜑2𝜆(1 + 𝜆), 

and 

𝜇3
′ = 𝜑1𝑚

3 + 𝜑2𝜆(1 + 3𝜆 + 𝜆
2). 

Let 𝑦1, 𝑦2,,,,, 𝑦𝑛 be a random sample from 𝑓(𝑦; 𝜑0, 𝜑1, 𝜆) in (5), and let, 

𝑀r
′ =

∑ 𝑦𝑟𝑘𝑖
𝑛
𝑖=1

∑ 𝑘𝑖
𝑛
𝑖=1

, r = 1,2,3                                                                       (35) 

be their sample moments about the origin, then solving the following simultaneous 
equations: 

𝑀1
′ = 𝜑1𝑚 +𝜑2 𝜆,                                                                                                 (36) 

𝑀2
′ = 𝜑1𝑚

2 + 𝜑2𝜆(1 + 𝜆),                                                                                 (37) 

and 

𝑀3
′ = 𝜑1𝑚

3 + 𝜑2𝜆(1 + 3𝜆 + 𝜆
2).                                                                      (38) 

for 𝜑𝑜  , 𝜑1 and  𝜆 give the following ME for these parameters: 
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𝜑̂𝑜 =
1

2(−1 +𝑚)2𝑚(𝑀2
′ −𝑀3

′ −𝑀1
′𝑚 +𝑀2

′𝑚)
(−2𝑀1

′𝑀2
′ +𝑀2

′ 2 + 2𝑀1
′𝑀3

′ − 2𝑀2
′𝑀3

′ +𝑀3
′ 2

+𝑚(2𝑀1
′2 + 2𝑀2

′ + 6𝑀2
′ 2 − 2𝑀3

′ − 2𝑀1
′𝑀3

′ − 4𝑀2
′𝑀3

′)

− 𝑚2(2𝑀1
′ + 3𝑀1

′2 + 2𝑀2
′ + 8𝑀1

′𝑀2
′ − 2𝑀2

′ 2 − 4𝑀3
′ − 4𝑀1

′𝑀3
′)

+ 𝑚3(4𝑀1
′ + 6𝑀1

′2 − 2𝑀2
′ − 2𝑀1

′𝑀2
′ − 2𝑀3

′) − 𝑚4(2𝑀1
′ +𝑀1

′2 − 2𝑀2
′)

+ ℚ(−𝑀2
′ +𝑀3

′ +𝑀1
′𝑚 − 2𝑀2

′𝑚 +𝑀1
′𝑚2)),                 (39) 

𝜑̂1 =
2𝑀1

′ −𝑀2
′ +𝑀3

′ −𝑚(𝑀1
′ − 2𝑀2

′) + 𝑀1
′𝑚2 +ℚ

2(1 − 𝑚)𝑚
,                                 (40) 

and 

𝜆̂ =
3𝑀2

′ −𝑀3
′ − 3𝑀1

′𝑚 +𝑀1
′𝑚2 + ℚ

2(𝑀1
′𝑚 −𝑀2

′)
.                                                               (41) 

Where 

 ℚ = √4(−1 +𝑚)(𝑀2
′ −𝑀1

′𝑚)(𝑀2
′ −𝑀3

′ −𝑀1
′𝑚 +𝑀2

′𝑚) + (3𝑀2
′ −𝑀3

′ +𝑀1
′(−3 + 𝑚)𝑚)2 

The moment estimators for 𝜑1, 𝜆 of  REIP(φ1, 𝜆), 𝜑0, 𝜆 of  ZIP (𝜑0, 𝜆), can be 
obtained by substituting  𝜑0 = 0 ,  𝜑1 = 0, respectively,   in (36) and (37), then solving 
the simultaneous equations as before. The moment estimator for 𝜆 of PD(𝜆), can be 
obtained by substituting  𝜑0 =  𝜑1 = 0, in (36). 

7. Application  
 

Two applications using two real data sets are introduced to demonstrate the 
importance and flexibility of the proposed models. The performance of the models is 
assessed using goodness of fit test and different information criteria. The chi-squared 

(2) test is applied for testing the goodness of fit of EIP(𝜑0, 𝜑1, 𝜆) and its sub-models to 
the data sets. - log-likelihood, Akaike information criteria (AIC) and Bayesian 
information criteria (BIC) are used for comparing the models, Smaller values of– log-
likelihood, AIC and BIC indicate better models. 
 

7.1 The Number of Infected Cases with Covid 19 in Africa Data 
An application using the number of infected cases with Covid 19 in 34 countries in the 
continent of Africa from 3/21/2020 to 12/10/2020 is illustrated. The data set is obtained 
from the site of World Health Organization (WHO). The observed frequency of the cases 
which are uninfected with Covid 19 are 162, thus the data set contains 162 zeros. and 
the observed frequency of one infected case with Covid 19 are 148.; i.e. the data set 
contains non- negligible number of zeros (left –endpoint) and one (right-endpoint).The 
bar chart and the normal Q-Q plot of the number of infected cases with Covid 19 in 34 
countries in the continent of Africa from 3/21/2020 to 12/10/2020 is presented in 
Figures 2 and 3. It is noticed that the data contains inflation at two points 0 and 1.  
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Figure 2: The Number of Infected Cases with Covid 19 in 
34 Countries in the Continent of Africa from 3/21/2020 to 

12/10/2020. 

Figure 3: The Normal Q-Q Plot of the Number of 
Infected Cases with Covid 19 in 34 Countries in 

the Continent of Africa from 3/21/2020 to 
12/10/2020 

 
The observed and fitted frequency distributions based on the MLE and ME of 
the EIP(𝜑0, 𝜑1, 𝜆) and its sub-models are presented in Table 1.  
 

 

Table 1: Observed and Fitted Frequency Distributions of the Number of Infected 
Cases with Covid 19 in 34 Countries in the Continent of Africa from 3/21/2020 to 

12/10/2020. 

Observed Frequency Count of infected cases 

 0 1 2 3 4 5 6 7 8 9 10 
 162 148 93 91 102 46 89 79 54 42 52 

MLE EIP(𝜑0, 𝜑1, 𝜆) 162 148 98 94 108 49 81 78 53 41 46 
ZIP(𝜑0, 𝜆) 162 191 96 96 108 49 88 80 51 25 13 
REIP(𝜑1, 𝜆) 24 144 90 88 118 140 110 119 72 36 16 
PD(𝜆) 26 93 146 191 184 133 91 54 26 11 5 

ME EIP(𝜑0, 𝜑1, 𝜆) 171 155 72 93 102 51 84 85 59 47 39 
ZIP(𝜑0, 𝜆) 162 44 93 114 102 97 104 91 62 46 43 
REIP(𝜑1, 𝜆) 5 430 23 47 71 85 86 74 56 37 44 
PD(𝜆) 24 80 153 195 186 143 91 50 24 10 3 

 

Point estimates with the corresponding standard errors and confidence intervals for the 
parameters of EIP(𝜑0, 𝜑1, 𝜆) and its sub-models  using the data set of the number of 
infected cases with Covid 19 in 34 countries in the continent of Africa from 3/21/2020 
to 12/10/2020, are summarized in Table 2 
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Table 2: The Parameters Estimates and the Corresponding Standard Errors for the 
Models Using the Data Set of the Number of Infected Cases with Covid 19 in 34 

Countries in the Continent of Africa from 3/21/2020 to 12/10/2020 
 

 
MLE    ME 

Point Std. Error Interval  Point Std. Error Interval 

EIP(𝜑0, 𝜑1, 𝜆) 

̂ 5.4223 0.0948 (5.2365, 5.6081)  5.6031 0.02421 (5.55565, 5.65055) 

𝜑̂𝑜 0.1660 0.0118 0.1428, 0.1892)  0.1760 0.04308 (0.09156, 0.26044) 
𝜑̂1 0.1378 0.0118 0.1146, 0.1610)  0.1727 0.00167 (0.16943, 0.17597) 

𝐸(𝑌)̂ 3.9100  3.8226 

𝑉(𝑌)̂ 9.0722  9.6616 

ZIP(𝜑0, 𝜆) 

̂ 4.6004 0.2857 (4.0405, 5.160)  5.3501 0.2754 (4.8104, 5.8898) 

𝜑̂𝑜 0.1607 0.0122 (0.1367, 0.1847)  0.2855 0.0167 (0.2527, 0.3183) 

𝐸(𝑌)̂ 3.8613  3.8226 

𝑉(𝑌)̂ 6.7154  9.6616 

REIP(𝜑1, 𝜆) 

̂ 4.3380 0.0793 (4.1826,4.4934)  6.0474 0.1030 (5.8456, 6.2492) 

𝜑̂1 0.1037 0.0126 (0.0789,0.1287)  0.4408 0.0173 (0.4069, 0.4747) 

𝐸(𝑌)̂ 3.9919  3.8225 

𝑉(𝑌)̂ 4.9238  9.6616 

PD(𝜆) 

̂ 3.8225 0.06316 (3.6987,3.9463)  3.8225 0.0632 (3.6987,3.9463) 

𝐸(𝑌)̂ 3.8225  3.8225 

𝑉(𝑌)̂ 3.8225  3.8225 

 The estimated variance of the random variable 𝑌~EIP(𝜑0, 𝜑1, 𝜆), 𝑉(𝑌)̂ reflect the 
variation of the data, which has more frequencies for some observations [namely zero 
counts and one counts] than other models.  

Validation of the Models to the Data Set 
The results of  2, - log-likelihood, AIC and BIC are summarized in Table 3. 

Table 3: Validation of the Models to the Data Set of the Number of Infected Cases 
with Covid-19 in 34 Countries in the Continent of Africa from 3/21/2020 to 

12/10/2020. 

 

Expected frequencies 

MLE ME 

EIP(𝜑0, 𝜑1, 𝜆) ZIP(𝜑0, 𝜆) REIP(𝜑1, 𝜆) PD(𝜆) 
EIP(𝜑0, 𝜑1, 𝜆
) 

ZIP(𝜑0, 𝜆) REIP(𝜑1, 𝜆) PD(𝜆) 

2 3 146 973 1547 13 288 5885 1933 

df 7 8 8 9 7 8 8 9 

p-value 0.88500 < 0.00001 < 0.00001 < 0.00001  0.072108 < 0.00001 < 0.00001 < 0.00001 

-Log-Likelihood 2298.87 2427.21 2649.07 2678.26 2307.65 2512.53 3090.59 2678.26 

AIC 4603.75 4858.42 5302.14 5358.51 4621.30 5029.07 6185.18 5358.51 

BIC 4618.34 4868.15 5311.88 5363.38 4635.89 5038.80 6194.91 5363.38 

 

It is noticed from Table 3 that the data contains the EIP(𝜑0, 𝜑1, 𝜆) provides a better fit 
when compared with other models and can serve as an alternative model to the existing 
models. 
  

7.2 The Number of Weekly Worked Days in Egypt Data. 
An application using a sample of 18837 individuals in working ages (16-60 years) from 
7526 family of the household income, expenditure and consumption survey (HIECS) 
carried out in Egypt at 2012- 2013 is conducted. The data set is obtained from the 
Central Agency for Public Mobilization and Statistics. Egypt, Arab Rep. 2012-2013. The 



Journal of Statistical Sciences                                      Edition No.:18, March 2023 

62 
 

sample contains the number of days worked by 18837 individuals in the last week 
before the survey. The data set contains 8899 zeros and contains 4170 six; i.e. the data 
set contains non- negligible number of zeros (left –endpoint) and six (right-endpoint). 
The bar chart and the normal Q-Q plot of the number of days worked by 18837 
individuals of 7526 family in Egypt in 2012 - 2013 is presented in Figures 4 and 5. It is 
noticed that the data contains inflation at two points 0 and 6. 
 

  

Figure 4: The Number of Days Worked by 18837 
Individuals of 7526 Family in Egypt in 2012 – 

2013 

Figure 5: The normal Q-Q plot of the 
Number of Days Worked by 18837 

Individuals of 7526 Family in Egypt in 
2012 – 2013 

The observed and fitted frequency distributions based on the MLE and ME of 
the EIP(𝜑0, 𝜑1, 𝜆) and its sub-models are presented in Table 4.  

Table 4: Observed and Fitted Frequency Distributions of the Number of Days Worked 
by 18837 Individuals of 7526 Family in Egypt in 2012 - 2013. 

Observed Frequency Count of days worked by an individual 

 0 1 2 3 4 5 6 7 
 8899 54 89 307 562 2039 4170 2717 

MLE EIP(𝜑0, 𝜑1, 𝜆) 8899 54 87 307 557 2039 4170 2722 

ZIP(𝜑0, 𝜆) 8899 54 89 308 563 2037 4170 2717 

REIP(𝜑1, 𝜆) 3269 54 89 307 562 1487 4134 177 

PD(𝜆) 906 2658 4100 4215 3251 2005 1031 454 

ME EIP(𝜑0, 𝜑1, 𝜆) 8896 52 87 308 563 2039 4173 2720 

ZIP(𝜑0, 𝜆) 8899 54 89 307 562 2039 4170 2716 

PD(𝜆) 906 2658 4100 4215 3251 2005 1031 454 
 

Point estimates with the corresponding standard errors and confidence intervals for the 
parameters of EIP(𝜑0, 𝜑1, 𝜆) and its sub-models  using the data set of  the number of 
days worked by 18837 individuals of 7526 family in Egypt in 2012 – 2013, are 
summarized in Table 5. 
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Table 5: The Parameters Estimates and the Corresponding Standard Errors for the 
Models Using the Data Set of the Number of Days Worked By 18837 Individuals of 

7526 Family in Egypt in 2012 – 2013 

 
MLE    ME 

Point Std. Error Interval  Point Std. Error Interval 

EIP(𝜑0, 𝜑1, 𝜆) 

̂ 5.6545 0.0237 (5.6081, 5.7008)  5.0582 0.0487 (4.9627, 5.15365) 

𝜑̂𝑜 0.4711 0.0032 0.4691, 0.4773)  0.4736 0.2399 (0.00340, 0.94380) 
𝜑̂1 0.1632 0.0025 0.1583, 0.1681)  0.4213 0.0142 (0.39347, 0.44913) 

𝐸(𝑌)̂ 3.0468  3.0597 

𝑉(𝑌)̂ 10.3508  9.0274 

ZIP(𝜑0, 𝜆) 

̂ 5.7995 0.0243 (5.7519, 5.8470)  5.0101 0.0212 (4.9685, 5.0517) 

𝜑̂𝑜 0.47082 0.0032 (0.4646, 0.4770)  0.3893 0.0032 (0.3831, 0.3955) 

𝐸(𝑌)̂ 3.0690  3.0597 

𝑉(𝑌)̂ 11.4487  9.0274 

REIP(𝜑1, 𝜆) 

̂ 2.2237 0.0126 (2.1989, 2.2485)  1.0077 0.00547 (0.9970, 1.0184) 

𝜑̂1 0.2049 0.0031 (0.1989, 0.2109)  0.5110 0.00316 (0.5048, 0.5172) 

𝐸(𝑌)̂ 2.9975  3.5588 

𝑉(𝑌)̂ 4.0914  6.7203 

PD(𝜆) 

̂ 3.0597 0.1275 (3.0347, 3.0846)  3.0597 0.1275 (3.0347, 3.0846) 

𝐸(𝑌)̂ 3.0597  3.0597 

𝑉(𝑌)̂ 3.0597  3.0597 

The estimated variance of the random variable 𝑌~EIP(𝜑0, 𝜑1, 𝜆) reflect the variation 
of the data, which has more frequencies for some observations [namely zero counts and 
six counts] than other models. The estimated variance of the random variable  
𝑌~ZIP(𝜑0, 𝜆) reflect the variation of the data which has more frequencies for zero 
counts than the other models. 

Validation of the Models to the Data Set  
The results of  2, - log-likelihood, AIC and BIC are summarized in Table 6.  
Table 6: Validation of the Models to the Data Set of the Number of Days Worked by 

18837 Individuals of 7526 Family in Egypt in 2012 – 2013. 

 

Expected frequencies 
MLE ME 

EIP(𝜑0, 𝜑1, 𝜆
) 

ZIP(𝜑0, 𝜆) REIP(𝜑1, 𝜆) PD(𝜆) 
EIP(𝜑0, 𝜑1, 𝜆
) 

ZIP(𝜑0, 𝜆) PD(𝜆) 

2 0.08645 0.01021 46462 103678 0.18342 0.00295 103678 

df 4 5 5 6 4 5 6 
p-value 0.9991 0.9999 < 0.00001 < 0.00001 0.9960 1 < 0.00001 
-Log-Likelihood 30198.60 32082.10 51561.40 55939.20 34715.20 32875.60 55939.20 
AIC 60403.14 64168.23 103126.80 111880.50 69436.43 65755.17 111880.50 
BIC 60426.67 64183.92 103142.50 111888.30 69459.96 65770.85 111888.30 

It noticed from Table 6 that EIP(𝜑0, 𝜑1, 𝜆) provides a better fit when compare with 
other models and can serve as an alternative model to the existing models. The 
ZIP(𝜑0, 𝜆) provides a better fit when the counts have an upper bound.  

8. Conclusions 
 Estimation of the parameters of EIP(𝜑0, 𝜑1, 𝜆) and its sub-models by the method of 

maximum likelihood estimators and moment estimators is considered. 

 The method of maximum likelihood estimators is shown to have better estimates on 
the two real data sets. The EIP(𝜑0, 𝜑1, 𝜆) is shown to have a better fitting for the 
frequencies of the real data sets than the existing models.  
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 The EIP(𝜑0, 𝜑1, 𝜆)  can be used for molding count data with both excessive zeros and 
excessive right-endpoint compared with other observations of the data that cannot 
be explained by models based on standard distributional assumptions as well as extra 
variation. 

 The PD(𝜆) cannot deal with the proportion for incorporating extra zeros, 𝜑0 and 
extra right-endpoint, 𝜑1, while ZIP(𝜑0, 𝜆) and REIP(𝜑1, 𝜆) deal only with the 
proportion for incorporating extra zeros 𝜑0, or extra right-endpoint 𝜑1,respectively, 
which is greater than expected for the PD(𝜆), so, ZIP(𝜑0, 𝜆) and REIP(𝜑1, 𝜆)  may 
give better estimates for molding count data with only an upper bound. 

APPENDIX  
 

APPENDIX A 

The elements of the Hessian matrix of the ML estimators of the EIP(𝜑0, 𝜑1, 𝜆), are 
obtained by taking the second derivatives of the natural logarithm of the likelihood 

function, ℓ(𝜗) in (14) with respect to the unknown parameters, 𝜃 = (𝜑0, 𝜑1, 𝜆), 

The elements of the Hessian matrix of the ML estimators of the EIP(𝜑0, 𝜑1, 𝜆), are 
obtained by taking the second derivatives of the natural logarithm of the likelihood 

function, ℓ(𝜗) in (14) with respect to the unknown parameters, 𝜃 = (𝜑0, 𝜑1, 𝜆), 

The partial derivative of (15) with respect to  𝜑0 is given by: 

𝐽𝜑𝑜𝜑𝑜 =
𝜕2ℓ(𝜃)

𝜕𝜑0
2
 =

−(1 − 𝑒−𝜆)
2

(𝜑𝑜 + 𝜑2𝑒
−𝜆)2

𝐼𝑜 −
(
𝑒−𝜆𝜆𝑚

𝑚!
)
2

(𝜑1 + 𝜑2
𝑒−𝜆𝜆𝑚

𝑚!
)
2 𝐼1 −

1

𝜑2
2
𝐼2.         (A. 1) 

The partial derivative of (16) with respect to  𝜑1 is given by: 

𝐽𝜑1𝜑1 =
𝜕2ℓ(𝜃)

𝜕𝜑1
2
= −

𝑒−2𝜆

(𝜑𝑜 + 𝜑2𝑒
−𝜆)2

𝐼𝑜 −
(1 −

𝑒−𝜆𝜆𝑚

𝑚!
)
2

(𝜑1 + 𝜑2
𝑒−𝜆𝜆𝑚

𝑚!
)
2 𝐼1 −

1

𝜑2
2
𝐼2.         (A. 2) 

The partial derivative of (17) with respect to λ  is given by: 

𝐽𝜆𝜆 =
𝜕2ℓ(𝜃)

𝜕𝜆 2
=

𝜑𝑜𝜑2𝑒
−𝜆

(𝜑𝑜 + 𝜑2𝑒
−𝜆)2

𝐼𝑜  

=
𝜑2 (𝜑1𝑒

−𝜆𝑚
𝜆𝑚−2

(𝑚 − 1)!
− 𝜑2𝑒

−2𝜆𝑚
𝜆2𝑚−2

𝑚!2
− 2𝜑1𝑒

−𝜆 𝜆𝑚−1

(𝑚 − 1)!
− 𝜑1𝑒

−𝜆 𝜆𝑚−2

(𝑚 − 1)!
+ 𝜑1𝑒

−𝜆 𝜆
𝑚

𝑚!
)

(𝜑1 + 𝜑2
𝑒−𝜆𝜆𝑚

𝑚!
)
2 𝐼1 −

𝑛𝑦̅

𝜆2
  (𝐴. 3) 

The partial derivative of (15) with respect to  φ1 is equal to the partial derivative of 
(16) with respect to  𝜑𝑜 and is given by 

𝐽𝜑𝑜𝜑1 = 𝐽𝜑1𝜑0 =
𝜕2ℓ(𝜃)

𝜕𝜑0𝜕𝜑1
=
𝜕2ℓ(𝜃)

𝜕𝜑1𝜕𝜑𝑜
=
𝑒−𝜆(1 − 𝑒−𝜆)

(𝜑𝑜 + 𝜑2𝑒
−𝜆)2

𝐼𝑜 +

𝑒−𝜆𝜆𝑚

𝑚!
(1 −

𝑒−𝜆𝜆𝑚

𝑚!
)

(𝜑1 +𝜑2
𝑒−𝜆𝜆𝑚

𝑚!
)
2 𝐼1 −

1

𝜑2
2
𝐼2.            (A. 4) 

https://en.wikipedia.org/wiki/Derivative
https://en.wikipedia.org/wiki/Natural_logarithm
https://en.wikipedia.org/wiki/Derivative
https://en.wikipedia.org/wiki/Natural_logarithm
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The partial derivative of (15) with respect to 𝜆 is equal to the partial derivative of (17) 
with respect to  𝜑𝑜 and is given by 

𝐽𝜑𝑜𝜆 = 𝐽𝜆𝜑0 =
𝜕2ℓ(𝜃)

𝜕𝜑0𝜕𝜆
=
𝜕2ℓ(𝜃)

𝜕𝜆𝜕𝜑0
=

𝑒−𝜆(1 − 𝜑1)

(𝜑𝑜 + 𝜑2𝑒
−𝜆)2

𝐼𝑜 −
𝜑1𝑒

−𝜆 (
𝜆𝑚

𝑚!
−

𝜆𝑚−1

(𝑚 − 1)!
)

(𝜑1 +𝜑2
𝑒−𝜆𝜆𝑚

𝑚!
)
2 𝐼1.        (A. 5) 

The partial derivative of (16) with respect to 𝜆 is equal the partial derivative of (17) 
with respect to 𝜑1 and is given by 

𝐽𝜑1𝜆 = 𝐽𝜆𝜑1 =
𝜕2ℓ(𝜃)

𝜕𝜑1𝜕𝜆
=
𝜕2ℓ(𝜃)

𝜕𝜆𝜕𝜑1
=

𝜑𝑜𝑒
−𝜆

(𝜑𝑜 +𝜑2𝑒
−𝜆)2

𝐼𝑜 +
(1 − 𝜑𝑜)𝑒

−𝜆 (
𝜆𝑚

𝑚!
−

𝜆𝑚−1

(𝑚 − 1)!
)

(𝜑1 + 𝜑2
𝑒−𝜆𝜆𝑚

𝑚!
)
2  𝐼1                     (A. 6) 

APPENDIX B 

The elements of the Fisher information matrix of the ML estimators of 
the EIP(𝜑0, 𝜑1, 𝜆), are obtained by taking the negative expectation of the Hessian 
matrix as follows: 
Note that: 

𝔼(𝐼𝑜) = 𝑃(𝑦 = 0) = 𝜑𝑜 + 𝜑2𝑒
−𝜆 , 

𝔼(𝐼1) = 𝑃(𝑦 = 𝑚) = 𝜑1 + 𝜑2
𝑒−𝜆𝜆𝑚

𝑚!
,  

and 

𝔼(𝐼2) = 𝜑2
𝑒−𝜆𝜆𝑦

𝑦!
.    

The expectation of (A.1) can be obtained as follows:  

Κ𝜑𝑜𝜑𝑜 = −𝔼(
𝜕2ℓ(𝜃)

𝜕𝜑𝑜
2
) =

(1 − 𝑒−𝜆)
2

𝜑𝑜 + 𝜑2𝑒
−𝜆
+

(
𝑒−𝜆𝜆𝑚

𝑚!
)
2

𝜑1 + 𝜑2
𝑒−𝜆𝜆𝑚

𝑚!

+
1

𝜑2
∑ (

𝑒−𝜆𝜆𝑦

𝑦!
)

𝑦≠0,𝑚

.                                    (B. 1) 

The expectation of (A.2) can be obtained as follows:  

Κ𝜑1𝜑1 = −𝔼(
𝜕2ℓ(𝜃)

𝜕𝜑1
2
)

𝑒−2𝜆

𝜑𝑜 + 𝜑2𝑒
−𝜆
+
(1 −

𝑒−𝜆𝜆𝑚

𝑚!
)
2

𝜑1 + 𝜑2
𝑒−𝜆𝜆𝑚

𝑚!

+
1

𝜑2
∑ (

𝑒−𝜆𝜆𝑦

𝑦!
)

𝑦≠0,𝑚

.       (B. 2) 

The expectation of (A.3) can be obtained as follows:  

Κ𝜆𝜆 = −𝔼(
𝜕2ℓ(𝜃)

𝜕𝜆 2
) =

−𝜑𝑜𝜑2𝑒
−𝜆

𝜑𝑜 + 𝜑2𝑒
−𝜆

 

−
𝜑2 (𝜑1𝑒

−𝜆𝑚
𝜆𝑚−2

(𝑚 − 1)!
− 𝜑2𝑒

−2𝜆𝑚
𝜆2𝑚−2

𝑚!2
− 2𝜑1𝑒

−𝜆 𝜆𝑚−1

(𝑚 − 1)!
− 𝜑1𝑒

−𝜆 𝜆𝑚−2

(𝑚 − 1)!
+ 𝜑1𝑒

−𝜆 𝜆
𝑚

𝑚!
)

𝜑1 + 𝜑2
𝑒−𝜆𝜆𝑚

𝑚!

+
𝑛𝑦̅

𝜆2
       (B. 3) 

The expectation of (A.4) can be obtained as follows: 

Κ𝜑𝑜𝜑1 = Κ𝜑1𝜑0 = −𝔼(
𝜕2ℓ(𝜃)

𝜕𝜑0𝜕𝜑1
) = −𝔼(

𝜕2ℓ(𝜃)

𝜕𝜑1𝜕𝜑𝑜
)

= −
𝑒−𝜆(1 − 𝑒−𝜆)

𝜑𝑜 + 𝜑2𝑒
−𝜆

−

𝑒−𝜆𝜆𝑚

𝑚!
(1 −

𝑒−𝜆𝜆𝑚

𝑚!
)

𝜑1 + 𝜑2
𝑒−𝜆𝜆𝑚

𝑚!

+
1

𝜑2
∑ (

𝑒−𝜆𝜆𝑦

𝑦!
)

𝑦≠0,𝑚

.            (B. 4) 

The expectation of (A.5) can be obtained as follows:  
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Κ𝜑𝑜𝜆 = Κ𝜆𝜑0 = −𝔼(
𝜕2ℓ(𝜃)

𝜕𝜑0𝜕𝜆
) = −𝔼(

𝜕2ℓ(𝜃)

𝜕𝜆𝜕𝜑0
)

=
−𝑒−𝜆(1 − 𝜑1)

𝜑𝑜 + 𝜑2𝑒
−𝜆

+
𝜑1𝑒

−𝜆 (
𝜆𝑚

𝑚!
−

𝜆𝑚−1

(𝑚 − 1)!
)

𝜑1 + 𝜑2
𝑒−𝜆𝜆𝑚

𝑚!

.        (B. 5) 

The expectation of (A.6) can be obtained as follows:  

Κ𝜑1𝜆 = Κ𝜆𝜑1 = −𝔼(
𝜕2ℓ(𝜃)

𝜕𝜑1𝜕𝜆
) = −𝔼(

𝜕2ℓ(𝜃)

𝜕𝜆𝜕𝜑1
) =

−𝜑𝑜𝑒
−𝜆

𝜑𝑜 + 𝜑2𝑒
−𝜆
−
(1 − 𝜑𝑜)𝑒

−𝜆 (
𝜆𝑚

𝑚!
−

𝜆𝑚−1

(𝑚 − 1)!
)

𝜑1 + 𝜑2
𝑒−𝜆𝜆𝑚

𝑚!

.        (B. 6) 

APPENDIX C 

The elements of  |Κ(𝜃)| in (30), which is the determinant of the Fisher information 

matrix  Κ(𝜃), can be obtained as follows: 

|𝛫(𝜃)| = |

𝛫𝜑𝑜𝜑𝑜 𝛫𝜑𝑜𝜑1 𝛫𝜑𝑜𝜆
𝛫𝜑1𝜑0 𝛫𝜑1𝜑1 𝛫𝜑1𝜆
𝛫𝜆𝜑0 𝛫𝜆𝜑1 𝛫𝜆𝜆

|

= 𝛫𝜑𝑜𝜑𝑜[𝛫𝜑1𝜑1 𝛫𝜆𝜆 − 𝛫𝜑1𝜆 𝛫𝜆𝜑1] − 𝛫𝜑𝑜𝜑1[𝛫𝜑1𝜑0 𝛫𝜆𝜆 − 𝛫𝜑1𝜆 𝛫𝜆𝜑0] 

+𝛫𝜑𝑜𝜆[𝛫𝜑1𝜑0 𝛫𝜆𝜑1 − 𝛫𝜑1𝜑1  𝛫𝜆𝜑0] ,          (C. 1) 

The elements of  𝑎𝑑𝑗 Κ(𝜃) in (31), which is the adjoint of the Fisher information matrix 

Κ(𝜃), can be obtained as follows: 

cof Κ(𝜃) =

(

 
 
 
 
|
𝛫𝜑1𝜑1 𝛫𝜑1𝜆
𝛫𝜆𝜑1 𝛫𝜆𝜆

| − |
𝛫𝜑1𝜑0 𝛫𝜑1𝜆
𝛫𝜆𝜑0 𝛫𝜆𝜆

| |
𝛫𝜑1𝜑0 𝛫𝜑1𝜑1
𝛫𝜆𝜑0 𝛫𝜆𝜑1

|

− |
𝛫𝜑𝑜𝜑1 𝛫𝜑𝑜𝜆
𝛫𝜆𝜑1 𝛫𝜆𝜆

| |
𝛫𝜑𝑜𝜑𝑜 𝛫𝜑𝑜𝜆
𝛫𝜆𝜑0 𝛫𝜆𝜆

| − |
𝛫𝜑𝑜𝜑𝑜 𝛫𝜑𝑜𝜑1
𝛫𝜆𝜑0 𝛫𝜆𝜑1

|

|
𝛫𝜑𝑜𝜑1 𝛫𝜑𝑜𝜆
𝛫𝜑1𝜑1 𝛫𝜑1𝜆

| − |
𝛫𝜑𝑜𝜑𝑜 𝛫𝜑𝑜𝜆
𝛫𝜑1𝜑0 𝛫𝜑1𝜆

| |
𝛫𝜑𝑜𝜑𝑜 𝛫𝜑𝑜𝜑1
𝛫𝜑1𝜑0 𝛫𝜑1𝜑1

|
)

 
 
 
 

 

= (

𝛫𝜑1𝜑1 𝛫𝜆𝜆 −𝛫𝜑1𝜆 𝛫𝜆𝜑1 −(𝛫𝜑1𝜑0 𝛫𝜆𝜆 − 𝛫𝜑1𝜆 𝛫𝜆𝜑0) 𝛫𝜑1𝜑0 𝛫𝜆𝜑1 −𝛫𝜑1𝜑1 𝛫𝜆𝜑0
−(𝛫𝜑𝑜𝜑1 𝛫𝜆𝜆 −𝛫𝜑𝑜𝜆 𝛫𝜆𝜑1) 𝛫𝜑𝑜𝜑𝑜 𝛫𝜆𝜆 − 𝛫𝜑𝑜𝜆 𝛫𝜆𝜑𝑜 −(𝛫𝜑𝑜𝜑𝑜 𝛫𝜆𝜑1 − 𝛫𝜑𝑜𝜑1 𝛫𝜆𝜑0)

𝛫𝜑𝑜𝜑1 𝛫𝜑1𝜆 − 𝛫𝜑𝑜𝜆 𝛫𝜑1𝜑1 −(𝛫𝜑𝑜𝜑𝑜  𝛫𝜑1𝜆 − 𝛫𝜑𝑜𝜆 𝛫𝜑1𝜑0) 𝛫𝜑𝑜𝜑𝑜 𝛫𝜑1𝜑1 − 𝛫𝜑𝑜𝜑1 𝛫𝜑1𝜑0

) . (C. 2) 

The transpose of (C.2) can be obtained as follows: 

𝑎𝑑𝑗 Κ(𝜃) = 

(

𝛫𝜑1𝜑1 𝛫𝜆𝜆 −𝛫𝜑1𝜆 𝛫𝜆𝜑1 −(𝛫𝜑𝑜𝜑1 𝛫𝜆𝜆 − 𝛫𝜑𝑜𝜆 𝛫𝜆𝜑1) 𝛫𝜑𝑜𝜑1 𝛫𝜑1𝜆 −𝛫𝜑𝑜𝜆 𝛫𝜑1𝜑1
−(𝛫𝜑1𝜑0 𝛫𝜆𝜆 −𝛫𝜑1𝜆 𝛫𝜆𝜑0) 𝛫𝜑𝑜𝜑𝑜 𝛫𝜆𝜆 − 𝛫𝜑𝑜𝜆 𝛫𝜆𝜑𝑜 −(𝛫𝜑𝑜𝜑𝑜 𝛫𝜑1𝜆 − 𝛫𝜑𝑜𝜆 𝛫𝜑1𝜑0)

𝛫𝜑1𝜑0 𝛫𝜆𝜑1 − 𝛫𝜑1𝜑1  𝛫𝜆𝜑0 −(𝛫𝜑𝑜𝜑𝑜 𝛫𝜆𝜑1 − 𝛫𝜑𝑜𝜑1 𝛫𝜆𝜑0) 𝛫𝜑𝑜𝜑𝑜 𝛫𝜑1𝜑1 − 𝛫𝜑𝑜𝜑1 𝛫𝜑1𝜑0

).    (C. 3) 

By substituting (C.1) and (C.3) in (32), the elements of the variance-covariance matrix 
can be obtained as follows: 

𝐾𝜑𝑜𝜑𝑜 = 
𝛫𝜑1𝜑1 𝛫𝜆𝜆 −𝛫𝜑1𝜆 𝛫𝜆𝜑1

𝛫𝜑𝑜𝜑𝑜[𝛫𝜑1𝜑1 𝛫𝜆𝜆 − 𝛫𝜑1𝜆 𝛫𝜆𝜑1] − 𝛫𝜑𝑜𝜑1[𝛫𝜑1𝜑0 𝛫𝜆𝜆 −𝛫𝜑1𝜆 𝛫𝜆𝜑0] + 𝛫𝜑𝑜𝜆[𝛫𝜑1𝜑0 𝛫𝜆𝜑1 −𝛫𝜑1𝜑1 𝛫𝜆𝜑0]
, 

𝐾𝜑1𝜑1 = 
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𝛫𝜑𝑜𝜑𝑜  𝛫𝜆𝜆 −𝛫𝜑𝑜𝜆 𝛫𝜆𝜑𝑜
𝛫𝜑𝑜𝜑𝑜[𝛫𝜑1𝜑1 𝛫𝜆𝜆 − 𝛫𝜑1𝜆 𝛫𝜆𝜑1] − 𝛫𝜑𝑜𝜑1[𝛫𝜑1𝜑0 𝛫𝜆𝜆 −𝛫𝜑1𝜆 𝛫𝜆𝜑0] + 𝛫𝜑𝑜𝜆[𝛫𝜑1𝜑0 𝛫𝜆𝜑1 −𝛫𝜑1𝜑1 𝛫𝜆𝜑0]

, 

𝐾𝜆𝜆 = 
𝛫𝜑𝑜𝜑𝑜  𝛫𝜑1𝜑1 −𝛫𝜑𝑜𝜑1 𝛫𝜑1𝜑0

𝛫𝜑𝑜𝜑𝑜[𝛫𝜑1𝜑1 𝛫𝜆𝜆 − 𝛫𝜑1𝜆 𝛫𝜆𝜑1] − 𝛫𝜑𝑜𝜑1[𝛫𝜑1𝜑0 𝛫𝜆𝜆 −𝛫𝜑1𝜆 𝛫𝜆𝜑0] + 𝛫𝜑𝑜𝜆[𝛫𝜑1𝜑0 𝛫𝜆𝜑1 −𝛫𝜑1𝜑1 𝛫𝜆𝜑0]
, 

𝐾𝜑𝑜𝜑1 = 𝐾𝜑1𝜑0 = 

−(𝛫𝜑𝑜𝜑1 𝛫𝜆𝜆 −𝛫𝜑𝑜𝜆 𝛫𝜆𝜑1)

𝛫𝜑𝑜𝜑𝑜[𝛫𝜑1𝜑1 𝛫𝜆𝜆 − 𝛫𝜑1𝜆 𝛫𝜆𝜑1] − 𝛫𝜑𝑜𝜑1[𝛫𝜑1𝜑0 𝛫𝜆𝜆 −𝛫𝜑1𝜆 𝛫𝜆𝜑0] + 𝛫𝜑𝑜𝜆[𝛫𝜑1𝜑0 𝛫𝜆𝜑1 −𝛫𝜑1𝜑1 𝛫𝜆𝜑0]
, 

𝐾𝜑𝑜𝜆 = 𝐾𝜆𝜑𝑜 = 
𝛫𝜑𝑜𝜑1 𝛫𝜑1𝜆 − 𝛫𝜑𝑜𝜆 𝛫𝜑1𝜑1

𝛫𝜑𝑜𝜑𝑜[𝛫𝜑1𝜑1 𝛫𝜆𝜆 − 𝛫𝜑1𝜆 𝛫𝜆𝜑1] − 𝛫𝜑𝑜𝜑1[𝛫𝜑1𝜑0 𝛫𝜆𝜆 −𝛫𝜑1𝜆 𝛫𝜆𝜑0] + 𝛫𝜑𝑜𝜆[𝛫𝜑1𝜑0 𝛫𝜆𝜑1 −𝛫𝜑1𝜑1 𝛫𝜆𝜑0]
, 

𝐾𝜑1𝜆 = 𝐾𝜆𝜑1 = 

−(𝛫𝜑𝑜𝜑𝑜 𝛫𝜑1𝜆 −𝛫𝜑𝑜𝜆 𝛫𝜑1𝜑0)

𝛫𝜑𝑜𝜑𝑜[𝛫𝜑1𝜑1 𝛫𝜆𝜆 − 𝛫𝜑1𝜆 𝛫𝜆𝜑1] − 𝛫𝜑𝑜𝜑1[𝛫𝜑1𝜑0 𝛫𝜆𝜆 −𝛫𝜑1𝜆 𝛫𝜆𝜑0] + 𝛫𝜑𝑜𝜆[𝛫𝜑1𝜑0 𝛫𝜆𝜑1 −𝛫𝜑1𝜑1 𝛫𝜆𝜑0]
, 
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Abstract 

This paper is concerned with the Topp-Leone compound Pareto Type II-gamma 
distribution [TL-CPIIG (θ, α, β, c)] with its mathematical forms of reliability 
function (rf), hazard rate function h(x), reversed hazard function (rhf), 
cumulative hazard function  HTL(x), the approximate mean and variance, 
mode, quantile, median and order statistics are obtained. The maximum 
likelihood method is used to estimate the parameters numerically. Simulation 
is used to represent the performance of the suggested distribution; empirical 
results of new model are applied by modeling two real data sets of this study. 
Keywords: Topp-Leone compound Pareto Type II-gamma distribution; reliability 
function; hazard rate function; reversed hazard function; cumulative hazard 
function; the approximate mean and variance; mode; quartile; median; order 
statistics; maximum likelihood estimation; Monte Carlo simulations. 

1. Introduction 
This paper deals with a very important subject in nowadays, with numerous 
compounds or contagious phenomena, which can’t be explained as simple 
events.  Many authors studied the Topp-Leone (TL) distribution and its 
applications. The (TL) distribution is one of the continuous distributions that is 
attractive as a generator. This distribution was proposed by Topp and Leone 
(1955). It provides closed forms of the cumulative distribution function (cdf)  
and probability density function (pdf). According to the number of parameters, 
the estimation part for the TL distribution is not complicated. However, the TL 
distribution had not received much attention until Nadarajah and Kotz (2003) 
discovered it. In addition, they studied some properties of the TL distribution 
and provided its moments, central moments and characteristic function. 
Recently, applying new generators for continuous distributions became more 
interesting. This methodology can improve the goodness of fit and determine 
tail properties and let the new distribution more flexible to model real data. 
These features have been established by the results of many generators such as 
beta distribution, generalized Kumaraswamy distribution, generalized beta 
distribution and the exponentiated family of distributions [See Eugene et al. 
(2002), Jones (2004), Cordeiro and de Castro (2011), Alexander et al. (2012), AL-
Hussaini and Ahsanullah (2015)]. 
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On the other hand, compound distributions gained their importance from the 
fact that factors have compound effects, as in medical, biological and social 
experiments which make it very difficult to represent these phenomena by 
simple distributions. These generalized distributions give more flexibility by 
adding new parameter to the baseline model and they useful in obtaining 
general results that could be applied to special cases to obtain new results.  
For the conditional distribution X of the Pareto distribution, given the 
parameters a and c, the pdf is given by: 

f( x ∣ a, c ) =  aca(x + c)−(a+1),         x > 0,       (a, c > 0)         (1) 

where a has gamma distribution, with parameters α and β, and pdf is given by 

f(a) =  
βα

Γ(α)
aα−1e−βa,                          a > 0,       (α, β > 0)         (2) 

The cdf of the random variable X is given by 

F(x) = 1 − βα (β − ln (
c

x + c
))

−α

,    x ≥ 0,     (α, β, c ≥ 0).       (3) 

This is the cdf of the CPIIG(α, β, c) distribution.  

The pdf of the compound distribution is given by 

 f(x) =  αβα(x + c)−1 (β − ln (
c

x+c
))
−(α+1)

 ,   x ≥ 0,     (α, β, c ≥ 0)       (4)  

[See Youssef (2006)]. 

This paper organized as follows: In Section 2 Topp-Leone compound Pareto 
Type II-gamma distribution, reliability function (rf), hazard rate function h(x), 
reversed hazard function (rhf) and cumulative hazard function  HTL(x) are 
obtained. The approximate mean and variance, also some properties of the 
distribution are contained in Section 3. Some special cases of the distribution 
are obtained in Section 4. In Section 5 some related distributions are obtained. 
Estimation of the parameters of Topp-Leone compound Pareto Type II-gamma 
(θ, α, β, c) distribution using maximum likelihood method is obtained in Section 
6. Finally, numerical study is introduced and concluding remarks are presented 
to illustrate the theoretical results derived for ML estimation in Section 7. 
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2. The Topp-Leone compound Pareto Type II-gamma (θ, α, β, c) 

distribution. 
The Topp-Leone compound Pareto Type II-gamma distribution with 
parameters θ, α, β and c, which will be refer as TL-CPIIG (θ, α, β, c), can 
be derived. 
If a random variable X is distributed as the (TL) and bounded on [0, 1]. 
Let X be a continuous random variable with (cdf)  G(x). The (TLG) 
distribution has (cdf) written by 

FTLG(x) = (G(x))
θ 
(2 − G(x))θ ,           0 < x < ∞,              θ > 0             (5)       

By differentiating, the corresponding (pdf) is 

fTLG(x) = 2θ g(x)(1 − G(x))(G(x))
θ −1

(2 − G(x))θ −1, 0 < x < ∞,    θ > 0              (6)                                

Where g(x) =
dG(x)

dx
  and  θ is a shape parameter.  

By combining (3), (4) into (5), (6) hence the pdf and 𝑐𝑑𝑓 of the TL-CPIIG 
(θ, α, β, c) are given, respectively, as follows: 

FTL−CP(x) = (1 − β
2α (β − ln (

c

x + c
))

−2α

)

θ

 ,    x ≥ 0, (θ, α, β, c ≥ 0)                     (7) 

fTL−CP(x) = 2θαβ2α(x + c)−1 (β − ln (
c

x+c
))

−(2α+1)

(1 − β2α (β − ln (
c

x+c
))

−2α

)
θ−1

,  x ≥ 0,

(θ, α, β, c ≥ 0), (8) 

Where (θ, α, β) are shape parameters and c is a scale parameter. 
 For real value of θ, using following series representation of Prudnikov et al 
(1986): 

(1 + x)θ =∑
(1)jΓ(θ + 1)

j! Γ(θ + 1 − j)
xj

∞

j=0

=∑(1)j (
θ
j
)

∞

j=0

xj , [See Abbas 𝑒𝑡 𝑎𝑙 (2017)]. 

The 𝑐𝑑𝑓 of TL-CPIIG (θ, α, β, c) distribution given in (7) is expressed as infinite 
sum given as follows 

FTL−CP(x) = (1 − β
2α (β − ln (

c

x + c
))

−2α

)

θ

=∑
(−1)jΓ(θ + 1)

j! Γ(θ + 1 − j)
 β2αj (β − ln (

c

x + c
))

−2αj

   (9)

∞

j=0

 

A density function of (8) TL-CPIIG (θ, α, β, c) distribution can be written as 
follows:  

fTL−CP(x) =∑
(−1)j2αθΓ(θ)

j! Γ(θ − j)
 β2α(j+1)(x + c)−1

 

∞

j=0

(β − ln (
c

x + c
))

−2α(j+1)−1

                   (10) 
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The pdf of TL-CPIIG density function for (θ, α, β, c) can represent in figure 1. 
 

 

 

Figure 1: Probability density function for the TL-CPIIG distribution for different 

parameter values 

                   (A) (θ = 5, α = 0.44, β = 0.11, c = 0.43) 
                 (B) (θ = 1.37, α = 4.5, β = 1.45, c = 4.43) 
                 (C) (θ = 1.72, α = 9, β = 2.4, c = 6.5) 

From Figure 1, it is noticed that the pdf curve is right skewed in (A, B). 
While, the pdf curve is oblate flat kurtosis in (C). 
The (rf) of the TL-CPIIG (θ, α, β, c) is given by: 

RTL−CP(x)  = 1 − FTL−CP(x) = 1 − (1 − β2α (β − ln (
c

x+c
))

−2α

)

θ

, x ≥ 0, (θ, α, β, c ≥ 0)   (11)                       

The (ℎ𝑟𝑓) of the TL-CPIIG (θ, α, β, c) is given by 

hTL−CP(x) =
fTL−CP(x)

1 − FTL−CP(x)

=

2θαβ2α(x + c)−1 (β − ln (
c

x + c
))

−(2α+1)

(1 − β2α (β − ln (
c

x + c
))

−2α

)

θ−1

 

1 − (1 − β2α (β − ln (
c

x + c
))

−2α

)

θ

 

,    

               x ≥ 0,              (θ, α, β, c ≥ 0)                                   (12) 

The (𝒉𝒓𝒇) of the TL-CPIIG for different parameter values in presented in figure2 

x

f x

C

B

A
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Figure 2: The hazard of the TL-CPIIG distribution for different parameter 

values 

                           (A) (θ = 4, α = 0.54, β = 0.8, c = 0.5) 
                           (B) (θ = 2, α = 3, β = 1.6, c = 5) 
                           (C) (θ = 1.8, α = 7.5, β = 2.6, c = 8) 

From Figure 2, it is notice that the (ℎ𝑟𝑓) curve is monotonic increasing. 
The (𝑟ℎ𝑟𝑓) of RT TL-CPIIG (θ, α, β, c) is given by: 

 rhTL−CP(x) =
fTL−CP(x)

FTL−CP(x)
 =

2θαβ2α(x+c)−1(β−ln(
c

x+c
))
−(2α+1)

 

(1−β2α(β−ln(
c

x+c
))
−2α

)

, x ≥

0,             (θ, α, β, c ≥ 0)          (13)     
The (HTL(x)) of the TL-CPIIG (θ, α, β, c) is 

 HTL−CP(x) = −ln(1 − FTL−CP(x)) = ln (1 − β
2α (β − ln (

c

x+c
))

−2α

)

θ

, 

             x ≥ 0,     (θ, α, β, c ≥ 0),        (14) 

 

3. Some Properties of the Distribution 
In this section some important and useful statistical characteristics of the 
proposed distribution is derived. 

 The approximate Mean and Variance: 
 The r th moment about zero of the random variable x can be obtained as 

follows: 

 μr
′ = E(xr) = ∫ xrf(x) dx 

∞

−∞

 

    = 2θαβ2α ∫ xr(x + c)−1 (β − ln (
c

x+c
))

−(2α+1)

(1 − β2α (β − ln (
c

x+c
))

−2α

)

θ−1

dx
∞

0
      (15)  

It is difficult to find it in a closed form but the approximate mean and variance 

of the TL-CPIIG (θ, α, β, c) distribution can be obtained as follows: 

x

h x

C

B

A
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If y is a random variable distributed as an exponential distribution with 

parameter θ [Y~Exp(θ)] with μ =  E(y)  =  (
1

θ
) and σ² =  Var(y)  =

1

θ2
, then 

the variable T =  g(y)  =  c (e
−β(1−(1−e−y)−

1
2α)

− 1)~TL − CPIIG (θ, α, β, c). This relation 

will be used to find the approximate mean and variance of  TL −
CPIIG (θ, α, β, c). The approximate mean and variance of g(y), based on the 
method of statistical differentials [See El-Sayad (1993)], are given by: 

E(g(Y) ) ≅ g(μ) +
1

2
σ2g"(μ)                     (15a) 

and 

Var(g(Y) ) ≅ σ2(g′(μ))
2
                                             (15b) 

  

The function of μ is given by: 

g(μ) =   c (e
−β(1−(1−e−μ)

−
1
2α)

− 1)                            (15c)         

The first and second derivatives are given by: 

g′(μ) = −
cβ

2α
(1 − e−μ)

−(
1
2α
+1)
e
−(μ+β(1−(1−e−μ)−

1
2α))

,      (15d) 

g"(μ) =
cβ

2α
(1 − e−μ)

−(
1
2α
+2)
e
−(2μ+β(1−(1−e−μ)

−
1
2α))

[eμ +
1

2α
(1 − β(1 − e−μ)−

1
2α)]        (15e) 

By substituting (11c) and (11e) in (11a) we obtain 

E(g(Y)) ≅ c (e
−β(1−(1−e−μ)−

1
2α)

− 1) +
cβ

4αθ2
(1 − e−μ)

−(
1
2α
+2)
e
−(2μ+β(1−(1−e−μ)

−
1
2α))

 

                     × [eμ + 
1

2α
(1 − β(1 − e−μ)−

1

2α)]                                    (16) 

and by substituting (15d) in (15b) we obtain 

Var(g(Y) ) ≅
c2β2

4α2θ2
(1 − e−μ)

−2(
1
2α
+1)
e
−2(μ+β(1−(1−e−μ)

−
1
2α))

                  (17) 

 The mode: 

The mode of the TL-CPIIG (θ, α, β, c) distribution (8) can be obtained by 

differentiating the pdf with respect to x and equating the resulting equation to 

zero as f̀TL−CP(x) = 0  as follows: 
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f̀TL−CP(x) = 2θαβ
2α

       
[2αβ2α(θ

− 1)(x + c)−2 (β − ln (
c

x + c
))

−(4α−2)

 (1 − β2α (β − ln (
c

x + c
))

−2α

)

θ−2

− (2α + 1)(x + c)−2 (β − ln (
c

x + c
))

−(2α−2)

(1

− β2α (β − ln (
c

x + c
))

−2α

)

θ−1

− (x + c)−2 (β − ln (
c

x + c
))

−(2α−1)

(1 − β2α (β − ln (
c

x + c
))

−2α

)

θ−1

]

= 0 

f̀TL−CP(x) = 2θαβ
2α(x + c)−2 (β − ln (

c

x+c
))

−(2α−1)

(−β2α (β − ln (
c

x+c
))

−2α

)

θ−1

  

 F̀TL−CP(x) = 2αβ
2α(θ − 1) (β − ln (

c

x+c
))

−(2α−1)

 (1 − β2α (β − ln (
c

x+c
))

−2α

)

−1

                       

                                 −(2α + 1) (β − ln (
c

x+c
)) − 1 =   0                                    (18) 

It is difficult to find it in a closed form. 

 Quantile: 
The quantile of the TL-CPIIG (θ, α, β, c) distribution can be obtained by putting 
FTL−CP(x) = q  to obtain the quantile as follows: 

FTL−CP(x) = ∫
 

fTL−CP(x) dx  

x

0

= (1 − β2α (β − ln (
c

x + c
))

−2α

)

θ

= q 

Which yields: 

xq =   c

(

 
 
e

−β(1−(1−q
1
θ)
−
1
2α
)

− 1

)

 
 
,                                            (19) 

The median is obtained at q =
1

2
 as follows: 

x1
2
=   c

(

 
 
e

−β(1−(1−2
−
1
θ)
−
1
2α
)

− 1

)

 
 
,                                                                (20) 

 Order statistics 
Let X1, X2, … , Xn be i. i. d random variables from the TL-CPIIG (θ, α, β, c) 

distribution. Let  Yi denotes the ith order statistic of  Y(1), Y(2), … , Y(n).  
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It is well known that, from the pdf of the ith order statistic yi of a random sample 
of size n drawn from a population with pdf f(y) and cdf F(y) is given by 

fY(i)(y) = i (
n

i
) fY(y)[FY(y)]

i−1[1 − FY(y)]
n−i,                                          (21) 

By substituting f(y), F(y), given by (8) and (7) after replacing y by yi we obtain 

fY(i)(y) = i (
n

i
) 2θαβ2α(y + c)−1 (β − ln (

c

y + c
))

−(2α+1)

 (1 − β2α (β − ln (
c

y + c
))

−2α

)

θ−1

 

     

             × [(1 − β2α (β − ln (
c

y+c
))

−2α

)

θ

]

i−1

[1 − (1 − β2α (β − ln (
c

y+c
))

−2α

)

θ

]

n−i

, 0 < y < ∞ 

    

fY(i)(y) = i (
n

i
) 2θαβ2α(y + c)−1 (β − ln (

c

y + c
))

−(2α+1)

 (1 − β2α (β − ln (
c

y + c
))

−2α

)

θi−1

 

                  × [1 − (1 − β2α (β − ln (
c

y+c
))

−2α

)

θ

]

n−i

,          0 < y < ∞                      (22) 

 
Special cases: 
(i) If in (22), i =n, we obtain the pdf of the last order statistic, Y(n) = max

1≤a≤n
{Y(j)},  

which is given by: 

fY(n)(y) = 2nθαβ2α(y + c)−1 (β − ln (
c

y+c
))

−(2α+1)

(1 − β2α (β − ln (
c

y+c
))

−2α

)

θn−1

     0 < y < ∞,     (23)  

 If i = 1 in (22), we obtain the pdf of the first order statistic,Y(1) = min
1≤a≤n

{Y(j)}, 

which is given by: 

fY(1)(y) = 2nθαβ
2α(y + c)−1 (β − ln (

c

y + c
))

−(2α+1)

(1 − β2α (β − ln (
c

y + c
))

−2α

)

θ−1

 

       × [1 − (1 − β2α (β − ln (
c

y+c
))

−2α

)

θ

]

n−1

, 0 < y < ∞,                             (24)  

(ii) The joint density of Y(i) and Y(j) can be obtained by substituting (7) and (8) 

in the joint density function of  Y(i) and  Y(j) (1 ≤ i < j ≤ n) is given by: 

fY(i),Y(j)(x, y) =
n!

(i−1)!(j−i−1)!(n−j)!
 f(x) f(y)[F(x)]i−1   [1 − F(y)]n−j[F(y) − F(x)]j−i−1  ,  

−∞ <  x < y < ∞   (25) 

 [See Arnold, BalKrishnan and Nagaraja (1992)]. 

fY(i),Y(j)(x, y) =
4n!

(i − 1)! (j − i − 1)! (n − j)!
θ2α2β4α(x + c)−1(y + c)−1 (β

− ln (
c

x + c
))

−(2α+1)
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              × (β − ln (
c

y+c
))

−(2α+1)

(1 − β2α (β −

ln (
c

x+c
))

−2α

)

θ−1
 

(1 − β2α (β − ln (
c

y+c
))

−2α

)

θ−1

  

     × [ (1 − β2α (β − ln (
c

x + c
))

−2α

)

θ

]

i−1

[1 −  (1 − β2α (β − ln (
c

y + c
))

−2α

)

θ

]

n−j

 

                 × [ (1 − β2α (β − ln (
c

y + c
))

−2α

)

θ

−  (1 − β2α (β − ln (
c

x + c
))

−2α

)

θ

]

j−i−1

 

                            , 0 <  x < y < ∞ 

fY(i),Y(j)(x, y) =
4n!

(i−1)!(j−i−1)!(n−j)!
θ2α2β4α(x + c)−1(y +

c)−1(A(x))
−(2α+1)

(A(y))
−(2α+1)

  

                     × (1 − β2α(A(x))
−2α

)
θ−1

(1 − β2α(A(y))
−2α

)
θ−1

[ (1 − β2α(A(x))
−2α

)
θ
]
i−1

  

                 × [1 −  (1 − β2α(A(y))
−2α

)
θ

]
n−j

[ (1 − β2α(A(y))
−2α

)
θ

−  (1 − β2α(A(x))
−2α

)
θ

]
j−i−1

,  

                                                            0 <  x < y < ∞,             (26)               
where 

A(x) = (β − ln (
c

x + c
))       and    A(y) = (β − ln (

c

y + c
))                     (27) 

Then, when i = 1, j = n, we obtain, the joint pdf of  Y(1), Y(n) 
fY(1),Y(n)(x, y) = n(n − 1) f(x) f(y)[F(y) − F(x)]

n−2,          0 <  x < y < ∞ 

                      = 4n(n − 1)θ2α2β4α(x + c)−1(y + c)−1(A(x))
−(2α+1)

 (A(y))
−(2α+1)

 

                             × (1 − β2α(A(x))
−2α

)
θ−1

 (1 − β2α(A(y))
−2α

)
θ−1

 

                             × [ (1 − β2α(A(y))
−2α

)
θ
−  (1 − β2α(A(x))

−2α
)
θ
]
n−2

, 0 <  x < y < ∞.   (28) 

4. Special cases of Topp-Leone compound Pareto Type II-gamma (θ, α, 
β, c) distribution 

Some special cases of the distribution can be obtained by putting one or more 
of the parameters equal to specific values. The following are some of the special 
cases of the distribution. 

1- For θ = 1, we get the TL-CPIIG (θ, α, β, c) distribution with three 
parameters. Then, the pdf can be obtained as: 

fTL−CP(x) = 2αβ
2α(x + c)−1 (β − ln (

c

x+c
))

−(2α+1)

,      x ≥ 0,    (α, β, c ≥ 0).       (29)  
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2- For   α = 1, we get, 

fTL−CP(x) = 2θβ
2(x + c)−1 (β − ln (

c

x + c
))

−3

(1 − β2 (β − ln (
c

x + c
))

−2

)

θ−1

    

, 

x ≥ 0,     (θ, β, c ≥ 0).     (30)  

3- For β  = 1, we get, 

fTL−CP(x)  = 2θα(x + c)
−1 (1 − ln (

c

x + c
))

−(2α+1)
   

(1 − (1 − ln (
c

x + c
))

−2α

)

θ−1

, 

  x ≥ 0,   (θ, α, c ≥ 0),    (31) 

4- For c = 1, we get, 

 fTL−CP(x) = 2θαβ
2α(x + 1)−1 (β − ln (

1

x + 1
))

−(2α+1)
 

(1 − β2α (β − ln (
1

x + 1
))

−2α

)

θ−1

,

       

   

 x ≥ 0,      (θ, α, β ≥ 0),       (32)  

5- For θ = 1, α = 1  

fTL−CP(x) = 2β2(x + c)−1 (β − ln (
c

x + c
))

−3

,              x ≥ 0,           (β, c ≥ 0),          

        

         (33) 

6-  For θ = 1, β= 1 

fTL−CP(x) = 2α(x + c)
−1 (1 − ln (

c

x + c
))

−(2α+1)

,           x ≥ 0,        (α, c ≥ 0),        

    

(34) 

7-  For θ = 1, c = 1 

fTL−CP(x) = 2αβ
2α(x + 1)−1 (β − ln (

1

x + 1
))

−(2α+1)

,        x ≥ 0,      (α, β ≥ 0),

        

     (35) 

8- For α = 1,  β = 1 

fTL−CP(x) = 2θ(x + c)−1 (1 − ln (
c

x+c
))

−3

 (1 − (1 − ln (
c

x+c
))

−2

)

θ−1

,   x ≥ 0,     (θ, c ≥ 0),     (36)  

9-  For α = 1, c = 1 

fTL−CP(x) = 2θβ2(x + 1)−1 (β − ln (
1

x + 1
))

−3

(1 − β2 (β − ln (
1

x + 1
))

−2

)

θ−1

,   

x ≥ 0,    (θ, β ≥ 0),   (37)  

10-   For β = 1, c = 1 

fTL−CP(x) = 2θα(x + 1)−1 (1 − ln (
1

x + 1
))

−(2α+1)

(1 − (1 − ln (
1

x + 1
))

−2α

)

θ−1

,   

x ≥ 0, (θ, α ≥ 0),   (38)  

11-  For θ = 1, α = 1, β = 1 

fTL−CP(x) = 2(x + c)−1 (1 − ln (
c

x + c
))

−3

,                  x ≥ 0,                      (c ≥ 0),                        

   

    (39) 

12-  For θ = 1, α = 1, c = 1  

fTL−CP(x) = 2β
2(x + 1)−1 (β − ln (

1

x + 1
))

−3

     

,         x ≥ 0,            (β ≥ 0),               (40) 
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13-  For  α = 1, β = 1, c = 1 

fTL−CP(x) = 2θ(x + 1)−1 (1 − ln (
1

x+1
))

−3

 (1 − (1 − ln (
1

x+1
))

−2

)

θ−1

       

, x ≥ 0,     (θ ≥ 0).    (41)  

14-   For  θ = 1, β = 1, c = 1  

fTL−CP(x) = 2α(x + 1)
−1 (1 − ln (

1

x+1
))

−(2α+1)

     
,      x ≥ 0,           (α ≥ 0),               (42)  

15-   For  θ = 1,  α = 1, β = 1, c = 1 

fTL−CP(x) = 2(x + 1)
−1 (1 − ln (

1

x+1
))

−3

       
 ,         x ≥ 0,               (β ≥ 0).             (43)  

5. Some Related Distributions 

It can be shown that  the TL-CPIIG (θ, α, β, c) distribution is  related with variable 

transformations  to a wide range of well-known distributions such as TL-F, TL- 

Weibull (TL- exponential, exponential, TL-Rayleigh, Rayleigh), beta Type I 

(uniform), TL- beta Type II, TL- Pareto Type I, TL- Gompertz, TL-generalized 

logistic Type I, TL- extreme value, TL- Burr Type III, TL- compound Gompertz, TL- 

generalized uniform, TL- log beta Type I, TL- double truncated log beta Type II, 

TL- left truncated log beta Type I distributions. Table (1) summarizes the 

transformations from TL-CPIIG (θ, α, β, c) to other distributions. The proof in 

each case is straightforward. 
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Table (1) summarizes the above transformations applied to the TL-CPIIG (θ, α, 

β, c). 

Table (1): Summary of Transformations Applied to the 
 TL-CPIIG (θ, α, β, c) Distribution and Resulting Distribution. 

Transformation Distribution Pdf Range 

 

−ln (
c

X + c
) 

 
TL − F (θ, α, β) 

𝟐𝜶𝜽

𝜷
(𝟏 −

𝒚𝟏

𝜷
)
−(𝟐𝜶+𝟏)

(𝟏 − (𝟏 −
𝒚𝟏

𝜷
)
−𝟐𝜶

)
𝜽−𝟏

 
       

  
𝒚𝟏  ≥ 𝟎, 

(𝜽, 𝜶, 𝜷 ≥ 𝟎) 

Special cases 
When θ = 1   
When θ = β = 1 

 
F (α, β) 

 
F (α) 

 
2α

β
(1 −

y1
β
)
−(2α+1)

 

2α(1 − y1)
−(2α+1) 

𝒚𝟏  ≥ 𝟎, (𝜶, 𝜷 ≥ 𝟎) 
y1  ≥ 0, (α ≥ 0) 

𝒍𝒏 [(𝟏 −
𝟏

𝜷
𝒍𝒏 (

𝒄

𝑿 + 𝒄
))]

𝟏
𝒅

 

 
TL- Weibull 

(θ, α, d) 

𝟐𝜶𝜽𝒅𝒚𝟐
𝒅−𝟏𝒆−𝟐𝜶𝒚𝟐

𝒅
(𝟏 − 𝒆−𝟐𝜶𝒚𝟐

𝒅
)
𝜽−𝟏

  
𝒚𝟐  ≥ 𝟎,  

(𝜽, 𝜶, 𝒅 ≥ 𝟎) 

Special cases 
When d = 1 
When θ = d = 1 
When d = 2 
When 

θ = 1 and d = 2 

 
TL- exponential 

(θ, α) 
TL- exponential 

(α) 
TL- Rayleigh 

 (θ, α) 
TL- Rayleigh (α) 

2αθe−2αy2(1 − e−2αy2)θ−1 
2αe−2αy2  

4αθy2e
−2αy2

2
(1 − e−2αy2

2
)
θ−1

 

4αy2e
−2αy2

2
 

y2  ≥ 0, (θ, α ≥ 0) 
 y2  ≥ 0, (α ≥ 0) 
y2  ≥ 0, (θ, α ≥ 0)  
y
2
 ≥ 0, (α ≥ 0) 

(1 −
1

β
ln (

c

X + c
))

−1

 
 

beta Type I (2α, θ) 
 

2αθy3
2α−1(1 − y3

2α)θ−1 

 
0 < y3 < 1 ,  
(θ, α ≥ 0) 

Special cases 
When θ = 1 
When θ = 1  

and α =
1

2
 

 
beta Type I (2α, 1) 

uniform (0,1) 

 
2αy3

2α−1 
1 

0 < y3 < 1 ,  
(α ≥ 0) 

0 < y3 < 1 ,  

(α =
1

2
) 

−
1

β
ln (

c

X + c
) 

TL- beta Type II 
(2α, θ) 

2αθ(1 + y4)
−(2α+1)(1 − (1 + y4)

−2α)θ−1              
       

 
y4 > 0  ,  
(θ, α ≥ 0) 

(1 −
1

β
ln (

c

X + c
)) 

TL- Pareto Type I 
(θ, α) 

2αθy5
−(2α+1)(1 − y5

−2α)θ−1   y5 > 1 ,    
(θ, α ≥ 0) 

ln [1 + ln (1 −
1

β
ln (

c

X+c
))]

1

a

  

TL- Gompertz  
(θ, α, a) 

2aαθe−2α(e
ay6−1)+ay6  

× (1 − e−2α(e
ay6−1))

θ−1
 

  y6  ≥ 0,  
(θ, α, a ≥ 0) 

ln [β (ln (
c

X + c
))

−1

] 
TL-generalized 
logistic Type I 

(θ, α) 

2αθe−y7(1 − e−y7)−(2α+1) 
× (1 − (1 − e−y7)−2α)θ−1 

−∞ < y7 < ∞ , 
(θ, α ≥ 0) 

ln [ln (1 −
1

β
ln (

c

X+c
))

σ

]

−1

σ

  

TL- extreme value 
(θ, α) 2αθe

−2α
σ
e−σy8−σy8 (1 − e

−2α
σ
e−σy8)

θ−1

 
 

y8  ≥ 0, (θ, α ≥ 0) 

α

β
ln (

c

X + c
) TL- Burr Type III 

(θ, α) 
2θ (1 −

y9
α
)
−(2α+1)

 

× (1 − (1 −
y9
α
)
−2α

)

θ−1

 

 
y9 > 0  , (θ, α ≥ 0) 

ln (1 − ln (
c

X + c
)) 

TL- compound 
Gompertz (θ, α, β) 

2αθ

β
ey10 (1 −

1 − ey10

β
)

−(2α+1)

 

× (1 − (1 −
1 − ey10

β
))

θ−1

 

 
y10 ≥ 0 , 

(θ, α, β ≥ 0) 
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1

β
(1 − (1 −

1

β
ln (

c

X+c
))

−1

)  
T -generalized 

uniform (θ, α, β) 
2αθβ(1 − βy11)

(2α−1) 
× (1 − (1 − βy11)

2α)θ−1 

y11  ≥ 0,  
(θ, α, β ≥ 0) 

c

X + c
 TL- log beta Type I 

(θ, α, β) 
2αθ

β
(y12)

−1 (1 −
ln(y12)

β
)

−(2α+1)

 

× (1 − (1 −
ln(y12)

β
)

−2α

)

θ−1

 

0 < y12 < 1,  
(θ, α, β ≥ 0) 

X + c

c
 

TL- double 
truncated log beta 

Type II (θ, α, β) 

2αθ

β
(y13)

−1 (1 +
ln(y13)

β
)

−(2α+1)

 

× (1 − (1 +
ln(y13)

β
)

−2α

)

θ−1

 

1 < y13 < ∞, 
 (θ, α, β ≥ 0) 

1

X + c
 

TL- left truncated 
log beta Type I 

(θ, α, β) 

𝟐𝜶𝜽

𝜷
(𝒚𝟏𝟒)

−𝟏 (𝟏 −
𝒍𝒏(𝒄𝒚𝟏𝟒)

𝜷
)

−(𝟐𝜶+𝟏)

 

× (𝟏 − (𝟏 −
𝒍𝒏(𝒄𝒚𝟏𝟒)

𝜷
)

−𝟐𝜶

)

𝜽−𝟏

 

0 < y14 <
1

c
,     

(θ, α, β ≥ 0) 

 

6. Parameter Estimation 

The maximum likelihood method is used for estimating the parameters of TL-
CPIIG (θ, α,β, c). 
Let  X = (x1, x2, … , xn)  be i. i. d random sample having pdf of (8), and then the 
likelihood  function is given by:  

L(x) = 2nθnαnβ2nα∏( (1 − β2α (β − ln (
c

xi + c
))

−2α

)

θ−1

)

n

i=1

   

                 ∏((xi + c)
−1 (β − ln (

c

xi + c
))

−(2α+1)

)

n

i=1

                                                      (44) 

The natural logarithm of the likelihood function is: 

ℓ ≡ ln L(x) = n(ln2 + lnθ + lnα + 2αlnβ) + (θ − 1)∑(1 − β2α (β − ln (
c

xi + c
))

−2α

)

n

i=1

 

                            −∑(xi + c) − (2α + 1)∑(β − ln (
c

xi + c
))

n

i=1

n

i=1

                                (45) 

Differentiating (45) partially with respect to the parameters (θ, α, β, c) and 
equating the resulting derivatives to zero, we get the following maximum 
likelihood equations: 

∂ℓ

∂θ
=
n

θ
+ ∑(1 − β2α (β − ln (

c

xi + c
))

−2α

) = 0,

n

i=1

                      (46) 

∂ℓ

∂α
=
n

α
+ 2nlnβ − 2ln (β − ln (

c

xi + c
)) + 

2(θ − 1)ln (β2α+1 (β − ln (
c

xi + c
))

−2α−1

)

(β2α (β − ln (
c

xi + c
))

−2α

) − 1
 = 0,    (47) 

∂ℓ

∂β
=

2nα

β
−

2α+1

β−ln(
c

xi+c
)
−
2α(θ−1)(β2α−1(β−ln(

c

xi+c
))
1−2α

)(β(β−ln(
c

xi+c
))
2

−(β−ln(
c

xi+c
))
−1

)

(β2α(β−ln(
c

xi+c
))
−2α

)−1

 = 0,         (48)  
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∂ℓ

∂c
= −(xi + c)

−1

− (θ − 1)

[
 
 
 
 2αβ (β2α−1 (β − ln (

c
xi + c

))
1−2α

) (xi + c)(c(xi + c)
2 − (xi + c)

−1)

c (β − ln (
c

xi + c
))

2
((β2α (β − ln (

c
xi + c

))
−2α

) − 1)
]
 
 
 
 

              

−
(2α + 1)(xi + c)[c(xi + c)

2 − (xi + c)
−1]

c (β − ln (
c

xi + c
))

= 0,                        (49) 

In Section (6), we can obtain the estimates of unknown parameters by setting 
the last equations equal zero, but solving these equations simultaneously to get 

the unknown parameters (θ̂,  α̂,  β̂, ĉ)  in explicit form is mathematically 
complicated, so these estimates will be obtained numerically. 
According to the invariance property of ML estimation, the MLE of any 

function ξ(ϑ) of θ is the function ξ(ϑ̂) of the MLE ϑ̂ of ϑ. Since the 

equations (46-49) cannot closed form solution, they solved numerical 
simultaneously. So, the MLE,s of the r(x), h(x), (rhf) and HTL(x) are 
obtained by replacing the parameters θ, α, β and c (11), (12), (13) and 
(14) by the corresponding MLE,s. Hence, for given value of x, the MLE 
of r(x) is given by:  

R̂TL−CP(x)     = 1 −  (1 − β̂
2α̂ (β̂ − ln (

ĉ

x + ĉ
))

−2α̂

)

θ̂

 ,         x ≥ 0,                             (50) 

 for given value of x, the MLE of h(x) is given by 

ĥTL−CP(x) =

2θ̂α̂β̂2α̂(x + ĉ)−1 (β̂ − ln (
ĉ

x + ĉ
))

−(2α̂+1)

 (1 − β̂2α̂ (β̂ − ln (
ĉ

x + ĉ
))

−2α̂

)

θ̂−1

 1 −  (1 − β̂2α̂ (β̂ − ln (
ĉ

x + ĉ
))

−2α̂

)

θ̂
; 

                                                                                                        x ≥ 0,                         (51) 

for given value of x, the MLE of rh(x) is given by: 

rĥTL−CP(x) =
2θ̂α̂β̂2α̂(x + ĉ)−1 (β̂ − ln (

ĉ
x + ĉ

))
−(2α̂+1)

 (1 − β̂2α̂ (β̂ − ln (
ĉ

x + ĉ
))

−2α̂

)

  ;      x ≥ 0,                          (52) 

and for given value of x, the MLE of HTL(x) is given by: 
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 ĤTL−CP(x)  = ln (1 − β̂
2α̂ (β̂ − ln (

ĉ

x+ĉ
))
−2α̂

)
θ̂

,       x ≥ 0,                (53)  

where θ̂,  α̂,  β̂ and  ĉ are the MLE of θ, α, β and c. 

7. Simulation Study  

In this section, a simulation is conducted to illustrate the performance of the 
presented ML estimates of the parameters based on complete samples. 
Moreover, confidence intervals (CIs) of the parameters.  Illustrating is obtained 
results using Mathcad (14). 
The steps of the procedure are as follows: 

 For a given vector ϑ = (θ, α, β, c), generate random samples of sizes (n = 30, 

50, 100 and 150) from the TL-CPIIG (θ, α, β, c), using the following equation: 

X = c

(

 
 
e

−β(1−(1−u
1
θ)

−1
2α
)

− 1

)

 
 
~ TL − CPIIG (θ, α, β, c). [See Niyogi (2003)]. 

 Obtain numerically the MLE of θ, α, β and c by solving the equations 
(46), (47), (48) and (49).  

 The number of repetitions is m = 1000. 

 Evaluate the performance of the estimates. To study the precision and 
variation of the estimates using the mean square error(MSE) = (Bias2) +
variance. 

 The estimates, bias (Bias), variance (Var), mean square error (MSE), interval 
estimation, upper, lower and length of the ML estimates where x = 2 are 
calculated.  The computational results are displayed in following table (2), 
the initial values are (θ =  0.06, α = 0.6, β = 0.03, c = 0.4).  

Table (2) shows the ML of the estimates (ML), biases (Bias²), variance (Var), 
mean squared errors (MSEs), and interval estimation, upper, lower and length 
of the ML estimates of the parameters for each sample size.  
 

Table (2): ML, Var, Bias, MSE and 95% confidence intervals of the MLE's of the 
TL-CPIIG (θ, α, β, c) for Different Sample Sizes n, Repetitions m =1000 and 

Initial values (θ =  0.06, α = 0.6, β = 0.03, c = 0.4) 

N Parameters ML Var Bias MSE 
CIs 

length 
U L 

 
30 
 

θ 
α 
β 
c 

2.147 
5.678 
0.120 
2.296 

0.198 
0.487 
0.001 
0.128 

0.417 
0.178 
0.020 
-0.204 

0.220 
0.518 
0.002 
0.170 

3.020 
7.045 
0.192 
2.998 

1.274 
4.311 
0.048 
1.595 

1.746 
2.734 
0.144 
1.403 

 
50 

θ 
α 

2.166 
5.516 

0.092 
0.931 

0.166 
0.016 

0.120 
0.932 

2.762 
7.408 

1.57 
3.624 

1.192 
3.784 
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 β 
c 

0.100 
2.465 

0.001 
0.197 

0.000 
-0.004 

0.001 
0.198 

0.161 
3.335 

0.040 
1.596 

0.121 
1.739 

 
100 

 

θ 
α 
β 
c 

2.030 
4.911 
0.096 
2.283 

0.033 
0.200 
0.000 
0.083 

0.030 
-0.589 
-0.004 
-0.217 

0.034 
0.547 
0.000 
0.130 

2.386 
5.787 
0.130 
2.847 

1.674 
4.035 
0.062 
1.720 

0.712 
1.752 
0.067 
1.127 

 
150 

θ 
α 
β 
c 

1.962 
5.022 
0.116 
2.119 

0.051 
0.498 
0.001 
0.102 

-0.038 
-0.478 
0.016 
-0.318 

0.052 
0.727 
0.001 
0.247 

2.403 
6.406 
0.181 
2.745 

1.521 
3.638 
0.051 
1.493 

0.882 
2.768 
0.130 
1.252 

From table (2) it is noticed that as the sample size is increased the MSE is 

decreased and estimates are close to their actual values with small enough MSE. 

8. Applications 
In this section, we provide the application with real data sets to assess the 
flexibility of TL-CPIIG (θ, α, β, c) distribution.  
We consider the criteria as AIC (Akaike information criterion), AICC (Akaike 
Information Corrected Criterion) and BIC (Bayesian Information Criterion), CAIC 
(Corrected Akaike Information Criterion) [See Hurvich and Tsai (1994)]. The 
better distribution is the one with the smallest values of the previous criteria, in 
the following, we considered two data sets: 

 Data Set 1 
The first data set that represent 40 patients suffering from blood cancer 
(Leukemia) from one ministry of health hospital in Saudi Arabia. The ordered 
lifetime (in years) given as follows: 
0.00315, 0.00496, 0.00616, 0.01145, 0.01208, 0.01263, 0.01414, 0.02025, 0.02036, 
0.02162, 0.02211, 0.02370, 0.02532, 0.02693, 0.02805, 0.02910, 0.02912, 0.03192, 
0.03263, 0.03348, 0.03348, 0.03427, 0.03499, 0.03534, 0.03767, 0.03751, 0.03858, 
0.03986, 0.04049, 0.04244, 0.04323, 0.04381, 0.04392,  0.04397, 0.04647,  0.04753,  
0.04929,  0.04973, 0.04381, 0.05074. 
[See Atallah, Mahmoud, and Al-Zahrani (2014)]. 

 

Data Set 2 
This data set consists of the waiting times (in seconds) percent, between 65 
successive eruptions of the Kiama Blowhole. These values were record with the 
aid of digital watch on 12 July 1998 by Jim Irish and has been reference, the 
actual data are: 
0.83, 0.51, 0.87, 0.60, 0.28, 0.95, 0.08, 0.27, 0.15, 0.10, 0.18, 0.16, 0.29, 0.54, 0.91, 0.08, 
0.17, 0.55, 0.10, 0.35, 0.47, 0.77, 0.36, 0.17, 0.21, 0.36, 0.18, 0.40, 0.10, 0.07, 0.34, 0.27, 
0.28, 0.56, 0.08, 0.25, 0.68, 1.46, 0.89, 0.18, 0.73, 0.69, 0.09, 0.37, 0.10, 0.82, 0.29, 0.08, 
0.60, 0.61, 0.61, 0.18, 1.69, 0.25, 0.08, 0.26, 0.11, 0.83, 0.11, 0.42, 0.17, 0.12, 0.14, 0.09, 
0.12 
[See Pinho, Cordeiro and Nobre (2015) and Al-Saiary and Bakoban (2020)]. 
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Set 1 θ = 3, α = 4, β = 4, c =

 

Set 2 θ = 1.2, α = 2, β = 2, c = 1 

 

Figure 3: Plots of the Goodness of Fit of TL-CPIIG (θ, α, β, c) distribution using 

data set 1 and set 2. 

Figure 3 shows that: at different values of the parameters, the curves of the 

fitted CDF represent monotone increasing functions in set 1for Leukemia data 

while, the curve of set 2for the waiting times data is monotone increasing 

functions then constant at x ≥ 1. 

Table (3): Statistics, 95% Confidence Interval of the Difference of the data sets, 

Akaike Information Criterion, Akaike Information Corrected Criterion, Bayesian 

Information Criterion and Repetitions m =1, Goodness of fit 

Data Set 1 Set 2 

N 40 65 

Mean 0.0312 0.3940 

Mode 0.0335 0.0800 

Minimum 0.0032 0.0700 

Maximum 0.0508 1.6900 

Range 0.0476 1.6200 

Std. Deviation 0.0133 0.3366 

Skewness -0.5150 1.6010 

Kurtosis -0.6550 3.1540 

Quantile 

Q1 0.0218 0.1300 

Q2 0.0335 0.2800 

Q3 0.0430 0.6000 

Confidence 
Intervals 

U 0.0354 0.4774 

L 0.0269 0.3106 

Length 0.0085 0.1668 
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AIC -66.0750 538.3880 

AICC -64.9330 539.0540 

BIC 80.4840 -523.1360 

CAIC -505.7530 0.0037 

p-value 0.5727 0.1485 

From table (3) it is noticed that as the sample size is increased the AIC, AICC and 

CAIC increased while BIC is decreased. The better distribution is the one with 

the smallest values of the previous criteria. Finally, two real data applications 

are analyzed to assess the flexibility of new model over existing distribution. 

One sample Kolmogorov-Smirnov (KS) test is applied on the two sets of data to 

test the goodness of fit. It is found that p-value is greater than α = 0.01. So that 

the proposed model provides better results than the existing models. 
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